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Let (Ω,F ,P) be a probability space and X = (X1, . . . , Xn) a random vector with values in Rn,
n ∈ N. Notation: [n] := {1, . . . , n}, Γn := {y ∈ Rn : y1 < · · · < yn}. Define the order statistics of
X via

X(i) := ∧
J∈([n]

i ) ∨j∈J Xi for i ∈ [n].

Let X̃ := (X(1), . . . , X(n)) for short.
Suppose now the Xi, i ∈ [n], are iid, absolutely continuous, with density f . Then for real

a1 ≤ b1 < a2 ≤ b2 < · · · < an ≤ bn, from the symmetry of the Xis, P(X̃ ∈
∏n

i=1(ai, bi)) =∫∏n
i=1(ai,bi)

n!f(x1) · · · f(xn)dx1 · · · dxn. Since P(X̃ /∈ Γn) ≤
∑n

i,j=1 P(Xi = Xj) = 0; since Π :=

{
∏n

i=1(ai, bi) : a1 ≤ b1 < a2 ≤ b2 < · · · < an ≤ bn real} is a π-system generating B(Γn); and since
from symmetry, from {x ∈ Rn : xi = xj for some i, j} having Lebesgue measure zero, and from
Tonelli’s theorem, one has∫

Γn

n!f(x1) · · · f(xn)dx1 · · · dxn =

∫
Rn\{y∈(0,∞)n:yi=yj for some i,j}

f(x1) · · · f(xn)dx1 · · · dxn = 1;

it follows by an application of Dynkin’s lemma that in fact

P(X̃ ∈ A) =

∫
A

n!f(x1) · · · f(xn)dx1 · · · dxn

for all A ∈ B(Γn). Again since P(X̃ ∈ Γn) = 1 this implies X̃ is absolutely continuous with density
(in (x1, . . . , xn) ∈ Rn)

n!f(x1) · · · f(xn)1Γn
(x1, . . . , xn).
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