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S
S S

3 + 56− 13 + 8/2

2 + 3 = 5

2x = 6 x = 4

ax2 + bx+ c = 0 a ̸= 0

x =
−b±

√
b2 − 4ac

2a
.

x3 − 4x2 + 5x− 6

2x = 6 x = 4
2 · 4 6 ̸= 8



10/5 =
2
p q p q

p
q

ax2 + bx+ c = 0 a ̸= 0

x =
−b±

√
b2 − 4ac

2a
.

ax2 + bx+ c = 0 a ̸= 0

x =
−b±

√
b2 − 4ac

2a
.

ax2 + bx + c = 0 a ̸= 0

ax2 + bx+ c = 0

x2 +
b

a
x = − c

a

x2 +
b

a
x+

(
b

2a

)2

=

(
b

2a

)2

− c

a
(
x+

b

2a

)2

=
b2 − 4ac

4a2

x+
b

2a
=

±
√
b2 − 4ac

2a

x =
−b±

√
b2 − 4ac

2a
.



r s r = s

p q q
p

x x

A X a A a ∈ A

x

X = {x1, x2, . . . , xn}

x1, x2, . . . , xn

X = {x : x P}

x X P E
E

E = {2, 4, 6, . . .} E = {x : x x > 0}.



2 ∈ E E −3 /∈ E −3
E

N = {n : n } = {1, 2, 3, . . .};
Z = {n : n } = {. . . ,−1, 0, 1, 2, . . .};

Q = {r : r } = {p/q : p, q ∈ Z q ̸= 0};
R = {x : x };

C = {z : z }.

A B A ⊂ B B ⊃ A A B

{4, 5, 8} ⊂ {2, 3, 4, 5, 6, 7, 8, 9}

N ⊂ Z ⊂ Q ⊂ R ⊂ C.

B A B ⊂ A
B ̸= A A B A ̸⊂ B {4, 7, 9} ̸⊂ {2, 4, 5, 8, 9}

A = B A ⊂ B B ⊂ A

∅

A ∪B A B

A ∪B = {x : x ∈ A x ∈ B};

A B

A ∩B = {x : x ∈ A x ∈ B}.

A = {1, 3, 5} B = {1, 2, 3, 9}

A ∪B = {1, 2, 3, 5, 9} A ∩B = {1, 3}.

n⋃

i=1

Ai = A1 ∪ . . . ∪An

n⋂

i=1

Ai = A1 ∩ . . . ∩An

A1, . . . , An

E O E O
A B A ∩B = ∅

U
A ⊂ U A A′

A′ = {x : x ∈ U x /∈ A}.



A B

A \B = A ∩B′ = {x : x ∈ A x /∈ B}.

R

A = {x ∈ R : 0 < x ≤ 3} B = {x ∈ R : 2 ≤ x < 4}.

A ∩B = {x ∈ R : 2 ≤ x ≤ 3}
A ∪B = {x ∈ R : 0 < x < 4}
A \B = {x ∈ R : 0 < x < 2}

A′ = {x ∈ R : x ≤ 0 x > 3}.

A B C

A ∪A = A A ∩A = A A \A = ∅

A ∪ ∅ = A A ∩ ∅ = ∅

A ∪ (B ∪ C) = (A ∪B) ∪ C A ∩ (B ∩ C) = (A ∩B) ∩ C

A ∪B = B ∪A A ∩B = B ∩A

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

A ∪A = {x : x ∈ A x ∈ A}
= {x : x ∈ A}
= A

A ∩A = {x : x ∈ A x ∈ A}
= {x : x ∈ A}
= A.

A \A = A ∩A′ = ∅
A B C

A ∪ (B ∪ C) = A ∪ {x : x ∈ B x ∈ C}
= {x : x ∈ A x ∈ B, x ∈ C}
= {x : x ∈ A x ∈ B} ∪ C

= (A ∪B) ∪ C.

A ∩ (B ∩ C) = (A ∩B) ∩ C



A B

(A ∪B)′ = A′ ∩B′

(A ∩B)′ = A′ ∪B′

(A∪B)′ ⊂ A′∩B′ (A∪B)′ ⊃ A′∩B′ x ∈ (A∪B)′

x /∈ A ∪ B x A B
x ∈ A′ x ∈ B′ x ∈ A′ ∩ B′

(A ∪B)′ ⊂ A′ ∩B′

x ∈ A′ ∩ B′ x ∈ A′ x ∈ B′

x /∈ A x /∈ B x /∈ A ∪B x ∈ (A ∪B)′ (A ∪B)′ ⊃ A′ ∩B′

(A ∪B)′ = A′ ∩B′

(A \B) ∩ (B \A) = ∅.

(A \B) ∩ (B \A) = (A ∩B′) ∩ (B ∩A′)

= A ∩A′ ∩B ∩B′

= ∅.

A B A × B A
B

A×B = {(a, b) : a ∈ A b ∈ B}.

A = {x, y} B = {1, 2, 3} C = ∅ A×B

{(x, 1), (x, 2), (x, 3), (y, 1), (y, 2), (y, 3)}

A× C = ∅.

n

A1 × · · ·×An = {(a1, . . . , an) : ai ∈ Ai i = 1, . . . , n}.

A = A1 = A2 = · · · = An An A× · · ·× A A
n R3

A×B f ⊂ A×B
A B (a, b) ∈ f

a ∈ A b ∈ B

A f B f : A → B A
f→ B

(a, b) ∈ A× B f(a) = b f : a -→ b
A f

f(A) = {f(a) : a ∈ A} ⊂ B



f

a

b

c

a

b

c

A B

A Bg

f

A = {1, 2, 3} B = {a, b, c} f
g A B f g 1 ∈ A

B g(1) = a g(1) = b

f : A → B

f : R → R
f(x) = x3 f : x -→ x3

f : Q → Z f(p/q) = p 1/2 = 2/4
f(1/2) = 1

f : A → B f B f(A) = B f
a ∈ A b ∈ B f(a) = b

f a1 ̸= a2 f(a1) ̸= f(a2)
f(a1) = f(a2) a1 = a2

f : Z → Q f(n) = n/1 f
g : Q → Z g(p/q) = p p/q

g

f : A → B g : B → C
f g A C (g ◦ f)(x) = g(f(x))



A B C

a

b

c

X

Y

Z

f g

A C

X

Y

Z

g ◦ f

f : A → B g : B → C
g ◦f : A → C

f(x) = x2 g(x) = 2x+ 5

(f ◦ g)(x) = f(g(x)) = (2x+ 5)2 = 4x2 + 20x+ 25

(g ◦ f)(x) = g(f(x)) = 2x2 + 5.

f ◦ g ̸= g ◦ f

f ◦ g = g ◦ f f(x) = x3 g(x) = 3
√
x

(f ◦ g)(x) = f(g(x)) = f( 3
√
x ) = ( 3

√
x )3 = x

(g ◦ f)(x) = g(f(x)) = g(x3) =
3
√
x3 = x.

2× 2

A =

(
a b
c d

)
,

TA : R2 → R2

TA(x, y) = (ax+ by, cx+ dy)

(x, y) R2

(
a b
c d

)(
x
y

)
=

(
ax+ by
cx+ dy

)
.

Rn Rm



S = {1, 2, 3} π : S → S

π(1) = 2, π(2) = 1, π(3) = 3.

π
(

1 2 3
π(1) π(2) π(3)

)
=

(
1 2 3
2 1 3

)
.

S π : S → S S

f : A → B g : B → C h : C → D

(h ◦ g) ◦ f = h ◦ (g ◦ f)

f g g ◦ f

f g g ◦ f

f g g ◦ f

h ◦ (g ◦ f) = (h ◦ g) ◦ f.
a ∈ A

(h ◦ (g ◦ f))(a) = h((g ◦ f)(a))
= h(g(f(a)))

= (h ◦ g)(f(a))
= ((h ◦ g) ◦ f)(a).

f g c ∈ C
a ∈ A (g ◦ f)(a) = g(f(a)) = c g

b ∈ B g(b) = c a ∈ A f(a) = b

(g ◦ f)(a) = g(f(a)) = g(b) = c.

S idS id S
id(s) = s s ∈ S g : B → A

f : A → B g ◦ f = idA f ◦ g = idB

f−1 f

f(x) = x3 f−1(x) = 3
√
x

f(x) = x
f−1(x) = ex

f(f−1(x)) = f(ex) = ex = x

f−1(f(x)) = f−1( x) = e x = x



A =

(
3 1
5 2

)
.

A R2 R2

TA(x, y) = (3x+ y, 5x+ 2y).

TA A T−1
A = TA−1

A−1 =

(
2 −1
−5 3

)
;

T−1
A (x, y) = (2x− y,−5x+ 3y).

T−1
A ◦ TA(x, y) = TA ◦ T−1

A (x, y) = (x, y).

TB(x, y) = (3x, 0)

B =

(
3 0
0 0

)
,

T−1
B (x, y) = (ax+ by, cx+ dy)

(x, y) = T ◦ T−1
B (x, y) = (3ax+ 3by, 0)

x y y

π =

(
1 2 3
2 3 1

)

S = {1, 2, 3}

π−1 =

(
1 2 3
3 1 2

)

π

f : A → B g : B → A g ◦ f =
idA g(f(a)) = a a1, a2 ∈ A f(a1) = f(a2)
a1 = g(f(a1)) = g(f(a2)) = a2 f b ∈ B

f a ∈ A f(a) = b f(g(b)) = b
g(b) ∈ A a = g(b)

f b ∈ B f a ∈ A
f(a) = b f a g g(b) = a

f



X
R ⊂ X ×X

(x, x) ∈ R x ∈ X

(x, y) ∈ R (y, x) ∈ R

(x, y) (y, z) ∈ R (x, z) ∈ R

R X x ∼ y (x, y) ∈ R
= ≡ ∼=

p q r s q s p/q ∼ r/s
ps = qr ∼

p/q ∼ r/s r/s ∼ t/u q s u ps = qr ru = st

psu = qru = qst.

s ̸= 0 pu = qt p/q ∼ t/u

f g R
f(x) ∼ g(x) f ′(x) = g′(x)

∼ f(x) ∼ g(x)
g(x) ∼ h(x) f(x)−g(x) = c1 g(x)−h(x) = c2

c1 c2

f(x)− h(x) = (f(x)− g(x)) + (g(x)− h(x)) = c1 − c2

f ′(x)− h′(x) = 0 f(x) ∼ h(x)

(x1, y1) (x2, y2) R2 (x1, y1) ∼ (x2, y2) x21+y21 = x22+y22
∼ R2

A B 2× 2
2× 2 A ∼ B

P PAP−1 = B

A =

(
1 2
−1 1

)
B =

(
−18 33
−11 20

)
,

A ∼ B PAP−1 = B

P =

(
2 5
1 3

)
.

I 2× 2

I =

(
1 0
0 1

)
.

IAI−1 = IAI = A
A ∼ B P PAP−1 = B

A = P−1BP = P−1B(P−1)−1.



A ∼ B B ∼ C P Q
PAP−1 = B QBQ−1 = C

C = QBQ−1 = QPAP−1Q−1 = (QP )A(QP )−1,

P X X1, X2, . . . Xi∩Xj =
∅ i ̸= j

⋃
k Xk = X ∼ X x ∈ X

[x] = {y ∈ X : y ∼ x} x

∼ X X
X P = {Xi} X

X Xi

∼ X x ∈ X
x ∈ [x] [x] X =

⋃
x∈X [x]

x, y ∈ X [x] = [y] [x] ∩ [y] = ∅
[x] [y] z ∈ [x] ∩ [y] z ∼ x z ∼ y

x ∼ y [x] ⊂ [y] [y] ⊂ [x] [x] = [y]

P = {Xi} X
x

y y x x ∼ y y ∼ x
x y y z x

z

(p, q)
(r, s)

f(x) g(x)

R2 (x1, y1) ∼ (x2, y2) x21 + y21 =
x22 + y22

r s n ∈ N r
s n r s n r − s n

r − s = nk k ∈ Z r ≡ s ( n)
41 ≡ 17 ( 8) 41 − 17 = 24
n Z r



r − r = 0 n r ≡ s
( n) r − s = −(s − r) n s − r n s ≡ r
( n) r ≡ s ( n) s ≡ t ( n)
k l r − s = kn s− t = ln

r − t n

r − t = r − s+ s− t = kn+ ln = (k + l)n,

r − t n

[0] = {. . . ,−3, 0, 3, 6, . . .},
[1] = {. . . ,−2, 1, 4, 7, . . .},
[2] = {. . . ,−1, 2, 5, 8, . . .}.

[0] ∪ [1] ∪ [2] = Z [0] [1] [2]

n

n

A = {x : x ∈ N x },
B = {x : x ∈ N x },
C = {x : x ∈ N x }.

A ∩B

B ∩ C

A ∪B

A ∩ (B ∪ C)

A = {a, b, c} B = {1, 2, 3} C = {x} D = ∅

A×B

B ×A

A×B × C

A×D

A B A×B = B ×A

A ∪ ∅ = A A ∩ ∅ = ∅

A ∪B = B ∪A A ∩B = B ∩A

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)



A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

A ⊂ B A ∩B = A

(A ∩B)′ = A′ ∪B′

A ∪B = (A ∩B) ∪ (A \B) ∪ (B \A)

(A ∪B)× C = (A× C) ∪ (B × C)

(A ∩B) \B = ∅

(A ∪B) \B = A \B

A \ (B ∪ C) = (A \B) ∩ (A \ C)

A ∩ (B \ C) = (A ∩B) \ (A ∩ C)

(A \B) ∪ (B \A) = (A ∪B) \ (A ∩B)

f : Q → Q
f

f(p/q) =
p+ 1

p− 2

f(p/q) =
3p

3q

f(p/q) =
p+ q

q2

f(p/q) =
3p2

7q2
− p

q

f : R → R f(x) = ex

f : Z → Z f(n) = n2 + 3

f : R → R f(x) = x

f : Z → Z f(x) = x2

f : A → B g : B → C f−1

g−1 (g ◦ f)−1 = f−1 ◦ g−1

f : N → N
f : N → N

R2 (x1, y1) ∼ (x2, y2) x21 + y21 = x22 + y22

f : A → B g : B → C

f g g ◦ f
g ◦ f g

g ◦ f f



g ◦ f f g

g ◦ f g f

f(x) =
x+ 1

x− 1
.

f f f ◦ f−1

f−1 ◦ f

f : X → Y A1, A2 ⊂ X B1, B2 ⊂ Y

f(A1 ∪A2) = f(A1) ∪ f(A2)

f(A1 ∩A2) ⊂ f(A1) ∩ f(A2)

f−1(B1 ∪B2) = f−1(B1) ∪ f−1(B2)

f−1(B) = {x ∈ X : f(x) ∈ B}.

f−1(B1 ∩B2) = f−1(B1) ∩ f−1(B2)

f−1(Y \B1) = X \ f−1(B1)

x ∼ y R x ≥ y

m ∼ n Z mn > 0

x ∼ y R |x− y| ≤ 4

m ∼ n Z m ≡ n ( 6)

∼ R2 (a, b) ∼ (c, d) a2 + b2 ≤ c2 + d2

∼

m× n Rn Rm

x ∼ y y ∼ x
x ∼ x

R2 \ {(0, 0)} (x1, y1) ∼ (x2, y2)
λ (x1, y1) = (λx2,λy2) ∼

R2 \(0, 0)
P(R)





2

1 + 2 + · · ·+ n =
n(n+ 1)

2

n n = 1

n
(n+ 1)

n = 1

1 =
1(1 + 1)

2
.

n

1 + 2 + · · ·+ n+ (n+ 1) =
n(n+ 1)

2
+ n+ 1

=
n2 + 3n+ 2

2

=
(n+ 1)[(n+ 1) + 1]

2
.

(n+ 1)

S N
S

S(n)
n ∈ N S(n0) n0 k

k ≥ n0 S(k) S(k + 1) S(n) n
n0



n ≥ 3 2n > n+ 4

8 = 23 > 3 + 4 = 7,

n0 = 3 2k > k + 4 k ≥ 3 2k+1 = 2 · 2k >
2(k + 4)

2(k + 4) = 2k + 8 > k + 5 = (k + 1) + 4

k n ≥ 3

10n+1 + 3 · 10n + 5 n ∈ N n = 1

101+1 + 3 · 10 + 5 = 135 = 9 · 15

10k+1 + 3 · 10k + 5 k ≥ 1

10(k+1)+1 + 3 · 10k+1 + 5 = 10k+2 + 3 · 10k+1 + 50− 45

= 10(10k+1 + 3 · 10k + 5)− 45

(a+ b)n =
n∑

k=0

(
n

k

)
akbn−k,

a b n ∈ N

(
n

k

)
=

n!

k!(n− k)!

(
n+ 1

k

)
=

(
n

k

)
+

(
n

k − 1

)
.

(
n

k

)
+

(
n

k − 1

)
=

n!

k!(n− k)!
+

n!

(k − 1)!(n− k + 1)!

=
(n+ 1)!

k!(n+ 1− k)!

=

(
n+ 1

k

)
.

n = 1 n



(a+ b)n+1 = (a+ b)(a+ b)n

= (a+ b)

(
n∑

k=0

(
n

k

)
akbn−k

)

=
n∑

k=0

(
n

k

)
ak+1bn−k +

n∑

k=0

(
n

k

)
akbn+1−k

= an+1 +
n∑

k=1

(
n

k − 1

)
akbn+1−k +

n∑

k=1

(
n

k

)
akbn+1−k + bn+1

= an+1 +
n∑

k=1

[(
n

k − 1

)
+

(
n

k

)]
akbn+1−k + bn+1

=
n+1∑

k=0

(
n+ 1

k

)
akbn+1−k.

S(n)
n ∈ N S(n0) n0 S(n0), S(n0 +

1), . . . , S(k) S(k+1) k ≥ n0 S(n)
n ≥ n0

S Z S
Z

1

S = {n ∈ N : n ≥ 1} 1 ∈ S n ∈ S n ≥ 1
n + 1 ≥ 1 n + 1 ∈ S

N

S S
S

S k 1 ≤ k ≤ n S
S n+ 1 S

S n+ 1 n+ 1
S S S n

S



n! n

n! = 1 · 2 · 3 · · · (n− 1) · n

1! = 1 n! = n(n− 1)! n > 1

a b b > 0
q r

a = bq + r

0 ≤ r < b

q r q′ r′

q = q′ r = r′

q r

S = {a− bk : k ∈ Z a− bk ≥ 0}.

0 ∈ S b a q = a/b r = 0 0 /∈ S
S a > 0 a − b · 0 ∈ S

a < 0 a − b(2a) = a(1 − 2b) ∈ S S ̸= ∅
S r = a − bq a = bq + r r ≥ 0

r < b r > b

a− b(q + 1) = a− bq − b = r − b > 0.

a− b(q + 1) S a− b(q + 1) < a− bq
r = a − bq S r ≤ b

0 /∈ S r ̸= b r < b
q r r r′ q q′

a = bq + r, 0 ≤ r < b a = bq′ + r′, 0 ≤ r′ < b.

bq+r = bq′+r′ r′ ≥ r b(q−q′) = r′−r
b r′ − r 0 ≤ r′ − r ≤ r′ < b r′ − r = 0

r = r′ q = q′

a b b = ak k a | b d
a b d | a d | b

a b d d a b d′

a b d′ | d d = (a, b)
(24, 36) = 12 (120, 102) = 6 a b

(a, b) = 1



a b r s

(a, b) = ar + bs.

a b

S = {am+ bn : m,n ∈ Z am+ bn > 0}.
S S

d = ar+ bs d = (a, b) a = dq+ r′ 0 ≤ r′ < d
r′ > 0

r′ = a− dq

= a− (ar + bs)q

= a− arq − bsq

= a(1− rq) + b(−sq),

S d S
r′ = 0 d a d b d

a b
d′ a b d′ | d

a = d′h b = d′k

d = ar + bs = d′hr + d′ks = d′(hr + ks).

d′ d d a b

a b
r s ar + bs = 1

945 2415

2415 = 945 · 2 + 525

945 = 525 · 1 + 420

525 = 420 · 1 + 105

420 = 105 · 4 + 0.

d
d (945, 2415) = 105

r s 945r + 2415s = 105

105 = 525 + (−1) · 420
= 525 + (−1) · [945 + (−1) · 525]
= 2 · 525 + (−1) · 945
= 2 · [2415 + (−2) · 945] + (−1) · 945
= 2 · 2415 + (−5) · 945.



r = −5 s = 2 r s r = 41 s = −16

(a, b) = d
r1 > r2 > · · · > rn = d

b = aq1 + r1

a = r1q2 + r2

r1 = r2q3 + r3

rn−2 = rn−1qn + rn

rn−1 = rnqn+1.

r s ar + bs = d

d = rn

= rn−2 − rn−1qn

= rn−2 − qn(rn−3 − qn−1rn−2)

= −qnrn−3 + (1 + qnqn−1)rn−2

= ra+ sb.

d
a b d a b

p p > 1 p p
p p n > 1

a b p p | ab
p | a p | b

p a p | b (a, p) = 1
r s ar + ps = 1

b = b(ar + ps) = (ab)r + p(bs).

p ab p b = (ab)r + p(bs)

p1, p2, . . . , pn P = p1p2 · · · pn + 1 P
pi 1 ≤ i ≤ n pi P − p1p2 · · · pn = 1

P p ̸= pi
P



n n > 1

n = p1p2 · · · pk,
p1, . . . , pk

n = q1q2 · · · ql,
k = l qi pi

n
n = 2 n

m 1 ≤ m < n

n = p1p2 · · · pk = q1q2 · · · ql,

p1 ≤ p2 ≤ · · · ≤ pk q1 ≤ q2 ≤ · · · ≤ ql p1 | qi
i = 1, . . . , l q1 | pj j = 1, . . . , k pi qi p1 = qi

q1 = pj p1 = q1 p1 ≤ pj = q1 ≤ qi = p1

n′ = p2 · · · pk = q2 · · · ql

k = l qi = pi i = 1, . . . , k

S
S a a a

a a = a1a2 1 < a1 < a 1 < a2 < a
a1 ∈ S a2 ∈ S a S

a1 = p1 · · · pr
a2 = q1 · · · qs.

a = a1a2 = p1 · · · prq1 · · · qs.
a /∈ S

n f f(n)
n 22

n
+ 1 n

22
5
+ 1 =

4 = 2 + 2 6 = 3 + 3 8 = 3 + 5 . . .
4× 1018



12 + 22 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6

n ∈ N

13 + 23 + · · ·+ n3 =
n2(n+ 1)2

4

n ∈ N

n! > 2n n ≥ 4

x+ 4x+ 7x+ · · ·+ (3n− 2)x =
n(3n− 1)x

2

n ∈ N

10n+1 + 10n + 1 n ∈ N

4 · 102n + 9 · 102n−1 + 5 n ∈ N

n
√
a1a2 · · · an ≤ 1

n

n∑

k=1

ak.

f (n)(x) f (n) n f

(fg)(n)(x) =
n∑

k=0

(
n

k

)
f (k)(x)g(n−k)(x).

1 + 2 + 22 + · · ·+ 2n = 2n+1 − 1 n ∈ N

1

2
+

1

6
+ · · ·+ 1

n(n+ 1)
=

n

n+ 1

n ∈ N

x (1 + x)n − 1 ≥ nx n = 0, 1, 2, . . .

X X P(X)
X

P({a, b}) = {∅, {a}, {b}, {a, b}}.

n n
2n



S ⊂ N 1 ∈ S
n+ 1 ∈ S n ∈ S S = N

a b (a, b)
r s (a, b) = ra+ sb

−4357

a b r s ar + bs = 1
a b

1, 1, 2, 3, 5, 8, 13, 21, . . . .

f1 = 1 f2 = 1 fn+2 = fn+1 + fn n ∈ N
fn < 2n

fn+1fn−1 = f2
n + (−1)n n ≥ 2

fn = [(1 +
√
5 )n − (1−

√
5 )n]/2n

√
5

n→∞ fn/fn+1 = (
√
5− 1)/2

fn fn+1

a b (a, b) = 1 r s
ar + bs = 1

(a, s) = (r, b) = (r, s) = 1.

x, y ∈ N xy x y

4k 4k+1
k

a, b, r, s

a2 + b2 = r2

a2 − b2 = s2.

a r s b



n ∈ N n
0, 1, . . . , n − 1 r

s Z 0 ≤ s < n [r] = [s]
n

a b
(a, b) m a b m a

b n m n a b

d = (a, b) m = (a, b) dm = |ab|

(a, b) = ab (a, b) = 1

(a, c) = (b, c) = 1 (ab, c) = 1 a b c

a, b, c ∈ Z (a, b) = 1 a | bc a | c

p ≥ 2 2p − 1 p

6n+ 5

4n− 1

p q
p2 = 2q2

√
2

N n 1 < n < N

N
√
N

N = 250
N

N
N = 120

N

N0 = N ∪ {0} A : N0 × N0 → N0

A(0, y) = y + 1,

A(x+ 1, 0) = A(x, 1),

A(x+ 1, y + 1) = A(x,A(x+ 1, y)).

A(3, 1)



A(4, 1) A(5, 1)

a b (a, b)
r s

(a, b) = ra+ sb.



3

Z
2 × 2

2×2

n

n

a b n n
a − b n Z n

Zn

[0] = {. . . ,−12, 0, 12, 24, . . .},
[1] = {. . . ,−11, 1, 13, 25, . . .},

[11] = {. . . ,−1, 11, 23, 35, . . .}.

0, 1, . . . , 11
[0], [1], . . . , [11] Zn a b

n (a + b) ( n) a + b
n n (ab) ( n) ab

n



n

7 + 4 ≡ 1 ( 5) 7 · 3 ≡ 1 ( 5)

3 + 5 ≡ 0 ( 8) 3 · 5 ≡ 7 ( 8)

3 + 4 ≡ 7 ( 12) 3 · 4 ≡ 0 ( 12)

n
0 n

Zn

Z8

n = 2 k
kn ≡ 1 ( 8)

· 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
2 0 2 4 6 0 2 4 6
3 0 3 6 1 4 7 2 5
4 0 4 0 4 0 4 0 4
5 0 5 2 7 4 1 6 3
6 0 6 4 2 0 6 4 2
7 0 7 6 5 4 3 2 1

Z8

Zn n
a, b, c ∈ Zn

a+ b ≡ b+ a ( n)

ab ≡ ba ( n).

(a+ b) + c ≡ a+ (b+ c) ( n)

(ab)c ≡ a(bc) ( n).

a+ 0 ≡ a ( n)

a · 1 ≡ a ( n).

a(b+ c) ≡ ab+ ac ( n).



a −a

a+ (−a) ≡ 0 ( n).

a (a, n) = 1
b a ( n) b

ab ≡ 1 ( n).

n a+ b
n b+ a n

(a, n) = 1 r s ar+ns = 1
ns = 1 − ar ar ≡ 1 ( n) b
r ab ≡ 1 ( n)

b ab ≡ 1 ( n) n
ab − 1 k ab − nk = 1 d = (a, n) d
ab− nk d d = 1

A

D

B

C

C

B

D

A

A

D

B

C

A

D

B

C

180◦
A

D

B

C

D

A

C

B

A

D

B

C

B

C

A

D

180◦ 360◦



90◦

A

B

C B C

A

µ3 =

(
A B C
B A C

)

A

B

C C A

B

µ2 =

(
A B C
C B A

)

A

B

C A B

C

µ1 =

(
A B C
A C B

)

A

B

C B A

C

ρ2 =

(
A B C
C A B

)

A

B

C C B

A

ρ1 =

(
A B C
B C A

)

A

B

C A C

B

id =

(
A B C
A B C

)

△ABC
△ABC A B C

S π : S → S 3! = 6

3 ·2 ·1 = 3! = 6

A B B C C A

(
A B C
B C A

)
.

120◦

△ABC
µ1ρ1

ρ1 µ1



(µ1ρ1)(A) = µ1(ρ1(A)) = µ1(B) = C

(µ1ρ1)(B) = µ1(ρ1(B)) = µ1(C) = B

(µ1ρ1)(C) = µ1(ρ1(C)) = µ1(A) = A.

µ2

ρ1 µ1 µ3

ρ1µ1 ̸= µ1ρ1 △ABC

α β αβ =

◦ ρ1 ρ2 µ1 µ2 µ3

ρ1 ρ2 µ1 µ2 µ3

ρ1 ρ1 ρ2 µ3 µ1 µ2

ρ2 ρ2 ρ1 µ2 µ3 µ1

µ1 µ1 µ2 µ3 ρ1 ρ2
µ2 µ2 µ3 µ1 ρ2 ρ1
µ3 µ3 µ1 µ2 ρ1 ρ2

n
G G × G → G

(a, b) ∈ G×G a◦ b ab G
a b (G, ◦) G (a, b) -→ a ◦ b

(a ◦ b) ◦ c = a ◦ (b ◦ c)

a, b, c ∈ G

e ∈ G
a ∈ G

e ◦ a = a ◦ e = a.

a ∈ G a−1

a ◦ a−1 = a−1 ◦ a = e.

G a ◦ b = b ◦ a a, b ∈ G



Z = {. . . ,−1, 0, 1, 2, . . .}
m,n ∈ Z

+
◦ m+n m◦n

n ∈ Z −n n−1

m+ n = n+m

ab a ◦ b

m+ n −n
m− n m+ (−n)

n n
Z5

Z5

m + n
Z5 2 + 3 = 3 + 2 = 0

Z5 Zn = {0, 1, . . . , n− 1}
n

+ 0 1 2 3 4

0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

(Z5,+)

Zn Zn

1 · k = k · 1 = k k ∈ Zn

0 0 · k = k · 0 = 0 k Zn

Zn \ {0} 2 ∈ Z6

0 · 2 = 0 1 · 2 = 2

2 · 2 = 4 3 · 2 = 0

4 · 2 = 2 5 · 2 = 4.

k Zn k
n Zn U(n) U(n)

Zn U(8)



· 1 3 5 7

1 1 3 5 7
3 3 1 7 5
5 5 7 1 3
7 7 5 3 1

U(8)

αβ = βα
α β

S3 D3

M2(R) 2× 2 GL2(R)
M2(R)

A =

(
a b
c d

)

GL2(R) A−1 AA−1 = A−1A = I I 2×2
A

A A = ad− bc ̸= 0

I =

(
1 0
0 1

)
.

A ∈ GL2(R)

A−1 =
1

ad− bc

(
d −b
−c a

)
.

AB = BA
GL2(R)

1 =

(
1 0
0 1

)
I =

(
0 1
−1 0

)

J =

(
0 i
i 0

)
K =

(
i 0
0 −i

)
,

i2 = −1 I2 = J2 = K2 = −1 IJ = K JK = I KI = J
JI = −K KJ = −I IK = −J Q8 = {±1,±I,±J,±K}

Q8

C∗

C∗ z = a + bi

z−1 =
a− bi

a2 + b2

z



G n
|G| = n Z5 Z

|Z| = ∞

G
e ∈ G eg = ge = g g ∈ G

e e′ G eg = ge = g e′g = ge′ = g
g ∈ G e = e′ e ee′ = e′

e′ ee′ = e e = ee′ = e′

g′ g′′ g
G gg′ = g′g = e gg′′ = g′′g = e g′ = g′′

g′ = g′e = g′(gg′′) = (g′g)g′′ = eg′′ = g′′

g G g g−1

G a, b ∈ G (ab)−1 = b−1a−1

a, b ∈ G abb−1a−1 = aea−1 = aa−1 = e b−1a−1ab = e
(ab)−1 = b−1a−1

G a ∈ G (a−1)−1 = a

a−1(a−1)−1 = e
a

(a−1)−1 = e(a−1)−1 = aa−1(a−1)−1 = ae = a.

a b
G x ∈ G ax = b

x

G a b G
ax = b xa = b G

ax = b x
ax = b a−1 x = ex = a−1ax = a−1b

x1 x2 ax = b ax1 =
b = ax2 x1 = a−1ax1 = a−1ax2 = x2

xa = b



G a, b, c ∈ G ba = ca b = c ab = ac
b = c

G
g ∈ G g0 = e n ∈ N

gn = g · g · · · g︸ ︷︷ ︸
n

g−n = g−1 · g−1 · · · g−1

︸ ︷︷ ︸
n

.

g, h ∈ G

gmgn = gm+n m,n ∈ Z

(gm)n = gmn m,n ∈ Z

(gh)n = (h−1g−1)−n n ∈ Z G (gh)n = gnhn

(gh)n ̸= gnhn

Z Zn

ng
gn

mg + ng = (m+ n)g m, n ∈ Z

m(ng) = (mn)g m, n ∈ Z

m(g + h) = mg +mh n ∈ Z

Z Zn



2Z = {. . . ,−2, 0, 2, 4, . . .}

H G H G
G H H G

H = {e} G
G

R∗

a ∈ R∗

1/a

Q∗ = {p/q : p q }

R∗ R∗ 1 = 1/1
R∗ Q∗ Q∗ p/q r/s

pr/qs Q∗ p/q ∈ Q∗ Q∗

(p/q)−1 = q/p R∗ Q∗

C∗

H = {1,−1, i,−i} H C∗ H
H ⊂ C∗

SL2(R) GL2(R)

A =

(
a b
c d

)

SL2(R) ad− bc = 1 SL2(R)
2×2

SL2(R) A

A−1 =

(
d −b
−c a

)
.

SL2(R)
H G

G H G G
2 × 2 M2(R)

2× 2 M2(R)
M2(R)

(
1 0
0 1

)
+

(
−1 0
0 −1

)
=

(
0 0
0 0

)
,

GL2(R)



Z4

Z2

Z2 × Z2

(a, b) + (c, d) = (a + c, b + d)
Z2 × Z2 Z2 × Z2

H1 = {(0, 0), (0, 1)} H2 = {(0, 0), (1, 0)} H3 = {(0, 0), (1, 1)} Z4 Z2 ×Z2

+ (0, 0) (0, 1) (1, 0) (1, 1)

(0, 0) (0, 0) (0, 1) (1, 0) (1, 1)
(0, 1) (0, 1) (0, 0) (1, 1) (1, 0)
(1, 0) (1, 0) (1, 1) (0, 0) (0, 1)
(1, 1) (1, 1) (1, 0) (0, 1) (0, 0)

Z2 × Z2

H G

e G H

h1, h2 ∈ H h1h2 ∈ H

h ∈ H h−1 ∈ H

H G
H eH eH = e

e G eHeH = eH eeH = eHe = eH
eeH = eHeH e = eH

H h ∈ H H
h′ ∈ H hh′ = h′h = e G

h′ = h−1

H
G

H G H G
H ̸= ∅ g, h ∈ H gh−1 H

H G gh−1 ∈ H
g h H h H h−1 H

gh−1 ∈ H
H ⊂ G H ̸= ∅ gh−1 ∈ H g, h ∈ H

g ∈ H gg−1 = e H g ∈ H eg−1 = g−1 H h1, h2 ∈ H
H h1(h

−1
2 )−1 = h1h2 ∈ H

H G



x ∈ Z

3x ≡ 2 ( 7)

5x+ 1 ≡ 13 ( 23)

5x+ 1 ≡ 13 ( 26)

9x ≡ 3 ( 5)

5x ≡ 1 ( 6)

3x ≡ 1 ( 6)

G = {a, b, c, d}

◦ a b c d

a a c d a
b b b c d
c c d a b
d d a b c

◦ a b c d

a a b c d
b b a d c
c c d a b
d d c b a

◦ a b c d

a a b c d
b b c d a
c c d a b
d d a b c

◦ a b c d

a a b c d
b b a c d
c c b a d
d d d b c

(Z4,+)

D4

U(12)

S = R \ {−1} S a ∗ b = a+ b+ ab
(S, ∗)



A B GL2(R) AB ̸= BA

SL2(R)

⎛

⎝
1 x y
0 1 z
0 0 1

⎞

⎠

⎛

⎝
1 x y
0 1 z
0 0 1

⎞

⎠

⎛

⎝
1 x′ y′

0 1 z′

0 0 1

⎞

⎠ =

⎛

⎝
1 x+ x′ y + y′ + xz′

0 1 z + z′

0 0 1

⎞

⎠ .

(AB) = (A) (B) GL2(R)
GL2(R) A B GL2(R)

AB ∈ GL2(R)

Zn
2 = {(a1, a2, . . . , an) : ai ∈ Z2} Zn

2

(a1, a2, . . . , an) + (b1, b2, . . . , bn) = (a1 + b1, a2 + b2, . . . , an + bn).

Zn
2

R∗ = R \ {0}

R∗ Z G = R∗ × Z ◦ G
(a,m) ◦ (b, n) = (ab,m+ n) G

G g, h ∈ G (gh)n ̸= gnhn

n! n

0 + a ≡ a+ 0 ≡ a ( n)

a ∈ Zn

n

a · 1 ≡ a ( n).



a ∈ Zn b ∈ Zn

a+ b ≡ b+ a ≡ 0 ( n).

n

n

n

n

a(b+ c) ≡ ab+ ac ( n).

a b G abna−1 = (aba−1)n n ∈ Z

U(n) Zn n > 2 k ∈ U(n)
k2 = 1 k ̸= 1

g1g2 · · · gn g−1
n g−1

n−1 · · · g
−1
1

G a, b ∈ G
xa = b G

G
G ba = ca b = c ab = ac b = c a, b, c ∈ G

a2 = e a G G

G a ∈ G a
a2 = e

G (ab)2 = a2b2 a b G G

Z3 × Z3 Z3 × Z3

Z9

H = {2k : k ∈ Z} H Q∗

n = 0, 1, 2, . . . nZ = {nk : k ∈ Z} nZ Z
Z

T = {z ∈ C∗ : |z| = 1} T C∗



(
θ − θ
θ θ

)

θ ∈ R G SL2(R)

G = {a+ b
√
2 : a, b ∈ Q a b }

R∗

G 2× 2

H =

{(
a b
c d

)
: a+ d = 0

}
.

H G

SL2(Z) 2×2
SL2(R)

Q8

G G

H K G H ∪K
G

H K G HK = {hk : h ∈
H k ∈ K} G G

G g ∈ G

Z(G) = {x ∈ G : gx = xg g ∈ G}

G G

a b G a4b = ba a3 = e ab = ba

xy = x−1y−1 x y G G

H G

C(H) = {g ∈ G : gh = hg h ∈ H}.

C(H) G H G

H G g ∈ G gHg−1 = {g−1hg : h ∈ H}
G



d1d2 · · · d12

3 · d1 + 1 · d2 + 3 · d3 + · · ·+ 3 · d11 + 1 · d12 ≡ 0 ( 10).

d12

(d1, d2, . . . , dk) · (w1, w2, . . . , wk) ≡ 0 ( n)

d1w1 + d2w2 + · · ·+ dkwk ≡ 0 ( n).

(d1, d2, . . . , dk) · (w1, w2, . . . , wk) ≡ 0 ( n)
k d1d2 · · · dk 0 ≤ di < n

(wi, n) = 1 1 ≤ i ≤ k

(d1, d2, . . . , dk) · (w1, w2, . . . , wk) ≡ 0 ( n)
k d1d2 · · · dk 0 ≤ di < n

di dj (wi − wj , n) = 1 i j
k



(d1, d2, . . . , d10) · (10, 9, . . . , 1) ≡ 0 ( 11).

d10



4

Z Zn

3 ∈ Z

3Z = {. . . ,−3, 0, 3, 6, . . .}.

3Z

H = {2n : n ∈ Z} H
Q∗ a = 2m b = 2n H ab−1 = 2m2−n = 2m−n

H H Q∗

G a G

⟨a⟩ = {ak : k ∈ Z}

G ⟨a⟩ G a

⟨a⟩ a0 = e g h ⟨a⟩
⟨a⟩ g = am h = an m n

gh = aman = am+n ⟨a⟩ g = an ⟨a⟩ g−1 = a−n

⟨a⟩ H G a a
H ⟨a⟩ ⟨a⟩ G

a

⟨a⟩ = {na : n ∈ Z}



a ∈ G ⟨a⟩ a G
a G = ⟨a⟩ G a G a

G a n
an = e |a| = n n

a |a| = ∞ a

Z6 Z6

2 ∈ Z6

⟨2⟩ = {0, 2, 4}

Z Zn −1 Z
Zn Zn

Z6

U(9) Z9 U(9)
{1, 2, 4, 5, 7, 8} U(9)

21 = 2 22 = 4

23 = 8 24 = 7

25 = 5 26 = 1.

S3

S3

{ , ρ1, ρ2} { , µ1} { , µ2} { , µ3}

S3

{ }

S3

G a ∈ G G g h G
a g = ar h = as

gh = aras = ar+s = as+r = asar = hg,

G

G G G
G



G a H
G H = {e} H H g

g an n
n > 0 m am ∈ H m

h = am H h′ ∈ H
h h′ ∈ H H G h′ = ak

k q r k = mq+ r
0 ≤ r < m

ak = amq+r = (am)qar = hqar.

ar = akh−q ak h−q H ar H m
am H r = 0 k = mq

h′ = ak = amq = hq

H h

Z nZ n = 0, 1, 2, . . .

G n a
G ak = e n k

ak = e k = nq+ r 0 ≤ r < n

e = ak = anq+r = anqar = ear = ar.

m am = e n r = 0

n k k = ns s

ak = ans = (an)s = es = e.

G n a ∈ G
b = ak b n/d d = (k, n)

m e = bm = akm

m n km n/d
m(k/d) d n k n/d k/d

n/d m(k/d) m m n/d

Zn r 1 ≤ r < n (r, n) =
1



Z16

Z16

Z16

1 · 9 = 9 2 · 9 = 2 3 · 9 = 11

4 · 9 = 4 5 · 9 = 13 6 · 9 = 6

7 · 9 = 15 8 · 9 = 8 9 · 9 = 1

10 · 9 = 10 11 · 9 = 3 12 · 9 = 12

13 · 9 = 5 14 · 9 = 14 15 · 9 = 7.

C = {a+ bi : a, b ∈ R},

i2 = −1 z = a+ bi a z b
z

z = a+ bi w = c+ di

z + w = (a+ bi) + (c+ di) = (a+ c) + (b+ d)i.

i2 = −1
z w

(a+ bi)(c+ di) = ac+ bdi2 + adi+ bci = (ac− bd) + (ad+ bc)i.

z = a + bi
z−1 ∈ C∗ zz−1 = z−1z = 1 z = a+ bi

z−1 =
a− bi

a2 + b2
.

z = a+ bi z = a− bi
z = a+ bi |z| =

√
a2 + b2

z = 2 + 3i w = 1− 2i

z + w = (2 + 3i) + (1− 2i) = 3 + i

zw = (2 + 3i)(1− 2i) = 8− i.

z−1 =
2

13
− 3

13
i

|z| =
√
13

z = 2− 3i.



y

x0

z1 = 2 + 3i
z3 = −3 + 2i

z2 = 1− 2i

z = a+ bi xy a x
b y

z1 = 2+3i z2 = 1− 2i
z3 = −3 + 2i

y

x0

a+ bi

r

θ

θ x
r

z = a+ bi = r( θ + i θ).

r = |z| =
√

a2 + b2

a = r θ

b = r θ.

r( θ + i θ) r θ z
0◦ ≤ θ < 360◦

0 ≤ θ < 2π



z = 2 60◦

a = 2 60◦ = 1

b = 2 60◦ =
√
3.

z = 1 +
√
3 i

z = 3
√
2− 3

√
2 i

r =
√

a2 + b2 =
√
36 = 6

θ =

(
b

a

)
= (−1) = 315◦,

3
√
2− 3

√
2 i = 6 315◦

z = r θ w = s φ

zw = rs (θ + φ).

z = 3 (π/3) w = 2 (π/6) zw = 6 (π/2) = 6i

z = r θ

[r θ]n = rn (nθ)

n = 1, 2, . . .

n n = 1
k 1 ≤ k ≤ n

zn+1 = znz

= rn( nθ + i nθ)r( θ + i θ)

= rn+1[( nθ θ − nθ θ) + i( nθ θ + nθ θ)]

= rn+1[ (nθ + θ) + i (nθ + θ)]

= rn+1[ (n+ 1)θ + i (n+ 1)θ].

z = 1+i z10

(1 + i)10 z10

z10 = (1 + i)10

=
(√

2
(π
4

))10

= (
√
2 )10

(
5π

2

)

= 32
(π
2

)

= 32i.



C∗

Q∗ R∗ C∗

T = {z ∈ C : |z| = 1}.

C∗

H = {1,−1, i,−i} H 1 −1 i
−i z4 = 1

zn = 1 n

zn = 1 n

z =

(
2kπ

n

)
,

k = 0, 1, . . . , n − 1 n T
n

zn =

(
n
2kπ

n

)
= (2kπ) = 1.

z 2kπ/n
2π zn = 1

n n
n T

n n

ω =

√
2

2
+

√
2

2
i

ω3 = −
√
2

2
+

√
2

2
i

ω5 = −
√
2

2
−

√
2

2
i

ω7 =

√
2

2
−

√
2

2
i.



y

x0

ω

i

ω3

−1

ω5

−i

ω7

22

28

22
1000000

.

237398332 ( 46389)

n
a

a = 2k1 + 2k2 + · · ·+ 2kn ,

k1 < k2 < · · · < kn a
57 = 20 + 23 + 24 + 25

Zn b ≡ ax ( n) c ≡ ay ( n)

bc ≡ ax+y ( n) a2
k
( n) k

a2
0

( n)

a2
1

( n)

a2
k

( n).

n

271321 ( 481)

321 = 20 + 26 + 28;



271321 ( 481)

2712
0+26+28 ≡ 2712

0 · 27126 · 27128 ( 481).

2712
i
( 481) i = 0, 6, 8

2712
1
= ≡ 329 ( 481).

2712
2
( 481)

2712
2 ≡ (2712

1
)2 ( 481)

≡ (329)2 ( 481)

≡ ( 481)

≡ 16 ( 481).

(a2
n
)2 ≡ a2·2

n ≡ a2
n+1

( n)

2712
6 ≡ 419 ( 481)

2712
8 ≡ 16 ( 481).

271321 ≡ 2712
0+26+28 ( 481)

≡ 2712
0 · 27126 · 27128 ( 481)

≡ 271 · 419 · 16 ( 481)

≡ ( 481)

≡ 47 ( 481).

n

Z60

U(8)

Q
G G



5 ∈ Z12√
3 ∈ R

√
3 ∈ R∗

−i ∈ C∗

Z240

Z471

Z
Z24

Z12

Z60

Z13

Z48

U(20)

U(18)

R∗

C∗ i i2 = −1

C∗ 2i

C∗ (1 + i)/
√
2

C∗ (1 +
√
3 i)/2

GL2(R)
(

0 1
−1 0

)

(
0 1/3
3 0

)

(
1 −1
1 0

)

(
1 −1
0 1

)

(
1 −1
−1 0

)

(√
3/2 1/2

−1/2
√
3/2

)

Z18

D4

Q8

U(30)

Z32

∗

Z Q∗ R∗

a24 = e G a

n



n ≤ 20 U(n)

A =

(
0 1
−1 0

)
B

(
0 −1
1 −1

)

GL2(R) A B AB

(3− 2i) + (5i− 6)

(4− 5i)− (4i− 4)

(5− 4i)(7 + 2i)

(9− i)(9− i)

i45

(1 + i) + (1 + i)

a+ bi

2 (π/6)

5 (9π/4)

3 (π)

(7π/4)/2

1− i

−5

2 + 2i
√
3 + i

−3i

2i+ 2
√
3

(1 + i)−1

(1− i)6

(
√
3 + i)5

(−i)10

((1− i)/2)4

(−
√
2−

√
2 i)12

(−2 + 2i)−5

|z| = |z|
zz = |z|2

z−1 = z/|z|2

|z + w| ≤ |z|+ |w|
|z − w| ≥ ||z|− |w||
|zw| = |z||w|



2923171 ( 582)

2557341 ( 5681)

20719521 ( 4724)

971321 ( 765)

a, b ∈ G

a a−1

g ∈ G |a| = |g−1ag|
ab ba

p q Zpq

p r Zpr

Zp p

g h G ⟨g⟩∩⟨h⟩

a G ⟨am⟩ ∩ ⟨an⟩

Zn n > 2

G a b ∈ G |a| = m |b| = n
(m,n) = 1 ⟨a⟩ ∩ ⟨b⟩ = {e}

G G
G

G n x y = xk

(k, n) = 1 y G

G
G

G pq (p, q) = 1 G a
b p q G

Z nZ n = 0, 1, 2, . . .

Zn r 1 ≤ r < n (r, n) = 1

G G

G

G m d | m G
d

n −1 n

z = r( θ + i θ) w = s( φ + i φ)

zw = rs[ (θ + φ) + i (θ + φ)].



C∗

n T n

α ∈ T αm = 1 αn = 1 αd = 1 d = (m,n)

z ∈ C∗ |z| ≠ 1 z

z = θ + i θ T θ ∈ Q z

ax ( n)
n x



5

△ABC

S = {A,B,C} π : S → S

(
A B C
A B C

) (
A B C
C A B

) (
A B C
B C A

)

(
A B C
A C B

) (
A B C
C B A

) (
A B C
B A C

)

(
A B C
B C A

)

A B B C C A

A -→ B

B -→ C

C -→ A.

X SX X
X = {1, 2, . . . , n} Sn SX

Sn n

n Sn n!

Sn . . . n n
f : Sn → Sn f−1 f

|Sn| = n!



Sn

G S5

σ =

(
1 2 3 4 5
1 2 3 5 4

)

τ =

(
1 2 3 4 5
3 2 1 4 5

)

µ =

(
1 2 3 4 5
3 2 1 5 4

)
.

G

◦ σ τ µ

σ τ µ
σ σ µ τ
τ τ µ σ
µ µ τ σ

σ τ X
σ τ (σ◦τ)(x) = σ(τ(x)) τ

σ
στ τ σ

στ(x) σ(τ(x))
σ(x) (x)σ

σ =

(
1 2 3 4
4 1 2 3

)

τ =

(
1 2 3 4
2 1 4 3

)
.

στ =

(
1 2 3 4
1 4 3 2

)
,

τσ =

(
1 2 3 4
3 2 1 4

)
.



σ ∈ SX k a1, a2, . . . , ak ∈ X

σ(a1) = a2

σ(a2) = a3

σ(ak) = a1

σ(x) = x x ∈ X (a1, a2, . . . , ak)
σ

σ =

(
1 2 3 4 5 6 7
6 3 5 1 4 2 7

)
= (162354)

τ =

(
1 2 3 4 5 6
1 4 2 3 5 6

)
= (243)

(
1 2 3 4 5 6
2 4 1 3 6 5

)
= (1243)(56).

σ = (1352) τ = (256).

σ
1 -→ 3, 3 -→ 5, 5 -→ 2, 2 -→ 1,

τ
2 -→ 5, 5 -→ 6, 6 -→ 2,

στ τ σ

1 -→ 3, 3 -→ 5, 5 -→ 6, 6 -→ 2 -→ 1,

στ = (1356) µ = (1634) σµ = (1652)(34)

SX σ = (a1, a2, . . . , ak) τ = (b1, b2, . . . , bl) ai ̸= bj
i j

(135) (27) (135) (347)

(135)(27) = (135)(27)

(135)(347) = (13475).



σ τ SX στ = τσ

σ = (a1, a2, . . . , ak) τ = (b1, b2, . . . , bl) στ(x) = τσ(x)
x ∈ X x {a1, a2, . . . , ak} {b1, b2, . . . , bl} σ τ x
σ(x) = x τ(x) = x

στ(x) = σ(τ(x)) = σ(x) = x = τ(x) = τ(σ(x)) = τσ(x).

x ∈ {a1, a2, . . . , ak}
σ(ai) = a(i k)+1

a1 -→ a2

a2 -→ a3

ak−1 -→ ak

ak -→ a1.

τ(ai) = ai σ τ

στ(ai) = σ(τ(ai))

= σ(ai)

= a(i k)+1

= τ(a(i k)+1)

= τ(σ(ai))

= τσ(ai).

x ∈ {b1, b2, . . . , bl} σ τ

Sn

X = {1, 2, . . . , n} σ ∈ Sn X1

{σ(1),σ2(1), . . .} X1 X i
X X1 X2 {σ(i),σ2(i), . . .} X2

X3, X4, . . . X

r σi

σi(x) =

{
σ(x) x ∈ Xi

x x /∈ Xi,

σ = σ1σ2 · · ·σr X1, X2, . . . , Xr σ1,σ2, . . . ,σr

σ =

(
1 2 3 4 5 6
6 4 3 1 5 2

)

τ =

(
1 2 3 4 5 6
3 2 1 5 6 4

)
.



σ = (1624)

τ = (13)(456)

στ = (136)(245)

τσ = (143)(256).

(1)

(a1, a2, . . . , an) = (a1an)(a1an−1) · · · (a1a3)(a1a2),

(16)(253) = (16)(23)(25) = (16)(45)(23)(45)(25).

(12)(12) (13)(24)(13)(24)

(16)

(23)(16)(23)

(35)(16)(13)(16)(13)(35)(56),

(16)

r

= τ1τ2 · · · τr,

r

r
r > 1 r = 2 r > 2

τr−1τr

(ab)(ab) =

(bc)(ab) = (ac)(bc)

(cd)(ab) = (ab)(cd)

(ac)(ab) = (ab)(bc),



a b c d

τr−1τr

= τ1τ2 · · · τr−3τr−2.

r − 2 r
τr−1τr

r
a

τr−2τr−1 r − 2
r a τr−2

r − 2
τr−3τr−2

a
a

r − 2

σ
σ

σ
σ

σ = σ1σ2 · · ·σm = τ1τ2 · · · τn,

m n σ σm · · ·σ1

= σσm · · ·σ1 = τ1 · · · τnσm · · ·σ1,

n σ

Sn An

An n

An Sn

An An σ

σ = σ1σ2 · · ·σr,



σi r

σ−1 = σrσr−1 · · ·σ1

An

Sn n ≥ 2
An n!/2

An Sn Bn

σ Sn n ≥ 2 σ

λσ : An → Bn

λσ(τ) = στ.

λσ(τ) = λσ(µ) στ = σµ

τ = σ−1στ = σ−1σµ = µ.

λσ λσ

A4 S4

A4

(1) (12)(34) (13)(24) (14)(23)

(123) (132) (124) (142)

(134) (143) (234) (243).

A4



n n n = 3, 4, . . .
n Dn

n 1, 2, . . . , n
n k

k+1 k−1 2n
n

1

n− 1 3

2n

4

n

Dn Sn 2n

n



n

Dn n ≥ 3 r
s

rn = 1

s2 = 1

srs = r−1.

n
n

,
360◦

n
, 2 · 360

◦

n
, . . . , (n− 1) · 360

◦

n
.

360◦/n r r

rk = k · 360
◦

n
.

n s1, s2, . . . , sn sk k
n

sk s = s1 s2 = rn =
t n k

k+1 k− 1 k+1
t = rk−1 k − 1 t = rk−1s r s Dn

Dn r s srs = r−1

D4

r = (1234)

r2 = (13)(24)

r3 = (1432)

r4 = (1)



s1 = (24)

s2 = (13).

D4

rs1 = (12)(34)

r3s1 = (14)(23).

D4

n

6 · 4 = 24

24

S4

S4



S4

180◦

S4 S4

S4

(
1 2 3 4 5
2 4 1 5 3

)

(
1 2 3 4 5
4 2 5 1 3

)

(
1 2 3 4 5
3 5 1 4 2

)

(
1 2 3 4 5
1 4 3 2 5

)

(1345)(234)

(12)(1253)

(143)(23)(24)

(1423)(34)(56)(1324)

(1254)(13)(25)

(1254)(13)(25)2

(1254)−1(123)(45)(1254)

(1254)2(123)(45)

(123)(45)(1254)−2

(1254)100

|(1254)|
|(1254)2|
(12)−1

(12537)−1

[(12)(34)(12)(47)]−1

[(1235)(467)]−1



(14356)

(156)(234)

(1426)(142)

(17254)(1423)(154632)

(142637)

(a1, a2, . . . , an)−1

S4

{σ ∈ S4 : σ(1) = 3}
{σ ∈ S4 : σ(2) = 2}
{σ ∈ S4 : σ(1) = 3 σ(2) = 2}

S4

A4

S7 A7

A10

A8

Sn n = 3, . . . , 10

A5 A6

σ ∈ Sn n i j σi = σj i ≡ j
( n)

σ = σ1 · · ·σm ∈ Sn σ
σ1, . . . ,σm

D5 r s
r s

(12)(34)

A4

Sn n ≥ 3

An n ≥ 4

Dn n ≥ 3

σ ∈ Sn σ n − 1



σ ∈ Sn σ σ
n− 2

σ
σ

σ σ2

An n ≥ 3

Sn

(12), (13), . . . , (1n)

(12), (23), . . . , (n− 1, n)

(12), (12 . . . n)

G λg : G → G λg(a) = ga λg
G

n! n

G

Z(G) = {g ∈ G : gx = xg x ∈ G}.

D8 D10 Dn

τ = (a1, a2, . . . , ak) k

σ

στσ−1 = (σ(a1),σ(a2), . . . ,σ(ak))

k

µ k σ στσ−1 = µ

α β Sn α ∼ β σ ∈ Sn σασ−1 = β
∼ Sn

σ ∈ SX σn(x) = y x ∼ y

∼ X

σ ∈ An τ ∈ Sn τ−1στ ∈ An

x ∈ X σ ∈ SX

Ox,σ = {y : x ∼ y}.

S5

α = (1254)

β = (123)(45)

γ = (13)(25).



Ox,σ ∩Oy,σ ̸= ∅ Ox,σ = Oy,σ σ
∼

H SX x, y ∈ X σ ∈ H
σ(x) = y ⟨σ⟩ Ox,σ = X x ∈ X

α ∈ Sn n ≥ 3 αβ = βα β ∈ Sn α
Sn

α α−1 α

α−1β−1αβ α,β ∈ Sn

r s Dn

srs = r−1

rks = sr−k Dn

rk ∈ Dn n/ (k, n)



6

G H G H
g ∈ G

gH = {gh : h ∈ H}.

Hg = {hg : h ∈ H}.

H Z6

0 +H = 3 +H = {0, 3}
1 +H = 4 +H = {1, 4}
2 +H = 5 +H = {2, 5}.

Z Zn

H S3 {(1), (123), (132)}
H

(1)H = (123)H = (132)H = {(1), (123), (132)}
(12)H = (13)H = (23)H = {(12), (13), (23)}.

H

H(1) = H(123) = H(132) = {(1), (123), (132)}
H(12) = H(13) = H(23) = {(12), (13), (23)}.



K
S3 {(1), (12)} K

(1)K = (12)K = {(1), (12)}
(13)K = (123)K = {(13), (123)}
(23)K = (132)K = {(23), (132)};

K

K(1) = K(12) = {(1), (12)}
K(13) = K(132) = {(13), (132)}
K(23) = K(123) = {(23), (123)}.

H G g1, g2 ∈ G

g1H = g2H

Hg−1
1 = Hg−1

2

g1H ⊆ g2H

g2 ∈ g1H

g−1
1 g2 ∈ H

H G

H G H G
G G H G

g1H g2H H G g1H∩g2H = ∅
g1H = g2H g1H ∩ g2H ̸= ∅ a ∈ g1H ∩ g2H

a = g1h1 = g2h2 h1 h2 H g1 = g2h2h
−1
1

g1 ∈ g2H g1H = g2H

G
H

G H G H G
H G [G : H]

G = Z6 H = {0, 3} [G : H] = 3

G = S3 H = {(1), (123), (132)} K = {(1), (12)}
[G : H] = 2 [G : K] = 3

H G H G
H G



LH RH H G
φ : LH → RH gH ∈ LH

φ(gH) = Hg−1 φ g1H = g2H
Hg−1

1 = Hg−1
2 φ

Hg−1
1 = φ(g1H) = φ(g2H) = Hg−1

2 .

g1H = g2H φ φ(g−1H) = Hg

H G g ∈ G φ : H → gH
φ(h) = gh φ H

gH

φ φ(h1) = φ(h2)
h1, h2 ∈ H h1 = h2 φ(h1) = gh1 φ(h2) = gh2

gh1 = gh2 h1 = h2 φ
gH gh h ∈ H φ(h) = gh

G H G
|G|/|H| = [G : H] H G

H G

G [G : H]
|H| |G| = [G : H]|H|

G g ∈ G g
G

|G| = p p G g ∈ G
g ̸= e

g G g ̸= e g
|⟨g⟩| > 1 p g G

p Zp

H K G G ⊃ H ⊃ K

[G : K] = [G : H][H : K].

[G : K] =
|G|
|K| =

|G|
|H| ·

|H|
|K| = [G : H][H : K].



A4

A4

H A4

H H

A4

[A4 : H] = 2 H A4

H gH = Hg gHg−1 = H
g ∈ A4 A4 H

(123) H (123)−1 = (132)
H ghg−1 ∈ H g ∈ A4 h ∈ H

(124)(123)(124)−1 = (124)(123)(142) = (243)

(243)(123)(243)−1 = (243)(123)(234) = (142)

H

(1), (123), (132), (243), (243)−1 = (234), (142), (142)−1 = (124).

A4

τ µ Sn

σ ∈ Sn µ = στσ−1

τ = (a1, a2, . . . , ak)

µ = (b1, b2, . . . , bk).

σ

σ(a1) = b1

σ(a2) = b2

σ(ak) = bk.

µ = στσ−1

τ = (a1, a2, . . . , ak) k σ ∈ Sn σ(ai) = b
σ(a(i k)+1) = b′ µ(b) = b′

µ = (σ(a1),σ(a2), . . . ,σ(ak)).

σ µ τ



φ φ : N → N φ(n) = 1 n = 1 n > 1
φ(n) m 1 ≤ m < n (m,n) = 1

U(n) Zn φ(n)
|U(12)| = φ(12) = 4

p φ(p) = p−1

U(n) Zn |U(n)| = φ(n)

a n n > 0 (a, n) =
1 aφ(n) ≡ 1 ( n)

U(n) φ(n) aφ(n) = 1
a ∈ U(n) aφ(n) − 1 n aφ(n) ≡ 1 ( n)

n = p
φ(p) = p− 1

p
p ̸ |a

ap−1 ≡ 1 ( p).

b bp ≡ b ( p)

G g h
|G| ≥ 35



G
G

⟨8⟩ Z24

⟨3⟩ U(8)

3Z Z
A4 S4

An Sn

D4 S4

T C∗

H = {(1), (123), (132)} S4

SL2(R) GL2(R) SL2(R) GL2(R)

n = 15 a = 4

p = 4n+3
x2 ≡ −1 ( p)

H G g1, g2 ∈ G

g1H = g2H

Hg−1
1 = Hg−1

2

g1H ⊆ g2H

g2 ∈ g1H

g−1
1 g2 ∈ H

ghg−1 ∈ H g ∈ G h ∈ H
gH = Hg g ∈ G

φ : LH → RH φ(gH) = Hg

gn = e g n

α,β ∈ Sn

γ β = γαγ−1 β = γαγ−1 γ ∈ Sn

α β

|G| = 2n
G



[G : H] = 2 a b H ab ∈ H

[G : H] = 2 gH = Hg

H K G gH ∩ gK H ∩K
G

H K G ∼ G a ∼ b
h ∈ H k ∈ K hak = b

H = {(1), (123), (132)} A4

G n φ(n) G

n = pe11 pe22 · · · pekk p1, p2, . . . , pk

φ(n) = n

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(
1− 1

pk

)
.

n =
∑

d|n

φ(d)

n



7

. . . . . .

A
B C B C A

B
C

A B C
C C

f

f−1 f
f−1 f



= 00, = 01, . . . , =
25

f(p) = p+ 3 26;

A -→ D,B -→ E, . . . , Z -→ C

f−1(p) = p− 3 26 = p+ 23 26.

3, 14, 9, 7, 4, 20, 3.

0, 11, 6, 4, 1, 17, 0,

b f(p) = p + b 26
= 04

= 18
18 = 4 + b 26 b = 14

f(p) = p+ 14 26.

f−1(p) = p+ 12 26.

f(p) = ap+ b 26.

f−1

c = ap+ b 26



p a
(a, 26) = 1

f−1(p) = a−1p− a−1b 26.

f(p) = ap + b 26
a ∈ Z26

(a, 26) = 1 a = 5 (5, 26) = 1
a−1 = 21 f(p) = 5p+3 26

3, 6, 7, 23, 8, 10, 3

f−1(p) = 21p− 21 · 3 26 = 21p+ 15 26.

p1 p2

=

(
p1
p2

)
.

A 2× 2 Z26

f( ) = A + ,

Z26

f−1( ) = A−1 −A−1 .

7, 4, 11, 15

A =

(
3 5
1 2

)
,

A−1 =

(
2 21
25 3

)
.

= (2, 2)



f
f−1

p q n = pq
φ(n) = m = (p− 1)(q− 1) φ φ

E m E
(E,m) = 1 D DE ≡ 1

( m) n E

E n
= 00, = 02, . . . , = 25

n x y = xE n
y x x = yD n
D

p = 23
q = 29

n = pq = 667

φ(n) = m = (p− 1)(q − 1) = 616.

E = 487 (616, 487) = 1

25487 667 = 169.

191E = 1+151m
(n,D) = (667, 191)

169191 667 = 25.

DE ≡ 1 ( m)
k

DE = km+ 1 = kφ(n) + 1.



(x, n) = 1

yD = (xE)D = xDE = xkm+1 = (xφ(n))kx = (1)kx = x n.

x yD n
(x, n) ̸= 1 n = pq x < n x

p q
r r < q x = rp

(x, q) = 1 m = φ(n) = (p − 1)(q − 1) = φ(p)φ(q)
q

xkm = xkφ(p)φ(q) = (xφ(q))kφ(p) = (1)kφ(p) = 1 q.

t xkm = 1 + tq

yD = xkm+1 = xkmx = (1 + tq)x = x+ tq(rp) = x+ trn = x n.

D
n E n D

667 = 23 · 29 D

(n′, E′)
(n′, D′) (n,E)

(n,D)

x x

x′ = xD
′

n′.

x′ x
x′ x′

y′ = x′E n,



http://www.emc.com/emc-plus/rsa-labs/historical/the-rsa-challenge-numbers.htm
http://www.emc.com/emc-plus/rsa-labs/historical/the-rsa-challenge-numbers.htm


2×2 A Z26 ( (A), 26) =
1

A =

(
3 4
2 3

)
,

f( ) = A +
= (2, 5)

x x
x = 142528

n = 3551, E = 629, x = 31

n = 2257, E = 47, x = 23

n = 120979, E = 13251, x = 142371

n = 45629, E = 781, x = 231561

D

y

n = 3551, D = 1997, y = 2791

n = 5893, D = 81, y = 34

n = 120979, D = 27331, y = 112135

n = 79403, D = 671, y = 129381

(n,E) D

(n,E) = (451, 231)

(n,E) = (3053, 1921)

(n,E) = (37986733, 12371)

(n,E) = (16394854313, 34578451)

n

n

n E X

XE ≡ X ( n).

(n,E) D



n n n
d = 2, 3, . . . ,

√
n n d n

n

n = ab n

n = x2 − y2 = (x− y)(x+ y).

x y n = x2 − y2

n

p
(a, p) = 1 ap−1 ≡ 1 ( p)

215−1 ≡ 214 ≡ 4 ( 15).

217−1 ≡ 216 ≡ 1 ( 17).

n

2n−1 ≡ 1 ( n).



n b (b, n) = 1
bn−1 ≡ 1 ( n) n b

561 = 3 · 11 · 17

2163 25× 109



8

m

n

n

m

m n



n
n n

n (x1, x2, . . . , xn) 3n

(x1, x2, . . . , xn) -→ (x1, x2, . . . , xn, x1, x2, . . . , xn, x1, x2, . . . , xn).

i i
(0110)

(0110 0110 0110)
(0110 1110 0110)

(0110)
n 2n

n m
m 3n

28 = 256
27 = 128

= 6510 = 010000012,

= 6610 = 010000102,

= 6710 = 010000112.

000000002 = 010,

011111112 = 12710.

= 010000012,

= 010000102,

= 110000112.

n



(0100 0101)

m

(1001 1000)



p q
pq

n

p

p

q

q

p
q = 1 − p

p
q

n pn p = 0.999

(0.999)10,000 ≈ 0.00005.

n (x1, . . . , xn)
p

k
(
n

k

)
qkpn−k.

k

k q
n− k p n

qkpn−k k
(
n

k

)
=

n!

k!(n− k)!
,

n k
qkpn−k

(
n

k

)
qkpn−k.

p = 0.995

pn = (0.995)500 ≈ 0.082.



(
n

1

)
qpn−1 = 500(0.005)(0.995)499 ≈ 0.204.

(
n

2

)
q2pn−2 =

500 · 499
2

(0.005)2(0.995)498 ≈ 0.257.

1− 0.082− 0.204− 0.257 = 0.457.

(n,m)
m n

(n,m)

E : Zm
2 → Zn

2

D : Zn
2 → Zm

2 .

E E

D

(8, 7)

E(x7, x6, . . . , x1) = (x8, x7, . . . , x1),

x8 = x7 + x6 + · · ·+ x1 Z2

= (x1, . . . , xn) = (y1, . . . , yn) n
d( , )

d
d( , )

w( ) w( ) = d( , )
= (00 · · · 0)

= (10101) = (11010) = (00011)
C

d( , ) = 4, d( , ) = 3, d( , ) = 3.

w( ) = 3, w( ) = 3, w( ) = 2.



n

w( ) = d( , )

d( , ) ≥ 0

d( , ) = 0 =

d( , ) = d( , )

d( , ) ≤ d( , ) + d( , )

= (1101) = (1100)

d( , ) = 1 = (1100)
= (1010) d( , ) = 2

d( , ) = 1
d( , ) = 2

d = 2
d( , ) = 2

d( , ) = d( , ) = 1.

d ≥ 3

d( , ) = 1 d( , ) ≥ 2 ̸=



C d = 2n + 1 C n
2n C

n
d( , ) ≤ n

2n+ 1 ≤ d( , ) ≤ d( , ) + d( , ) ≤ n+ d( , ).

d( , ) ≥ n + 1

2n 1 ≤ d( , ) ≤ 2n 2n+1
2n

1 = (00000) 2 = (00111) 3 = (11100)

4 = (11011)

(32, 6)

Zn
2

n
n

(11000101) + (11000101) = (00000000).



(0000000) (0001111) (0010101) (0011010)

(0100110) (0101001) (0110011) (0111100)

(1000011) (1001100) (1010110) (1011001)

(1100101) (1101010) (1110000) (1111111).

Z7
2

d = 3

n w( + ) = d( , )

n

1 + 1 = 0

0 + 0 = 0

1 + 0 = 1

0 + 1 = 1.

d C d
C

d = {w( ) : ̸= }.

d = {d( , ) : ̸= }
= {d( , ) : + ̸= }
= {w( + ) : + ̸= }
= {w( ) : ̸= }.

n

· = x1y1 + · · ·+ xnyn,



= (x1, x2, . . . , xn) = (y1, y2, . . . , yn)
= (011001) = (110101) · = 0

· =

=
(
x1 x2 · · · xn

)

⎛

⎜⎜⎜⎝

y1
y2

yn

⎞

⎟⎟⎟⎠

= x1y1 + x2y2 + · · ·+ xnyn.

n = (x1, x2, . . . , xn)
x1+x2+ · · ·+xn = 0 = (x1, x2, x3, x4)

x1 + x2 + x3 + x4 = 0

· = =
(
x1 x2 x3 x4

)

⎛

⎜⎜⎜⎝

1
1
1
1

⎞

⎟⎟⎟⎠
= 0.

Mm×n(Z2) m × n Z2

Z2

H ∈ Mm×n(Z2) n
H = H (H)

H =

⎛

⎝
0 1 0 1 0
1 1 1 1 0
0 0 1 1 1

⎞

⎠ .

= (x1, x2, x3, x4, x5) H H =

x2 + x4 = 0

x1 + x2 + x3 + x4 = 0

x3 + x4 + x5 = 0.

(00000) (11110) (10101) (01011).

H Mm×n(Z2) H

n



Zn
2

, ∈ (H) H Mm×n(Z2) H =
H =

H( + ) = H +H = + = .

+ H

H ∈
Mm×n(Z2)

C

H =

⎛

⎝
0 0 0 1 1 1
0 1 1 0 1 1
1 0 1 0 0 1

⎞

⎠ .

= (010011)

H =

⎛

⎝
0
1
1

⎞

⎠ ,

H H

H m × n Z2 n > m m
m×m Im

H = (A | Im) A m× (n−m)
⎛

⎜⎜⎜⎝

a11 a12 · · · a1,n−m

a21 a22 · · · a2,n−m

am1 am2 · · · am,n−m

⎞

⎟⎟⎟⎠

Im m×m
⎛

⎜⎜⎜⎝

1 0 · · · 0
0 1 · · · 0

0 0 · · · 1

⎞

⎟⎟⎟⎠
.

n× (n−m)

G =

(
In−m

A

)
.

G = H =
G



(000), (001), (010), . . . , (111).

A =

⎛

⎝
0 1 1
1 1 0
1 0 1

⎞

⎠ ,

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1
0 1 1
1 1 0
1 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

H =

⎛

⎝
0 1 1 1 0 0
1 1 0 0 1 0
1 0 1 0 0 1

⎞

⎠ ,

H

= (x1, x2, x3, x4, x5, x6)

= H =

⎛

⎝
x2 + x3 + x4
x1 + x2 + x5
x1 + x3 + x6

⎞

⎠ ,

x2 + x3 + x4 = 0

x1 + x2 + x5 = 0

x1 + x3 + x6 = 0.

x4 x2 x3 x5 x1 x2 x6
x1 x3 x4 x5 x6

x1 x2 x3 x4 x5 x6
H

(000000) (001101) (010110) (011011)
(100011) (101110) (110101) (111000).

G



G

H ∈ Mm×n(Z2) (H)
∈ Zn

2 n −m m
H = m
n−m H (n, n−m)

n−m m

G n × k C ={
: G = ∈ Zk

2

}
(n, k) C

G 1 = 1 G 2 = 2 1 + 2 C

G( 1 + 2) = G 1 +G 2 = 1 + 2.

G = G = G = G

G −G = G( − ) = .

k G( − ) x1 − y1, . . . , xk − yk
Ik G G( − ) =

=

H = (A | Im) m×n G =
(
In−m

A

)

n× (n−m) HG =



C = HG ij C

cij =
n∑

k=1

hikgkj

=
n−m∑

k=1

hikgkj +
n∑

k=n−m+1

hikgkj

=
n−m∑

k=1

aikδkj +
n∑

k=n−m+1

δi−(m−n),kakj

= aij + aij

= 0,

δij =

{
1, i = j

0, i ̸= j

H = (A | Im) m × n

G =
(
In−m

A

)
n× (n−m) H C

G C H = C
H

∈ C G = ∈ Zm
2

H = HG =
= (y1, . . . , yn) H

Zn−m
2 G = H =

a11y1 + a12y2 + · · ·+ a1,n−myn−m + yn−m+1 = 0

a21y1 + a22y2 + · · ·+ a2,n−myn−m + yn−m+1 = 0

am1y1 + am2y2 + · · ·+ am,n−myn−m + yn−m+1 = 0.

yn−m+1, . . . , yn y1, . . . , yn−m

yn−m+1 = a11y1 + a12y2 + · · ·+ a1,n−myn−m

yn−m+1 = a21y1 + a22y2 + · · ·+ a2,n−myn−m

yn−m+1 = am1y1 + am2y2 + · · ·+ am,n−myn−m.

xi = yi i = 1, . . . , n−m

H



1 = (100 · · · 00)
2 = (010 · · · 00)

n = (000 · · · 01)

n Zn
2 m × n H H i i
H

⎛

⎝
1 1 1 0 0
1 0 0 1 0
1 1 0 0 1

⎞

⎠

⎛

⎜⎜⎜⎜⎜⎝

0
1
0
0
0

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎝
1
0
1

⎞

⎠ .

i n 1 i 0
H ∈ Mm×n(Z2) H i i H

H m × n H
H

(H)

i i = 1, . . . , n H i i H

i H i

H
H i ̸=

H1 =

⎛

⎝
1 1 1 0 0
1 0 0 1 0
1 1 0 0 1

⎞

⎠

H2 =

⎛

⎝
1 1 1 0 0
1 0 0 0 0
1 1 0 0 1

⎞

⎠ ,

H1 H2

H H



H =

⎛

⎝
1 1 1 0
1 0 0 1
1 1 0 0

⎞

⎠

H
(H)

(1100) (1010) (1001) (0110) (0101) (0011)
(H)
H H

H

H H
H H

n i + j i j w( i +

j) = 2 i ̸= j
= H( i + j) = H i +H j

i j H

H

23 = 8

⎛

⎝
0
0
0

⎞

⎠ ,

⎛

⎝
1
0
0

⎞

⎠ ,

⎛

⎝
0
1
0

⎞

⎠ ,

⎛

⎝
0
0
1

⎞

⎠ .

H m×n n−m
m 2m

, 1, . . . , m 2m − (1 +m)

n
n

H =

⎛

⎝
1 1 1 0 0
0 1 0 1 0
1 0 0 0 1

⎞

⎠



= (11011) = (01011)

H =

⎛

⎝
0
0
0

⎞

⎠ H =

⎛

⎝
1
0
1

⎞

⎠ .

H H

H m× n ∈ Zn
2 H

m × n H
n = +

H

H = H( + ) = H +H = +H = H .

H i
H

H ∈ Mm×n(Z2) H
n

H i i

H =

⎛

⎝
1 0 1 1 0 0
0 1 1 0 1 0
1 1 1 0 0 1

⎞

⎠

= (111110) = (111111) = (010111)

H =

⎛

⎝
1
1
1

⎞

⎠ , H =

⎛

⎝
1
1
0

⎞

⎠ , H =

⎛

⎝
1
0
0

⎞

⎠ .

(110110) (010011)
H



C
Zn
2 C Zn

2

C (n,m) C
Zn
2 + C ∈ Zn

2

2n−m C Zn
2

C (5, 3)

H =

⎛

⎝
0 1 1 0 0
1 0 0 1 0
1 1 0 0 1

⎞

⎠ .

(00000) (01101) (10011) (11110).

25−2 = 23 C Z5
2 22 = 4

C
(10000) + C
(01000) + C
(00100) + C
(00010) + C
(00001) + C
(10100) + C
(00110) + C

C

n
= + = +

+ C

n
+

= (01111) (00010) + C
(01101) = (01111) + (00010)



C (n, k) H
Zn
2 C H = H

n

n C − ∈ C
H( − ) = 0 H = H

C
= (01111)

H =

⎛

⎝
0
1
1

⎞

⎠ .

(00010)

(n, k)

2n−k C (32, 24)
224 232−24 = 28 = 256

Z4
2

(0110) (1001) (1010) (1100)

n



(011010), (011100)

(11110101), (01010100)

(00110), (01111)

(1001), (0111)

n

(011010)

(11110101)

(01111)

(1011)

C
C

(011010) (011100) (110111) (110000)

(011100) (011011) (111011) (100011) (000000) (010101) (110100) (110011)

(000000) (011100) (110101) (110001)

(0110110) (0111100) (1110000) (1111111) (1001001) (1000011) (0001111) (0000000)

(n, k)

⎛

⎝
0 1 0 0 0
1 0 1 0 1
1 0 0 1 0

⎞

⎠

⎛

⎜⎜⎜⎝

1 0 1 0 0 0
1 1 0 1 0 0
0 1 0 0 1 0
1 1 0 0 0 1

⎞

⎟⎟⎟⎠

(
1 0 0 1 1
0 1 0 1 1

)

⎛

⎜⎜⎜⎝

0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1

⎞

⎟⎟⎟⎠

(5, 2)

C

H =

⎛

⎝
0 1 0 0 1
1 0 1 0 1
0 0 1 1 1

⎞

⎠ .

01111 10101 01110 00011



p
p = 0.01

p = 0.0001

⎛

⎜⎜⎜⎝

1 1 0 0 0
0 0 1 0 0
0 0 0 1 0
1 0 0 0 1

⎞

⎟⎟⎟⎠

⎛

⎜⎜⎜⎝

0 1 1 0 0 0
1 1 0 1 0 0
0 1 0 0 1 0
1 1 0 0 0 1

⎞

⎟⎟⎟⎠

(
1 1 1 0
1 0 0 1

)

⎛

⎜⎜⎜⎝

0 0 0 1 0 0 0
0 1 1 0 1 0 0
1 0 1 0 0 1 0
0 1 1 0 0 0 1

⎞

⎟⎟⎟⎠

H =

⎛

⎝
0 1 1 1 1
0 0 0 1 1
1 0 1 0 1

⎞

⎠ .

C Z3
2 (000) (111)

H Z3
2

C

⎛

⎝
0 1 0 0 0
1 0 1 0 1
1 0 0 1 0

⎞

⎠

⎛

⎜⎜⎜⎝

0 0 1 0 0
1 1 0 1 0
0 1 0 1 0
1 1 0 0 1

⎞

⎟⎟⎟⎠



(
1 0 0 1 1
0 1 0 1 1

)

⎛

⎜⎜⎜⎝

1 0 0 1 1 1 1
1 1 1 0 0 1 1
1 0 1 0 1 0 1
1 1 1 0 0 1 0

⎞

⎟⎟⎟⎠

n

w( ) = d( , )

d( , ) = d( + , + )

d( , ) = w( − )

X d : X ×X → R

d( , ) ≥ 0 , ∈ X

d( , ) = 0 =

d( , ) = d( , )

d( , ) ≤ d( , ) + d( , )

Zn
2

C i C

C

C

i n i 0
H ∈ Mm×n(Z2) H i i H

C (n, k) C

C⊥ = { ∈ Zn
2 : · = 0 ∈ C}.



C C

⎛

⎝
1 1 1 0 0
0 0 1 0 1
1 0 0 1 0

⎞

⎠ .

C⊥ (n, n− k)

C C⊥

H m × n Z2 i i
m

H =

⎛

⎝
0 0 0 1 1 1
0 1 1 0 0 1
1 0 1 0 1 0

⎞

⎠

i i
(101011)

H

(101101) (001001) (0010000101)
(0000101100)

(m,n)

k

(16, 12)
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Z4

T i

(G, ·) (H, ◦)
φ : G → H

φ(a · b) = φ(a) ◦ φ(b)

a b G G H G ∼= H φ

Z4
∼= ⟨i⟩ φ : Z4 → ⟨i⟩ φ(n) = in

φ φ

φ(0) = 1

φ(1) = i

φ(2) = −1

φ(3) = −i.

φ(m+ n) = im+n = imin = φ(m)φ(n),

φ
(R,+) (R+, ·)

φ(x+ y) = ex+y = exey = φ(x)φ(y).

φ

Q∗

2n φ : Z → Q∗ φ(n) = 2n

φ(m+ n) = 2m+n = 2m2n = φ(m)φ(n).



φ {2n : n ∈ Z} Q∗

m ̸= n φ(m) ̸= φ(n)
m > n φ(m) = φ(n) 2m = 2n 2m−n = 1
m− n > 0

Z8 Z12

U(8) ∼= U(12)

U(8) = {1, 3, 5, 7}
U(12) = {1, 5, 7, 11}.

φ : U(8) → U(12)

1 -→ 1

3 -→ 5

5 -→ 7

7 -→ 11.

φ
ψ ψ(1) = 1 ψ(3) = 11 ψ(5) = 5 ψ(7) = 7

Z2 × Z2

S3 Z6

Z6 S3

φ : Z6 → S3

a, b ∈ S3 ab ̸= ba φ
m n Z6

φ(m) = a φ(n) = b.

ab = φ(m)φ(n) = φ(m+ n) = φ(n+m) = φ(n)φ(m) = ba,

a b

φ : G → H

φ−1 : H → G

|G| = |H|

G H

G H

G n H n

φ

h1 h2 H φ
g1, g2 ∈ G φ(g1) = h1 φ(g2) = h2

h1h2 = φ(g1)φ(g2) = φ(g1g2) = φ(g2g1) = φ(g2)φ(g1) = h2h1.



Z

G a G
φ : Z → G φ : n -→ an

φ(m+ n) = am+n = aman = φ(m)φ(n).

φ m n Z m ̸= n
m > n am ̸= an

am = an am−n = e m− n > 0
a G an

n φ(n) = an

G n G Zn

G n a φ : Zn → G
φ : k -→ ak 0 ≤ k < n φ

G p p G
Zp

G

G

Z3 Z3

+ 0 1 2

0 0 1 2
1 1 2 0
2 2 0 1



Z3 G =
{(0), (012), (021)}

0 -→
(
0 1 2
0 1 2

)
= (0)

1 -→
(
0 1 2
1 2 0

)
= (012)

2 -→
(
0 1 2
2 0 1

)
= (021).

G G
G g ∈ G λg : G → G λg(a) = ga λg

G λg λg(a) = λg(b)

ga = λg(a) = λg(b) = gb.

a = b λg a ∈ G b
λg(b) = a b = g−1a

G

G = {λg : g ∈ G}.

G
G G

(λg ◦ λh)(a) = λg(ha) = gha = λgh(a).

λe(a) = ea = a

(λg−1 ◦ λg)(a) = λg−1(ga) = g−1ga = a = λe(a).

G G φ : g -→ λg

φ(gh) = λgh = λgλh = φ(g)φ(h).

φ(g)(a) = φ(h)(a)

ga = λga = λha = ha.

g = h φ φ(g) = λg λg ∈ G

g -→ λg G



G H
G H G ×H

G
G

(G, ·) (H, ◦) G H
(g, h) ∈ G ×H g ∈ G

h ∈ H G×H

(g1, h1)(g2, h2) = (g1 · g2, h1 ◦ h2);

G
H · ◦

(g1, h1)(g2, h2) = (g1g2, h1h2)

G H G×H
(g1, h1)(g2, h2) = (g1g2, h1h2) g1, g2 ∈ G h1, h2 ∈ H

eG eH
G H (eG, eH) G×H

(g, h) ∈ G×H (g−1, h−1)
G H

R
R R× R = R2

(a, b) + (c, d) = (a + c, b + d) (0, 0)
(a, b) (−a,−b)

Z2 × Z2 = {(0, 0), (0, 1), (1, 0), (1, 1)}.

Z2 × Z2 Z4

(a, b) Z2 × Z2 (a, b) + (a, b) = (0, 0) Z4

G×H G H

n∏

i=1

Gi = G1 ×G2 × · · ·×Gn

G1, G2, . . . , Gn G = G1 = G2 =
· · · = Gn Gn G1 ×G2 × · · ·×Gn



Zn
2 n

n

(01011101) + (01001011) = (00010110).

(g, h) ∈ G×H g h r s
(g, h) G×H r s

m r s n = |(g, h)|

(g, h)m = (gm, hm) = (eG, eH)

(gn, hn) = (g, h)n = (eG, eH).

n m n ≤ m r s
n n r s m

r s m ≤ n m n

(g1, . . . , gn) ∈
∏

Gi gi ri Gi

(g1, . . . , gn)
∏

Gi r1, . . . , rn

(8, 56) ∈ Z12 ×Z60 (8, 12) = 4 12/4 = 3
Z12 56 Z60 15

(8, 56) Z12 × Z60

Z2 × Z3

(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2).

Z2×Z2 Z4 Z2×Z3
∼= Z6

Z2 × Z3 (1, 1) Z2 × Z3

Zm × Zn Zmn (m,n) = 1

Zm × Zn
∼= Zmn (m,n) = 1
(m,n) = d > 1 Zm×Zn

mn/d m n (a, b) ∈ Zm × Zn

(a, b) + (a, b) + · · ·+ (a, b)︸ ︷︷ ︸
mn/d

= (0, 0).

(a, b) Zm × Zn

(m,n) = mn
(m,n) = 1

n1, . . . , nk

k∏

i=1

Zni
∼= Zn1···nk

(ni, nj) = 1 i ̸= j



m = pe11 · · · pekk ,

pi

Zm
∼= Zp

e1
1

× · · ·× Zp
ek
k
.

peii p
ej
j i ̸= j

Zp
e1
1

× · · ·× Zp
ek
k

p1, . . . , pk

G H K

G = HK = {hk : h ∈ H, k ∈ K}

H ∩K = {e}

hk = kh k ∈ K h ∈ H

G H K

U(8)

H = {1, 3} K = {1, 5}.

D6

H = { , r3} K = { , r2, r4, s, r2s, r4s}.

K ∼= S3 D6
∼= Z2 × S3

S3

H K H H
{(1), (123), (132)} K

K hk = kh h ∈ H
k ∈ K

G H K G
H ×K



G g ∈ G g = hk
h ∈ H k ∈ K φ : G → H ×K φ(g) = (h, k)

φ
h k g g = hk = h′k′

h−1h′ = k(k′)−1 H K h = h′

k = k′ φ
φ g1 = h1k1 g2 = h2k2

φ(g1g2) = φ(h1k1h2k2)

= φ(h1h2k1k2)

= (h1h2, k1k2)

= (h1, k1)(h2, k2)

= φ(g1)φ(g2).

φ

Z6 {0, 2, 4}×{0, 3}

G
H1, H2, . . . , Hn G

G = H1H2 · · ·Hn = {h1h2 · · ·hn : hi ∈ Hi}

Hi ∩ ⟨∪j ̸=iHj⟩ = {e}

hihj = hjhi hi ∈ Hi hj ∈ Hj

G Hi i = 1, 2, . . . , n
G

∏
iHi

Z ∼= nZ n ̸= 0

C∗ GL2(R)
(

a b
−b a

)
.

U(8) ∼= Z4

U(8)
(
1 0
0 1

)
,

(
1 0
0 −1

)
,

(
−1 0
0 1

)
,

(
−1 0
0 −1

)
.



U(5) U(10) U(12)

n Zn

n Zn

Q Z

G = R \ {−1} G

a ∗ b = a+ b+ ab.

G (G, ∗)

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠

G

S4 D12

ω = (2π/n) n

A =

(
ω 0
0 ω−1

)
B =

(
0 1
1 0

)

Dn

(
±1 k
0 1

)
,

Dn Zn

Z4 × Z2

(3, 4) Z4 × Z6

(6, 15, 4) Z30 × Z45 × Z24

(5, 10, 15) Z25 × Z25 × Z25

(8, 8, 8) Z10 × Z24 × Z80



D4

Q∗ 2m3n m,n ∈ Z
Z× Z

S3×Z2 D6 D2n

G G H K
hk = kh h ∈ H k ∈ K G

H K

G H K G × K ∼=
H ×K G ∼= H

φ : G1 → G2 φ(x) = e x = e

G ∼= H G H

G p p Zp

Sn An+2

Dn Sn

φ : G1 → G2 ψ : G2 → G3 φ−1 ψ ◦ φ

U(5) ∼= Z4 U(p) p

S3

G

φ(a+ bi) = a− bi C C

a+ ib -→ a− ib C∗

A -→ B−1AB SL2(R) B GL2(R)



G (G) (G)
SG G

(Z6)

(Z)

G H (G) ∼= (H)

G g ∈ G ig : G → G ig(x) = gxg−1 ig
G

(G)

(G) (G)

Q8 (G) = (G)

G g ∈ G λg : G → G ρg : G → G λg(x) = gx
ρg(x) = xg−1 ig = ρg ◦ λg G

g -→ ρg G

G H K
φ : G → H ×K φ(g) = (h, k) g = hk h ∈ H k ∈ K

G H G n H
n

G ∼= G H ∼= H G×H ∼= G×H

G×H H ×G

n1, . . . , nk

k∏

i=1

Zni
∼= Zn1···nk

(ni, nj) = 1 i ̸= j

A×B A B

G H1, H2, . . . , Hn G∏
iHi

H1 H2 G1 G2 H1 × H2

G1 ×G2

m,n ∈ Z ⟨m,n⟩ = ⟨d⟩ d = (m,n)

m,n ∈ Z ⟨m⟩ ∩ ⟨n⟩ = ⟨l⟩ l = (m,n)



2p 2p
p

G 2p p a ∈ G a
p 2p

G 2p G Z2p

G

G 2p G
p G p

G 2p G

P G p y ∈ G yP = Py

G 2p P = ⟨z⟩
p z y yz = zky 2 ≤ k < p

G 2p G

G 2p P = ⟨z⟩
p z y

G {ziyj | 0 ≤ i < p, 0 ≤ j < 2}
G 2p P = ⟨z⟩

p z y
(ziyj)(zrys) zmyn

m,n
2p



10

H G
gH = Hg g ∈ G

H G gH = Hg g ∈ G
G

G H G
gh = hg g ∈ G h ∈ H gH = Hg

H S3 (1) (12)

(123)H = {(123), (13)} H(123) = {(123), (23)},

H S3 N
(1) (123) (132) N

N = {(1), (123), (132)}
(12)N = N(12) = {(12), (13), (23)}.

G N G

N G

g ∈ G gNg−1 ⊂ N

g ∈ G gNg−1 = N



⇒ N G gN = Ng g ∈ G
g ∈ G n ∈ N n′ N gn = n′g gng−1 = n′ ∈ N

gNg−1 ⊂ N
⇒ g ∈ G gNg−1 ⊂ N N ⊂ gNg−1 n ∈ N

g−1ng = g−1n(g−1)−1 ∈ N g−1ng = n′ n′ ∈ N n = gn′g−1

gNg−1

⇒ gNg−1 = N g ∈ G n ∈ N
n′ ∈ N gng−1 = n′ gn = n′g gN ⊂ Ng

Ng ⊂ gN

N G N G G/N
(aN)(bN) = abN G

N G/N

N G N G
G/N [G : N ]

G/N (aN)(bN) = abN

aN = bN cN = dN

(aN)(cN) = acN = bdN = (bN)(dN).

a = bn1 c = dn2 n1 n2 N

acN = bn1dn2N

= bn1dN

= bn1Nd

= bNd

= bdN.

eN = N g−1N
gN G/N N G

S3 N = {(1), (123), (132)}
N S3 N (12)N S3/N

N (12)N

N N (12)N
(12)N (12)N N

Z2

S3/N



S3 N = A3

(12)N = {(12), (13), (23)}
G/N

3Z Z 3Z Z

0 + 3Z = {. . . ,−3, 0, 3, 6, . . .}
1 + 3Z = {. . . ,−2, 1, 4, 7, . . .}
2 + 3Z = {. . . ,−1, 2, 5, 8, . . .}.

Z/3Z

+ 0 + 3Z 1 + 3Z 2 + 3Z
0 + 3Z 0 + 3Z 1 + 3Z 2 + 3Z
1 + 3Z 1 + 3Z 2 + 3Z 0 + 3Z
2 + 3Z 2 + 3Z 0 + 3Z 1 + 3Z

nZ Z Z/nZ

nZ
1 + nZ
2 + nZ

(n− 1) + nZ.

k + Z l+ Z k + l+ Z

Dn r s

rn =

s2 =

srs = r−1.

r Rn Dn srs−1 =
srs = r−1 ∈ Rn Dn Dn/Rn

Z2

Zp

p

An

n ≥ 5



An 3 n ≥ 3

An

(ab) = (ba)

(ab)(ab) =

(ab)(cd) = (acb)(acd)

(ab)(ac) = (acb).

N An n ≥ 3 N 3
N = An

An (ijk)
i j {1, 2, . . . , n} k

(iaj) = (ija)2

(iab) = (ijb)(ija)2

(jab) = (ijb)2(ija)

(abc) = (ija)2(ijc)(ijb)2(ija).

N An n ≥ 3 N
(ija) N

[(ij)(ak)](ija)2[(ij)(ak)]−1 = (ijk)

N N (ijk) 1 ≤ k ≤ n
An N = An

n ≥ 5 N An 3

σ N
σ

σ

σ σ = τ(a1a2 · · · ar) ∈ N r > 3

σ σ = τ(a1a2a3)(a4a5a6)

σ = τ(a1a2a3) τ

σ = τ(a1a2)(a3a4) τ

σ 3 N σ
σ = τ(a1a2 · · · ar)

(a1a2a3)σ(a1a2a3)
−1



N N

σ−1(a1a2a3)σ(a1a2a3)
−1

N

σ−1(a1a2a3)σ(a1a2a3)
−1 = σ−1(a1a2a3)σ(a1a3a2)

= (a1a2 · · · ar)−1τ−1(a1a2a3)τ(a1a2 · · · ar)(a1a3a2)
= (a1arar−1 · · · a2)(a1a2a3)(a1a2 · · · ar)(a1a3a2)
= (a1a3ar),

N N = An

N

σ = τ(a1a2a3)(a4a5a6).

σ−1(a1a2a4)σ(a1a2a4)
−1 ∈ N

(a1a2a4)σ(a1a2a4)
−1 ∈ N.

σ−1(a1a2a4)σ(a1a2a4)
−1 = [τ(a1a2a3)(a4a5a6)]

−1(a1a2a4)τ(a1a2a3)(a4a5a6)(a1a2a4)
−1

= (a4a6a5)(a1a3a2)τ
−1(a1a2a4)τ(a1a2a3)(a4a5a6)(a1a4a2)

= (a4a6a5)(a1a3a2)(a1a2a4)(a1a2a3)(a4a5a6)(a1a4a2)

= (a1a4a2a6a3).

N
N σ = τ(a1a2a3) τ

σ ∈ N σ2 ∈ N

σ2 = τ(a1a2a3)τ(a1a2a3)

= (a1a3a2).

N

σ = τ(a1a2)(a3a4),

τ

σ−1(a1a2a3)σ(a1a2a3)
−1

N (a1a2a3)σ(a1a2a3)−1 N

σ−1(a1a2a3)σ(a1a2a3)
−1 = τ−1(a1a2)(a3a4)(a1a2a3)τ(a1a2)(a3a4)(a1a2a3)

−1

= (a1a3)(a2a4).

n ≥ 5 b ∈ {1, 2, . . . , n} b ̸= a1, a2, a3, a4 µ = (a1a3b)

µ−1(a1a3)(a2a4)µ(a1a3)(a2a4) ∈ N

µ−1(a1a3)(a2a4)µ(a1a3)(a2a4) = (a1ba3)(a1a3)(a2a4)(a1a3b)(a1a3)(a2a4)

= (a1a3b).

N



An n ≥ 5

N An N
N = An An

n ≥ 5

A5

×

G H G
H G/H

G = S4 H = A4

G = A5 H = {(1), (123), (132)}

G = S4 H = D4

G = Q8 H = {1,−1, I,−I}

G = Z H = 5Z

D4

D4

Q8

Q8



T 2 × 2 R
(
a b
0 c

)
,

a b c ∈ R ac ̸= 0 U
(
1 x
0 1

)
,

x ∈ R
U T

U

U T

T/U

T GL2(R)

G G/H

H G H G/H
G

G G/H

H G/H G

H G H
G Sn n ≥ 3

G H k H G

g G

C(g) = {x ∈ G : xg = gx}.

C(g) G g G C(g)
G

G

Z(G) = {x ∈ G : xg = gx g ∈ G}.

S3

GL2(R)
G G

G/Z(G) G

G G′ = ⟨aba−1b−1⟩ G′

G aba−1b−1 G′

G



G′ G

N G G/N N
G



11

(G, ·) (H, ◦) φ : G → H

φ(g1 · g2) = φ(g1) ◦ φ(g2)

g1, g2 ∈ G φ H φ

Sn

Z2 Sn

Z2

G g ∈ G φ : Z → G φ(n) = gn

φ

φ(m+ n) = gm+n = gmgn = φ(m)φ(n).

Z G g

G = GL2(R)

A =

(
a b
c d

)

G (A) = ad − bc ̸= 0
A B G (AB) = (A) (B)

φ : GL2(R) → R∗ A -→ (A)



T z
|z| = 1 φ R T

φ : θ -→ θ + i θ

φ(α+ β) = (α+ β) + i (α+ β)

= ( α β − α β) + i( α β + α β)

= ( α+ i α)( β + i β)

= φ(α)φ(β).

φ : G1 → G2

e G1 φ(e) G2

g ∈ G1 φ(g−1) = [φ(g)]−1

H1 G1 φ(H1) G2

H2 G2 φ−1(H2) = {g ∈ G1 : φ(g) ∈ H2} G1

H2 G2 φ−1(H2) G1

e e′ G1 G2

e′φ(e) = φ(e) = φ(ee) = φ(e)φ(e).

φ(e) = e′

φ(g−1)φ(g) = φ(g−1g) = φ(e) = e′.

φ(H1) G2 φ(H1) H1

G1 x y φ(H1) a, b ∈ H1

φ(a) = x φ(b) = y

xy−1 = φ(a)[φ(b)]−1 = φ(ab−1) ∈ φ(H1),

φ(H1) G2

H2 G2 H1 φ−1(H2) H1

g ∈ G1 φ(g) ∈ H2 H1 φ(e) = e′ a b H1

φ(ab−1) = φ(a)[φ(b)]−1 H2 H2 G2 ab−1 ∈ H1

H1 G1 H2 G2 g−1hg ∈ H1

h ∈ H1 g ∈ G1

φ(g−1hg) = [φ(g)]−1φ(h)φ(g) ∈ H2,

H2 G2 g−1hg ∈ H1

φ : G → H e H
φ−1({e}) G φ

φ G
H



φ : G → H φ
G

φ : GL2(R) → R∗ A -→
(A) R∗ 2× 2

φ = SL2(R)

φ : R → C∗ φ(θ) =
θ + i θ {2πn : n ∈ Z} φ ∼= Z

φ
Z7 Z12 φ Z7

{0} Z7 Z7 Z12

Z12

Z7 Z12

G g ∈ G φ Z
G φ(n) = gn g
{0} φ Z G g
g n φ nZ

φ : G → H G φ
G

H G

φ : G → G/H

φ(g) = gH.

φ(g1g2) = g1g2H = g1Hg2H = φ(g1)φ(g2).

H

ψ : G → H
K = ψ K G φ : G → G/K

η : G/K → ψ(G) ψ = ηφ

K G η : G/K → ψ(G) η(gK) = ψ(g)
η g1K = g2K k ∈ K g1k = g2

η(g1K) = ψ(g1) = ψ(g1)ψ(k) = ψ(g1k) = ψ(g2) = η(g2K).



η η : G/K → ψ(G)
ψ = ηφ η

η(g1Kg2K) = η(g1g2K)

= ψ(g1g2)

= ψ(g1)ψ(g2)

= η(g1K)η(g2K).

η ψ(G) η η(g1K) = η(g2K)
ψ(g1) = ψ(g2) ψ(g−1

1 g2) = e g−1
1 g2 ψ

g−1
1 g2K = K g1K = g2K

ψ = ηφ

ψ

φ η

G H

G/K

G g φ : Z → G
n -→ gn

φ(m+ n) = gm+n = gmgn = φ(m)φ(n).

φ |g| = m gm = e φ = mZ Z/ φ = Z/mZ ∼= G
g φ = 0 φ

G Z
Z Zn

H G
G N G HN G

H ∩N H

H/H ∩N ∼= HN/N.

HN = {hn : h ∈ H,n ∈ N} G
h1n1, h2n2 ∈ HN N (h2)−1n1h2 ∈ N

(h1n1)(h2n2) = h1h2((h2)
−1n1h2)n2

HN hn ∈ HN HN

(hn)−1 = n−1h−1 = h−1(hn−1h−1).

H ∩ N H h ∈ H n ∈ H ∩ N
h−1nh ∈ H H h−1nh ∈ N N G
h−1nh ∈ H ∩N

φ H HN/N h -→ hN φ
hnN = hN h H φ

φ(hh′) = hh′N = hNh′N = φ(h)φ(h′).



φ H/ φ

HN/N = φ(H) ∼= H/ φ.

φ = {h ∈ H : h ∈ N} = H ∩N,

HN/N = φ(H) ∼= H/H ∩N

N G
H -→ H/N H

N G/N G N
G/N

H G N N H H/N
aN bN H/N (aN)(b−1N) = ab−1N ∈ H/N

H/N G/N
S G/N N H = {g ∈ G :

gN ∈ S} h1, h2 ∈ H (h1N)(h2N) = h1h2N ∈ S h−1
1 N ∈ S

H G H N S = H/N
H -→ H/N

H1 H2 G N H1/N = H2/N
h1 ∈ H1 h1N ∈ H1/N h1N = h2N ⊂ H2 h2 H2

N H2 h1 ∈ H2 H1 ⊂ H2 H2 ⊂ H1

H1 = H2 H -→ H/N
H G N H

G/N → G/H gN -→ gH
H/N H/N G/N

H/N G/N

G → G/N → G/N

H/N

H H G

G N H
G N ⊂ H

G/H ∼=
G/N

H/N
.

Z/mZ ∼= (Z/mnZ)/(mZ/mnZ).

|Z/mnZ| = mn |Z/mZ| = m |mZ/mnZ| = n



(AB) = (A) (B) A,B ∈ GL2(R)
GL2(R) R∗

φ : R∗ → GL2(R)

φ(a) =

(
1 0
0 a

)

φ : R → GL2(R)

φ(a) =

(
1 0
a 1

)

φ : GL2(R) → R

φ

((
a b
c d

))
= a+ d

φ : GL2(R) → R∗

φ

((
a b
c d

))
= ad− bc

φ : M2(R) → R

φ

((
a b
c d

))
= b,

M2(R) 2× 2 R

A m× n x -→ Ax
φ : Rn → Rm

φ : Z → Z φ(n) = 7n φ
φ

Z24 Z18

Z Z12

Z24 H = ⟨4⟩ N = ⟨6⟩
HN H+N H∩N

HN/N

H/(H ∩N)

HN/N H/(H ∩ N)

G n ∈ N φ : G → G g -→ gn



φ : G → H G φ(G)

φ : G → H G φ(G)

G H k H G

Q/Z ∼= Q

G N G H G/N
φ−1(H) G |H|·|N | φ : G → G/N

G1 G2 H1 H2 G1 G2

φ : G1 → G2 φ
φ : (G1/H1) → (G2/H2) φ(H1) ⊆ H2

H K G H ∩K = {e} G
G/H ×G/K

φ : G1 → G2 H1

G1 φ(H1) = H2 G1/H1
∼= G2/H2

φ : G → H φ
φ−1(e) = {e}

φ : G → H ∼ G a ∼ b φ(a) = φ(b)
a, b ∈ G

(G) G G
G

(G) ≤ SG

G

ig : G → G,

ig(x) = gxg−1,

g ∈ G ig ∈ (G)

(G) (G)
(G)

G



G ig G

G → (G)

g -→ ig.

(G) Z(G)

G/Z(G) ∼= (G).

(S3) (S3) D4

φ : Z → Z (Z)

Z8 (Z8) ∼= U(8)

k ∈ Zn φk : Zn → Zn a -→ ka φk

φk k Zn

Zn φk k Zn

ψ : U(n) → (Zn) ψ : k -→ φk
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T : Rn → Rm

Rn α ∈ R

T ( + ) = T ( ) + T ( )

T (α ) = αT ( ).

m × n R Rn Rm

= (x1, . . . , xn) = (y1, . . . , yn) Rn

m× n

A =

⎛

⎜⎜⎜⎝

a11 a12 · · · a1n
a21 a22 · · · a2n

am1 am2 · · · amn

⎞

⎟⎟⎟⎠

Rm α

A( + ) = A +A αA = A(α ),

=

⎛

⎜⎜⎜⎝

x1
x2

xn

⎞

⎟⎟⎟⎠
.



A (aij)
T : Rn → Rm A T
T

1 = (1, 0, . . . , 0)

2 = (0, 1, . . . , 0)

n = (0, 0, . . . , 1) .

= (x1, . . . , xn)

x1 1 + x2 2 + · · ·+ xn n.

T ( 1) = (a11, a21, . . . , am1) ,

T ( 2) = (a12, a22, . . . , am2) ,

T ( n) = (a1n, a2n, . . . , amn) ,

T ( ) = T (x1 1 + x2 2 + · · ·+ xn n)

= x1T ( 1) + x2T ( 2) + · · ·+ xnT ( n)

=

(
n∑

k=1

a1kxk, . . . ,
n∑

k=1

amkxk

)

= A .

T : R2 → R2

T (x1, x2) = (2x1 + 5x2,−4x1 + 3x2),

T
T 1 = (2,−4) T 2 = (5, 3) T

A =

(
2 5
−4 3

)
.

n × n A
A−1 AA−1 = A−1A = I

I =

⎛

⎜⎜⎜⎝

1 0 · · · 0
0 1 · · · 0

0 0 · · · 1

⎞

⎟⎟⎟⎠

n×n A
A



A (
2 1
5 3

)
,

A

A−1 =

(
3 −1
−5 2

)
.

A−1 (A) = 2 · 3− 5 · 1 = 1

A B n × n

(AB) = ( A)( B)

A (A−1) = 1/ A

A = (aij) A = (aji) (A ) = A

T n × n A T
| A| R2 T

| A|

2 × 2

n × n
GLn(R)

(A) = 1 (B) = 1 (AB) = (A) (B) = 1 (A−1) =
1/ A = 1 SLn(R)

2× 2

A =

(
a b
c d

)
,

A ad− bc GL2(R)
ad− bc ̸= 0 A

A−1 =
1

ad− bc

(
d −b
−c a

)
.

A SL2(R)

A−1 =

(
d −b
−c a

)
.

SL2(R)

A =

(
1 1
0 1

)



SL2(R) = (1, 0)
= (0, 1) A (1, 0) (1, 1)

A = (1, 0) A = (1, 1)

y

x

(0, 1)

(1, 0)

y

x

(1, 1)

(1, 0)

SL2(R)

O(n)

GLn(R) A A−1 =
A O(n)

n× n O(n)
GLn(R)

(
3/5 −4/5
4/5 3/5

)
,

(
1/2 −

√
3/2√

3/2 1/2

)
,

⎛

⎝
−1/

√
2 0 1/

√
2

1/
√
6 −2/

√
6 1/

√
6

1/
√
3 1/

√
3 1/

√
3

⎞

⎠ .

O(n)

= (x1, . . . , xn) = (y1, . . . , yn)

⟨ , ⟩ = = (x1, x2, . . . , xn)

⎛

⎜⎜⎜⎝

y1
y2

yn

⎞

⎟⎟⎟⎠
= x1y1 + · · ·+ xnyn.

= (x1, . . . , xn)

∥ ∥ =
√

⟨ , ⟩ =
√

x21 + · · ·+ x2n.

∥ − ∥

Rn α ∈ R

⟨ , ⟩ = ⟨ , ⟩

⟨ , + ⟩ = ⟨ , ⟩+ ⟨ , ⟩



⟨α , ⟩ = ⟨ ,α ⟩ = α⟨ , ⟩

⟨ , ⟩ ≥ 0 = 0

⟨ , ⟩ = 0 Rn = 0

= (3, 4)
√
32 + 42 = 5

A =

(
3/5 −4/5
4/5 3/5

)

A = (−7/5, 24/5)

(AA ) = (I) = 1 (A) = (A )
−1

j =

⎛

⎜⎜⎜⎝

a1j
a2j

anj

⎞

⎟⎟⎟⎠

A = (aij) AA = I ⟨ r, s⟩ = δrs

δrs =

{
1 r = s
0 r ̸= s

n×n
A A−1 = A

A
∥T − T ∥ = ∥ − ∥, ∥T ∥ = ∥ ∥ ⟨T , T ⟩ = ⟨ , ⟩

A n× n

A

A−1 = A

⟨A ,A ⟩ = ⟨ , ⟩

∥A −A ∥ = ∥ − ∥

∥A ∥ = ∥ ∥

(2) ⇒ (3)

⟨A ,A ⟩ = (A ) A

= A A

=

= ⟨ , ⟩.



(3) ⇒ (2)

⟨ , ⟩ = ⟨A ,A ⟩
= A A

= ⟨ , A A ⟩,

⟨ , (A A− I) ⟩ = 0 A A− I = 0 A−1 = A
(3) ⇒ (4) A A

∥A −A ∥2 = ∥A( − )∥2

= ⟨A( − ), A( − )⟩
= ⟨ − , − ⟩
= ∥ − ∥2.

(4) ⇒ (5) A A = 0

∥A ∥ = ∥A −A ∥ = ∥ − ∥ = ∥ ∥.

(5) ⇒ (3)

⟨ , ⟩ = 1

2

[
∥ + ∥2 − ∥ ∥2 − ∥ ∥2

]
.

⟨A ,A ⟩ = 1

2

[
∥A +A ∥2 − ∥A ∥2 − ∥A ∥2

]

=
1

2

[
∥A( + )∥2 − ∥A ∥2 − ∥A ∥2

]

=
1

2

[
∥ + ∥2 − ∥ ∥2 − ∥ ∥2

]

= ⟨ , ⟩.

y

x

(a, b)

(a,−b)

y

x

( θ, θ)

( θ,− θ)

θ

O(2) R2

R2

T ∈ O(2) 1 = (1, 0) 2 = (0, 1) T ( 1) = (a, b)
a2 + b2 = 1 T ( 2) = (−b, a) T

A =

(
a −b
b a

)
=

(
θ − θ
θ θ

)
,



0 ≤ θ < 2π T O(2) R2

(
1 0
0 −1

)
,

θ

(
θ θ
θ − θ

)
.

ℓ
A = −1 A

SO(n) O(n) SLn(R) O(n)
E(n) (A, )

A O(n) Rn

(A, )(B, ) = (AB,A + ).

(I, ) (A, ) (A−1,−A−1 )
E(n)

y

x

y

x

+

R2

Rn f Rn Rn

f

∥f( )− f( )∥ = ∥ − ∥

, ∈ Rn f
O(n) Rn O(n)

Rn T ( ) = +
T O(n)

R2 R2

Rn



y

x

y

x

T ( )

f R2

f O(2)

f R2 f
f(0) = 0 ∥f( )∥ = ∥ ∥

∥ ∥2 − 2⟨f( ), f( )⟩+ ∥ ∥2 = ∥f( )∥2 − 2⟨f( ), f( )⟩+ ∥f( )∥2

= ⟨f( )− f( ), f( )− f( )⟩
= ∥f( )− f( )∥2

= ∥ − ∥2

= ⟨ − , − ⟩
= ∥ ∥2 − 2⟨ , ⟩+ ∥ ∥2.

⟨f( ), f( )⟩ = ⟨ , ⟩.

1 2 (1, 0) (0, 1)

= (x1, x2) = x1 1 + x2 2,

f( ) = ⟨f( ), f( 1)⟩f( 1) + ⟨f( ), f( 2)⟩f( 2) = x1f( 1) + x2f( 2).

f

f T f R2

T f( ) = A A ∈ O(2) f( ) = A +

f( ) = A + 1

g( ) = B + 2,

f(g( )) = f(B + 2) = AB +A 2 + 1.

R2 E(2)

R2 E(2)



Rn Rn

X ⊂ R2 X
Rn X R1 Z2

R2 O(2)

R2 Zn Dn

G R2 O(2)
G E(2) (A, ) ̸= 0

O(2)

Rθ =

(
θ − θ
θ θ

)

Tφ =

(
φ − φ
φ φ

)(
1 0
0 −1

)
=

(
φ φ
φ − φ

)
.

(Rθ) = 1 (Tφ) = −1 T 2
φ = I
G

G −1

G
G G θ0

Rθ0

Rθ0 G n θ1 nθ0
(n + 1)θ0 (n + 1)θ0 − θ1 θ0

θ0
G T φ :

G → {−1, 1} A -→ (A)
|G/ φ| = 2 G

n |G| = 2n G

Rθ, . . . , R
n−1
θ , TRθ, . . . , TR

n−1
θ .

TRθT = R−1
θ .

G Dn

R3



R2

R3

R2

m + n m
n

(1, 1) (2, 0)
(−1, 1) (−1,−1)

{ 1, 2} { 1, 2}

1 = α1 1 + α2 2

2 = β1 1 + β2 2,

α1 α2 β1 β2

U =

(
α1 α2

β1 β2

)
.

1 2 1 2 U−1

U−1

(
1

2

)
=

(
1

2

)
.

U U−1

U U−1 UU−1 = I

(UU−1) = (U) (U−1) = 1;



(U) = ±1 ±1

(
3 1
5 2

)

(2, 0)

(1, 1)(−1, 1)

(−1,−1)

R2

E(2) R2

R3

G ⊂ E(2) {(I, t) : t ∈ L} L

R2 Z× Z

G G0 = {A : (A, b) ∈ G b} G0

O(2) L G
H G0 (A, ) G

(A, )(I, )(A, )−1 = (A,A + )(A−1,−A−1 )

= (AA−1,−AA−1 +A + )

= (I, A );

(I, A ) G A
L G0 G
T G G/T ∼= G0

Zn Dn

n = 1, 2, 3, 4, 6



R2

Z1

Z2

Z3

Z4

Z6

D1

D1

D1

D2

D2

D2

D2

D3

D4

D6



p4m p4g

n

R3

R4

R5

R3

⟨ , ⟩ = 1

2

[
∥ + ∥2 − ∥ ∥2 − ∥ ∥2

]
.

O(n)

SO(n)

(
1/

√
2 −1/

√
2

1/
√
2 1/

√
2

) (
1/

√
5 2/

√
5

−2/
√
5 1/

√
5

)



⎛

⎝
4/

√
5 0 3/

√
5

−3/
√
5 0 4/

√
5

0 −1 0

⎞

⎠

⎛

⎝
1/3 2/3 −2/3
−2/3 2/3 1/3
−2/3 1/3 2/3

⎞

⎠

Rn α ∈ R

⟨ , ⟩ = ⟨ , ⟩
⟨ , + ⟩ = ⟨ , ⟩+ ⟨ , ⟩
⟨α , ⟩ = ⟨ ,α ⟩ = α⟨ , ⟩
⟨ , ⟩ ≥ 0 = 0

⟨ , ⟩ = 0 Rn = 0

E(n) = {(A, ) : A ∈ O(n) ∈ Rn}

{(2, 1), (1, 1)} {(12, 5), (7, 3)}

G E(2) T G
G G/T

A ∈ SL2(R)
R2

A A

SO(n) O(n)

f Rn

E(2) (A, ) ̸= 0



O(n)

= (x1, x2) R2 x21 + x22 = 1 A ∈ O(2)
A

G H
N G N H

H ∩N = { }
HN = G

S3 A3 H = {(1), (12)}
Q8

E(2) O(2) H H
R2
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n
Zn

G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e},

Hi Hi+1 Hi+1/Hi

G

Zp p Zmn
∼= Zm × Zn

(m,n) = 1

Zp
α1
1

× · · ·× Zpαn
n

,

pk
G

{gi} G i I
G gi

G gi G G G
{gi : i ∈ I} gi G
{gi : i ∈ I} G G

S3 (12) (123) Z×Zn

{(1, 0), (0, 1)}

Q
Q



p1/q1, . . . , pn/qn pi/qi p
q1, . . . , qn 1/p

Q p1/q1, . . . , pn/qn p

pi/qi + pj/qj = (piqj + pjqi)/(qiqj).

H G {gi ∈ G : i ∈ I}
h ∈ H

h = gα1
i1

· · · gαn
in

,

gik

K gα1
i1

· · · gαn
in

gik
K H K

G K = H H
gi

K g0i = 1
K g = gk1i1 · · · gknin K
K

g−1 = (gk1i1 · · · gknin )
−1 = (g−kn

in
· · · g−k1

i1
).

p
G p G

p Z2 × Z2 Z4 2 Z27 3
p

G p

|G| = 1 G

|G| = pα1
1 · · · pαn

n ,

p1, . . . , pn Gi G pki
k G Gi G

i = 1, . . . , n

G = G1G2 · · ·Gn.

g ∈ G gp1 · · · gpn gpi
pi g G

|g| = pβ1
1 pβ2

2 · · · pβn
n

β1, . . . ,βn ai = |g|/pβi
i ai

b1, . . . , bn a1b1 + · · ·+ anbn = 1

g = ga1b1+···+anbn = ga1b1 · · · ganbn .



g(aibi)p
βi
i = gbi|g| = e,

gaibi Gi gi = gaibi g = g1 · · · gn Gi ∩Gj = {e}
i ̸= j

g = g1 · · · gn = h1 · · ·hn hi ∈ Gi

e = (g1 · · · gn)(h1 · · ·hn)−1 = g1h
−1
1 · · · gnh−1

n .

gih
−1
i pi g1h

−1
1 · · · gnh−1

n

gih
−1
i

|gih−1
i | = 1 gi = hi i = 1, . . . , n

G

Zp
α1
1

× Zp
α2
2

× · · ·× Zpαn
n

pi

540 = 22 ·33 ·5

Z2 × Z2 × Z3 × Z3 × Z3 × Z5

Z2 × Z2 × Z3 × Z9 × Z5

Z2 × Z2 × Z27 × Z5

Z4 × Z3 × Z3 × Z3 × Z5

Z4 × Z3 × Z9 × Z5

Z4 × Z27 × Z5

G p g ∈ G
G ⟨g⟩ ×H H G

G pn n n = 1 G
p g

k 1 ≤ k < n g G |g| = pm

ap
m

= e a ∈ G h G h /∈ ⟨g⟩ h
h G = ⟨g⟩

H = ⟨h⟩
⟨g⟩ ∩H = {e} |H| = p |hp| = |h|/p

hp h ⟨g⟩ h
hp = gr r

(gr)p
m−1

= (hp)p
m−1

= hp
m
= e,



gr pm−1 gr ⟨g⟩
p r r = ps hp = gr = gps a

g−sh a ⟨g⟩ h ⟨g⟩

ap = g−sphp = g−rhp = h−php = e.

a p a /∈ ⟨g⟩ h
⟨g⟩ |H| = p

gH G/H
g G |gH| < |g| = pm

H = (gH)p
m−1

= gp
m−1

H;

gp
m−1 ⟨g⟩ ∩ H = {e} g

pm gH G/H

G/H ∼= ⟨gH⟩ ×K/H

K G H ⟨g⟩∩K = {e} b ∈ ⟨g⟩∩K
bH ∈ ⟨gH⟩ ∩K/H = {H} b ∈ ⟨g⟩ ∩H = {e} G = ⟨g⟩K
G ∼= ⟨g⟩ ×K

G g
G ⟨g⟩ = G G ∼= Z|g| × H

H G |H| < |G|

G

Zp
α1
1

× Zp
α2
2

× · · ·× Zpαn
n

× Z× · · ·× Z,

pi

G

G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e},

Hi Hi+1 Hi G

Z ⊃ 9Z ⊃ 45Z ⊃ 180Z ⊃ {0},
Z24 ⊃ ⟨2⟩ ⊃ ⟨6⟩ ⊃ ⟨12⟩ ⊃ {0}.



D4

D4 ⊃ {(1), (12)(34), (13)(24), (14)(23)} ⊃ {(1), (12)(34)} ⊃ {(1)}.

{(1), (12)(34)} D4

{Kj}
{Hi} {Hi} ⊂ {Kj} Hi Kj

Z ⊃ 3Z ⊃ 9Z ⊃ 45Z ⊃ 90Z ⊃ 180Z ⊃ {0}

Z ⊃ 9Z ⊃ 45Z ⊃ 180Z ⊃ {0}.

{Hi} G
Hi+1/Hi {Hi}

{Kj} G
{Hi+1/Hi} {Kj+1/Kj}

Z60 ⊃ ⟨3⟩ ⊃ ⟨15⟩ ⊃ {0}
Z60 ⊃ ⟨4⟩ ⊃ ⟨20⟩ ⊃ {0}

Z60

Z60/⟨3⟩ ∼= ⟨20⟩/{0} ∼= Z3

⟨3⟩/⟨15⟩ ∼= ⟨4⟩/⟨20⟩ ∼= Z5

⟨15⟩/{0} ∼= Z60/⟨4⟩ ∼= Z4.

{Hi} G

{Hi} G

Z60

Z60 ⊃ ⟨3⟩ ⊃ ⟨15⟩ ⊃ ⟨30⟩ ⊃ {0}

Z60/⟨3⟩ ∼= Z3

⟨3⟩/⟨15⟩ ∼= Z5

⟨15⟩/⟨30⟩ ∼= Z2

⟨30⟩/{0} ∼= Z2.

Z60

Z60 ⊃ ⟨2⟩ ⊃ ⟨4⟩ ⊃ ⟨20⟩ ⊃ {0}



n ≥ 5

Sn ⊃ An ⊃ {(1)}

Sn Sn/An
∼= Z2 An

{0} = H0 ⊂ H1 ⊂ · · · ⊂ Hn−1 ⊂ Hn = Z

H1 kZ
k ∈ N H1/H0

∼= kZ

Z60

Z60 Z2 Z2 Z3 Z5

G

G

k 1 ≤ k < n

G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e}
G = Km ⊃ Km−1 ⊃ · · · ⊃ K1 ⊃ K0 = {e}

G G
Hi ∩Km−1 Hi+1 ∩Km−1 Kj ∩Hn−1 Kj+1 ∩Hn−1

G = Hn ⊃ Hn−1 ⊃ Hn−1 ∩Km−1 ⊃ · · · ⊃ H0 ∩Km−1 = {e}
G = Km ⊃ Km−1 ⊃ Km−1 ∩Hn−1 ⊃ · · · ⊃ K0 ∩Hn−1 = {e}.

Hi ∩ Km−1 Hi+1 ∩ Km−1

(Hi+1 ∩Km−1)/(Hi ∩Km−1) = (Hi+1 ∩Km−1)/(Hi ∩ (Hi+1 ∩Km−1))
∼= Hi(Hi+1 ∩Km−1)/Hi,

Hi Hi(Hi+1 ∩ Km−1) {Hi} Hi+1/Hi

Hi(Hi+1 ∩Km−1)/Hi Hi+1/Hi Hi/Hi

Hi(Hi+1 ∩Km−1) Hi Hi+1

Hn−1 ⊃ Hn−1 ∩Km−1 ⊃ · · · ⊃ H0 ∩Km−1 = {e},

Hn−1

Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e}.



G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e}

G = Hn ⊃ Hn−1 ⊃ Hn−1 ∩Km−1 ⊃ · · · ⊃ H0 ∩Km−1 = {e}

Hn−1 = Km−1 {Hi} {Kj}
Hn−1Km−1 G

Hn−1 Hn−1Km−1 = G

Km−1/(Km−1 ∩Hn−1) ∼= (Hn−1Km−1)/Hn−1 = G/Hn−1.

G = Hn ⊃ Hn−1 ⊃ Hn−1 ∩Km−1 ⊃ · · · ⊃ H0 ∩Km−1 = {e}

G = Km ⊃ Km−1 ⊃ Km−1 ∩Hn−1 ⊃ · · · ⊃ K0 ∩Hn−1 = {e}

G {Hi}
Hi+1/Hi

S4

S4 ⊃ A4 ⊃ {(1), (12)(34), (13)(24), (14)(23)} ⊃ {(1)}

n ≥ 5

Sn ⊃ An ⊃ {(1)}

Sn Sn

n ≥ 5

16



Z12

Z48

Q8

D4

S3 × Z4

S4

Sn n ≥ 5

Q

G = Z2 × Z2 × · · ·

G m n m G
n

G G

G H K G ×H ∼= G ×K
H ∼= K

G H G×H

G N G
N

N G N G/N
G

N G N G/N G

G G

G = Pn ⊃ Pn−1 ⊃ · · · ⊃ P1 ⊃ P0 = {e}

Pi Pi+1 Pi+1/Pi

G G

G N G G/N

Dn n

G N G
N G/N

G p H K H
K K H

G n ≥ 2 G

G′ G G
a−1b−1ab a, b ∈ G

G G(0) = G G(1) = G′ G(i+1) = (G(i))′



G(i+1) (G(i))′

G(0) = G ⊃ G(1) ⊃ G(2) ⊃ · · ·

G

G G(n) = {e} n

G n ≥ 2 G

H K G H∗

K∗ H K

H∗(H ∩K∗) H∗(H ∩K)

K∗(H∗ ∩K) K∗(H ∩K)

H∗(H ∩K)/H∗(H ∩K∗) ∼= K∗(H ∩K)/K∗(H∗ ∩K) ∼= (H ∩K)/(H∗ ∩K)(H ∩K∗)

G

n
n
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G X
g ∈ G x ∈ X gx X

X G G X G×X → X
(g, x) -→ gx

ex = x x ∈ X

(g1g2)x = g1(g2x) x ∈ X g1, g2 ∈ G

X G X
G G X

(g, x) -→ x X
G

G = GL2(R) X = R2 G X
v ∈ R2 I Iv = v A B 2×2

(AB)v = A(Bv)

G = D4 X = {1, 2, 3, 4}
D4

{(1), (13), (24), (1432), (1234), (12)(34), (14)(23), (13)(24)}.

D4 X (13)(24)

X G SX

X X G

(σ, x) -→ σ(x)

σ ∈ G x ∈ X



X = G G
(g, x) -→ λg(x) = gx λg

e · x = λex = ex = x

(gh) · x = λghx = λgλhx = λg(hx) = g · (h · x).

H G G H H

G X = G H G
G H H G

H ×G → G,

(h, g) -→ hgh−1

h ∈ H g ∈ G

(h1h2, g) = h1h2g(h1h2)
−1

= h1(h2gh
−1
2 )h−1

1

= (h1, (h2, g)),

H G LH H LH

G
(g, xH) -→ gxH.

(gg′)xH = g(g′xH)

G X x, y ∈ X x G y
g ∈ G gx = y x ∼G y x ∼ y G

X G G X

∼ ex = x x ∼ y x, y ∈ X
g gx = y g−1y = x y ∼ x

x ∼ y y ∼ z
g h gx = y hy = z z = hy = (hg)x x z

X G X G
X G x X Ox

G

G = {(1), (123), (132), (45), (123)(45), (132)(45)}

X = {1, 2, 3, 4, 5} X G O1 = O2 = O3 = {1, 2, 3}
O4 = O5 = {4, 5}

G X g G
g X Xg x ∈ X gx = x

g x ∈ X G

x x Gx



Xg ⊂ X Gx ⊂ G

X = {1, 2, 3, 4, 5, 6} G

{(1), (12)(3456), (35)(46), (12)(3654)}.

X G

X(1) = X,

X(35)(46) = {1, 2},
X(12)(3456) = X(12)(3654) = ∅,

G1 = G2 = {(1), (35)(46)},
G3 = G4 = G5 = G6 = {(1)}.

Gx G x ∈ X

G X x ∈ X
x Gx G

e ∈ Gx X g, h ∈ Gx

gx = x hx = x (gh)x = g(hx) = gx = x
Gx Gx g ∈ Gx x = ex = (g−1g)x = (g−1)gx = g−1x g−1

Gx

g ∈ G
|Xg| x ∈ X |Ox|

x ∈ X Gx

G

G X G x ∈ X |Ox| = [G :
Gx]

|G|/|Gx| Gx G
φ Ox X

LGx Gx G y ∈ Ox g G
gx = y φ φ(y) = gGx

y y′ Ox

hx = y′ h ∈ G gx = hx x = g−1hx g−1h
x h ∈ gGx gGx = hGx y

φ φ(y1) = φ(y2) g1, g2 ∈ G
y1 = g1x y2 = g2x g ∈ Gx g2 = g1g

y2 = g2x = g1gx = g1x = y1;

φ φ
gGx gx = y φ(y) = gGx



X G XG X

XG = {x ∈ X : gx = x g ∈ G}.

X

|X| = |XG|+
n∑

i=k

|Oxi |,

xk, . . . , xn X
G (g, x) -→ gxg−1

G
Z(G) = {x : xg = gx g ∈ G},

G x1, . . . , xk
G |Ox1 | = n1, . . . , |Oxk | = nk

|G| = |Z(G)|+ n1 + · · ·+ nk.

xi C(xi) = {g ∈ G : gxi = xig}
xi

|G| = |Z(G)|+ [G : C(x1)] + · · ·+ [G : C(xk)].

G

S3

{(1)}, {(123), (132)}, {(12), (13), (23)}.

6 = 1 + 2 + 3

D4 {(1), (13)(24)}

{(13), (24)}, {(1432), (1234)}, {(12)(34), (14)(23)}.

D4 8 = 2 + 2 + 2 + 2

Sn

σ = (a1, . . . , ak) τ ∈ Sn

τστ−1 = (τ(a1), . . . , τ(ak)).

σ = σ1σ2 · · ·σr
σi ri σ

τ ∈ Sn

Sn n
S3

3 = 1 + 1 + 1

3 = 1 + 2

3 = 3;



n
n

G pn p G

|G| = |Z(G)|+ n1 + · · ·+ nk.

ni > 1 ni | |G| p ni p | |G| p
|Z(G)| G |Z(G)| ≥ 1

|Z(G)| ≥ p g ∈ Z(G) g ̸= 1

G p2 p G

|Z(G)| = p p2 |Z(G)| = p2

|Z(G)| = p Z(G) G/Z(G) p
aZ(G) G/Z(G) gZ(G)

amZ(G) m g = amx x
G hZ(G) ∈ G/Z(G) y Z(G) h = any

n x y G G

gh = amxany = am+nxy = anyamx = hg,

G

24 = 16

90◦

B W

W W

W B

W W

W W

B W

W W

W B



X G x ∼ y Gx Gy

|Gx| = |Gy|

G X (g, x) -→ g · x x ∼ y g ∈ G
g · x = y a ∈ Gx

gag−1 · y = ga · g−1y = ga · x = g · x = y,

φ : Gx → Gy φ(a) = gag−1 φ

φ(ab) = gabg−1 = gag−1gbg−1 = φ(a)φ(b).

φ(a) = φ(b) gag−1 = gbg−1 a = b
φ b Gy g−1bg Gx

g−1bg · x = g−1b · gx = g−1b · y = g−1 · y = x;

φ(g−1bg) = b

G X k
X

k =
1

|G|
∑

g∈G
|Xg|.

x g ∈ G
g x gx = x
g x ∑

g∈G
|Xg|.

∑

x∈X
|Gx|;

∑
g∈G |Xg| =

∑
x∈X |Gx|

∑

y∈Ox

|Gy| = |Ox| · |Gx|.

|G|
k

∑

g∈G
|Xg| =

∑

x∈X
|Gx| = k · |G|.



X = {1, 2, 3, 4, 5} G
G = {(1), (13), (13)(25), (25)} X {1, 3} {2, 5} {4}

X(1) = X

X(13) = {2, 4, 5}
X(13)(25) = {4}

X(25) = {1, 3, 4}.

k =
1

|G|
∑

g∈G
|Xg| =

1

4
(5 + 3 + 1 + 3) = 3.

D4

(1) (13) (24) (1432)

(1234) (12)(34) (14)(23) (13)(24)

G {1, 2, 3, 4}
X Y = {B,W} B W

f : X → Y
σ ∈ D4 σ̃

σ̃(f) = f ◦ σ f : X → Y f

f(1) = B

f(2) = W

f(3) = W

f(4) = W

σ = (12)(34) σ̃(f) = f ◦ σ B
W σ̃ G̃ X̃

X̃ X
Y G̃

X̃(1) = X̃ |X̃| = 24 = 16

X̃(1234) f ∈ X̃ f (1234)
f(1) = f(2) = f(3) = f(4) f

f(x) = B f(x) = W x |X̃(1234)| = 2

|X̃(1432)| = 2

X̃(13)(24) f(1) = f(3) f(2) = f(4) |X̃(13)(24)| = 22 = 4



|X̃(12)(34)| = 4

|X̃(14)(23)| = 4

X̃(13) f(1) = f(3) |X̃(13)| =
23 = 8

|X̃(24)| = 8

1

8
(24 + 21 + 22 + 21 + 22 + 22 + 23 + 23) = 6

G X X̃
X Y G̃ X̃ σ̃ ∈ G̃
σ̃(f) = f ◦ σ σ ∈ G f ∈ X̃ n

σ |X̃σ| = |Y |n

σ ∈ G f ∈ X̃ f ◦ σ X̃ g
X Y σ̃(f) = σ̃(g) x ∈ X

f(σ(x)) = σ̃(f)(x) = σ̃(g)(x) = g(σ(x)).

σ X x′ X x X σ
f g X f = g σ̃

σ -→ σ̃
σ X σ = σ1σ2 · · ·σn

f X̃σ σ n |Y |
|X̃σ| = |Y |n

X = {1, 2, . . . , 7} Y = {A,B,C} g
X (13)(245) = (13)(245)(6)(7) n = 4 f ∈ X̃g

g |Y | = 3
|X̃g| = 34 = 81

1

8
(44 + 41 + 42 + 41 + 42 + 42 + 43 + 43) = 55

n



f f(x1, x2, . . . , xn)

xn

x2

x1

n

n Zn
2

Z2 n
2n n 22

n
n

f f(a, b)
a

b
f f(b, a) = g(a, b)

a

b

a b
f g g f

g(a, b, c) = f(b, c, a)
g ∼ f (acb)

(ab)

f2 ∼ f4

f3 ∼ f5

f10 ∼ f12

f11 ∼ f13.

f0 f1 f2 f3 f4 f5 f6 f7

f8 f9 f10 f11 f12 f13 f14 f15



22
3
= 256

22
4
=

a b c
f g

f g
{a, b, c}

a b c
23

(a, b, c) (acb)

(0, 0, 0) -→ (0, 0, 0)

(0, 0, 1) -→ (0, 1, 0)

(0, 1, 0) -→ (1, 0, 0)

(1, 1, 0) -→ (1, 0, 1)

(1, 1, 1) -→ (1, 1, 1).

X n |X| = 2n

(0, . . . , 0, 1) -→ 0

(0, . . . , 1, 0) -→ 1

(0, . . . , 1, 1) -→ 2

(1, . . . , 1, 1) -→ 2n − 1.

(a) (ac) (bd) (adcb)

(abcd) (ab)(cd) (ad)(bc) (ac)(bd).

1

8
(216 + 2 · 212 + 2 · 26 + 3 · 210) = 9616



(a) (0)
(ac) (2, 8)(3, 9)(6, 12)(7, 13)
(bd) (1, 4)(3, 6)(9, 12)(11, 14)
(adcb) (1, 2, 4, 8)(3, 6.12, 9)(5, 10)(7, 14, 13, 11)
(abcd) (1, 8, 4, 2)(3, 9, 12, 6)(5, 10)(7, 11, 13, 14)
(ab)(cd) (1, 2)(4, 8)(5, 10)(6, 9)(7, 11)(13, 14)
(ad)(bc) (1, 8)(2, 4)(3, 12)(5, 10)(7, 14)(11, 13)
(ac)(bd) (1, 4)(2, 8)(3, 12)(6, 9)(7, 13)(11, 14)

G

G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e}

Hi Hi+1 Hi+1/Hi

G X
G

G

Xg Gx

X = {1, 2, 3}
G = S3 = {(1), (12), (13), (23), (123), (132)}
X = {1, 2, 3, 4, 5, 6} G = {(1), (12), (345), (354), (12)(345), (12)(354)}

G X G
x ∈ X |G| = |Ox| · |Gx|



G θ ∈ G
R2 θ
P

R2 G

P

GP

G = A4 G (g, h) -→ ghg−1

G

G

S4 D5 Z9 Q8

S5 A5

1, . . . , 6

CH3



H

H

HH

H H

x1
x2 x3 S3 x1 x2
x3 x4 S4

x1 x2 x3 x4 S4

(x1x2x3x4)

G X G
X G X

G X

p pn

Sn

a ∈ G g ∈ G gC(a)g−1 = C(gag−1)

|G| = pn |Z(G)| = pn−1 p G

G pn p X G XG = {x ∈
X : gx = x g ∈ G} X

|X| ≡ |XG| ( p)

G pn p n ≥ 2 G
p n ≥ 3 G

p2

Sn

n
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G
m n m G n

A4

G

G (g, x) -→ gxg−1 x1, . . . , xk
G

|G| = |Z(G)|+ [G : C(x1)] + · · ·+ [G : C(xk)],

Z(G) = {g ∈ G : gx = xg x ∈ G} G C(xi) = {g ∈ G :
gxi = xig} xi

p
p G p G

p p G p p

G p p
G G p

G |G| = p k
p ≤ k < n p k p |G| = n p | n

G

|G| = |Z(G)|+ [G : C(x1)] + · · ·+ [G : C(xk)].

C(xi) p i
i = 1, . . . , k C(xi)

G p |C(xi)| C(xi) p G
p



p p [G : C(xi)]
p

G Z(G) Z(G) p
G

p

G G p |G| = pn

A5 |A5| = 60 = 22 · 3 · 5
A5 2 3 5

A5

G p pr

|G| G pr

G |G| = p
G n n > p

n p n

|G| = |Z(G)|+ [G : C(x1)] + · · ·+ [G : C(xk)].

p [G : C(xi)] i pr | |C(xi)| pr

|G| = |C(xi)| · [G : C(xi)] C(xi)
p [G : C(xi)] i p |G|

p |Z(G)| Z(G)
p g N g N

Z(G) Z(G) N G Z(G)
G G/N |G|/p

G/N H pr−1

H φ : G → G/N pr G

p P G p G

G S G
H S H H S

H × S → S

h ·K -→ hKh−1

K S

N(H) = {g ∈ G : gHg−1 = H}

G H G H
N(H) N(H) G H

P p G x
p x−1Px = P x ∈ P



x ∈ N(P ) ⟨xP ⟩ ⊂ N(P )/P
p H N(P )

P H/P = ⟨xP ⟩ |H| = |P | · |⟨xP ⟩| H
p P p H P

p |G| H = P H/P xP = P
x ∈ P

H K G H
K [H : N(K) ∩H]

K
N(K)∩H h−1Kh -→ (N(K)∩H)h h1, h2 ∈ H

(N(K) ∩ H)h1 = (N(K) ∩ H)h2 h2h
−1
1 ∈ N(K)

K = h2h
−1
1 Kh1h

−1
2 h−1

1 Kh1 = h−1
2 Kh2

H K N(K) ∩H H

G p
|G| p G P1 P2

p g ∈ G gP1g−1 = P2

P p G |G| = prm |P | = pr

S = {P = P1, P2, . . . , Pk}

P G k = [G : N(P )]

|G| = prm = |N(P )| · [G : N(P )] = |N(P )| · k.

pr |N(P )| p k
p Q Q ∈ S Q

Pi S
Pi [Q : N(Pi)∩Q]

|Q| = [Q : N(Pi)∩Q]|N(Pi)∩Q| [Q : N(Pi)∩Q] |Q| = pr

p p k
p Pj x−1Pjx = Pj x ∈ Q

Pj = Q

G p
G p 1 ( p)

|G|

P p p

S = {P = P1, P2, . . . , Pk},

P P
P p P



p |S| {P}
|S| p |S| ≡ 1 ( p)

G S p
P ∈ S

|S| = | P | = [G : N(P )]

[G : N(P )] |G|
p

A5

2 3 4 5 p A5 3 4 5
p A5

1 ( 5)
A5

A5 A5

A5

p q p < q G
pq q G G

q ̸≡ 1 ( p) G

G H q
H pq 1 + kq k = 0, 1, . . . 1 + q

H H
G

G p K K
q 1 + kp k = 0, 1, . . . q 1 + kp = q

1 + kp = 1 1 + kp = 1 K G G
H K

H Zq K Zp G ∼= Zp×Zq
∼= Zpq



15 = 5 · 3
5 ̸≡ 1 ( 3)

99 = 32 · 11
G

1+3k 9 k = 0, 1, 2, . . . 1+3k
H G

1+11k 1+11k 9
K G p2 p

H Z3 × Z3 Z9 K
Z11 Z3 × Z3 × Z11

Z9 × Z11

5 · 7 · 47 = 1645

G′ = ⟨aba−1b−1 : a, b ∈ G⟩
aba−1b−1 G G′

G G/G′

G′ G G

5 · 7 · 47 = 1645
G H1

47 G/H1

G H |G′|
|G′| = 1 |G′| = 47
G

H2 H3 G |H2| = 5 |H3| = 7
G′ Hi i = 1, 2 G′

|G′| = 1
G G

A5

G
G 5
1 ( 5)

G pn n > 1 p
G G G

56 = 23 ·7
p p



8 · 6 = 48

G G G

H K G

|HK| = |H| · |K|
|H ∩K| .

HK = {hk : h ∈ H, k ∈ K}.

|HK| ≤ |H| · |K| HK
H K h1k1 = h2k2 h1, h2 ∈ H

k1, k2 ∈ K

a = (h1)
−1h2 = k1(k2)

−1.

a ∈ H ∩K (h1)−1h2 H k2(k1)−1 K

h2 = h1a
−1

k2 = ak1.

h = h1b−1 k = bk1 b ∈ H ∩K hk = h1k1 h ∈ H
k ∈ K hk ∈ HK hiki hi ∈ H

ki ∈ K H ∩K |H ∩K|
|HK| = (|H| · |K|)/|H ∩K|

G
G

G

H
K |H ∩K| = 8 |H ∩K| ≤ 4

|HK| = 16 · 16
4

= 64,

H ∩K H K
H K H ∩K H

N(H ∩K) N(H ∩K) |N(H ∩K)|

|N(H ∩K)| = 48 N(H ∩K) = G



p p
p

p G

S4

H p G H p G
N(H)

H G |H| = pk p
H p G

G p2q2 p q q ! p2 − 1
p ! q2 − 1 G

H G H
G

G p
p G G

G pr p G
pr−1

G pnk k < p G

H G gN(H)g−1 = N(gHg−1)
g ∈ G



255

G pe11 · · · penn G n p P1, . . . , Pn

|Pi| = peii G P1 × · · ·× Pn

P p G G
P

G G |G|

H G P
p H g ∈ G h H gPg−1 = hPh−1

N P G = HN

G pnq p q p > q G

H G
[G : N(H)]

S5 D4

p p m

p !
(
pkm

pk

)
.

S pk G p |S|
G S aT = {at : t ∈ T} a ∈ G

T ∈ S
p ! |OT | T ∈ S

{T1, . . . , Tu} p ! u H = {g ∈ G : gT1 = T1}
H G |G| = u|H|

pk |H| pk ≤ |H|
|H| = |OT | ≤ pk pk = |H|

G G′ = ⟨aba−1b−1 : a, b ∈ G⟩ G
G/G′ {aba−1b−1 : a, b ∈ G}



60

G |G| ≤ 60

G |G| ≤ 60

G G n n = 1, . . . , 60

n
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R

a+ b = b+ a a, b ∈ R

(a+ b) + c = a+ (b+ c) a, b, c ∈ R

0 R a+ 0 = a a ∈ R

a ∈ R −a R a+ (−a) = 0

(ab)c = a(bc) a, b, c ∈ R

a, b, c ∈ R

a(b+ c) = ab+ ac

(a+ b)c = ac+ bc.

(R,+)

1 ∈ R 1 ̸= 0 1a = a1 = a a ∈ R
R R ab = ba a, b R

R
a, b ∈ R ab = 0 a = 0 b = 0

R R
a ∈ R a ̸= 0 a−1 a−1a = aa−1 = 1



Z
ab = 0 a b a = 0 b = 0

Z
1/2 −1

Q R
C

a b Zn ab ( n)
Z12 5 · 7 ≡ 11 ( 12) Zn

Zn

3 · 4 ≡ 0 ( 12) Z12

a R
b R ab = 0 Z12

[a, b]

f(x) = x2 g(x) = x (f + g)(x) = f(x) + g(x) = x2 + x
(fg)(x) = f(x)g(x) = x2 x

2×2 R

AB ̸= BA AB = 0 A B

1 =

(
1 0
0 1

)
, =

(
0 1
−1 0

)
, =

(
0 i
i 0

)
, =

(
i 0
0 −i

)
,

i2 = −1
2 = 2 = 2 = −1

=

=

=

= −
= −
= − .



H a + b + c + d a, b, c, d
H 2× 2

(
α β
−β α

)
,

α = a + di β = b + ci
H

(a1 + b1 + c1 + d1 ) + (a2 + b2 + c2 + d2 )

= (a1 + a2) + (b1 + b2) + (c1 + c2) + (d1 + d2)

(a1 + b1 + c1 + d1 )(a2 + b2 + c2 + d2 ) = α+ β + γ + δ ,

α = a1a2 − b1b2 − c1c2 − d1d2

β = a1b2 + a2b1 + c1d2 − d1c2

γ = a1c2 − b1d2 + c1a2 − d1b2

δ = a1d2 + b1c2 − c1b2 − d1a2.

H
H

(a+ b + c + d )(a− b − c − d ) = a2 + b2 + c2 + d2.

a b c d a+ b + c + d ̸= 0

(a+ b + c + d )

(
a− b − c − d

a2 + b2 + c2 + d2

)
= 1.

R a, b ∈ R

a0 = 0a = 0

a(−b) = (−a)b = −ab

(−a)(−b) = ab

a0 = a(0 + 0) = a0 + a0;

a0 = 0 0a = 0 ab + a(−b) = a(b − b) = a0 = 0
−ab = a(−b) −ab = (−a)b

(−a)(−b) = −(a(−b)) = −(−ab) = ab



S R S R S
R

nZ Z

Z ⊂ Q ⊂ R ⊂ C.

R S R S R

S ̸= ∅

rs ∈ S r, s ∈ S

r − s ∈ S r, s ∈ S

R = M2(R) 2 × 2 R T
R

T =

{(
a b
0 c

)
: a, b, c ∈ R

}
,

T R

A =

(
a b
0 c

)
B =

(
a′ b′

0 c′

)

T A−B T

AB =

(
aa′ ab′ + bc′

0 cc′

)

T

R r R
r s ∈ R rs = 0

a R a
R R

i2 = −1 Z[i] = {m + ni : m,n ∈ Z}

α = a + bi
Z[i] α = a− bi αβ = 1 αβ = 1 β = c+ di

1 = αβαβ = (a2 + b2)(c2 + d2).

a2 + b2 −1 a + bi = ±1 a + bi = ±i
±1 ±i



F =

{(
1 0
0 1

)
,

(
1 1
1 0

)
,

(
0 1
1 1

)
,

(
0 0
0 0

)}

Z2

Q(
√
2 ) = {a + b

√
2 : a, b ∈ Q}

a+ b
√
2 Q(

√
2 )

a

a2 − 2b2
+

−b

a2 − 2b2
√
2.

D
D a ∈ D ab = ac
b = c

D D ab = ac
a ̸= 0 a(b− c) = 0 b− c = 0 b = c

D
ab = ac b = c ab = 0 a ̸= 0 ab = a0 b = 0 a

D D∗ D
D∗ a ∈ D∗

λa : D∗ → D∗ λa(d) = ad a ̸= 0 d ̸= 0
ad ̸= 0 λa d1, d2 ∈ D∗

ad1 = λa(d1) = λa(d2) = ad2

d1 = d2 D∗ λa
d ∈ D∗ λa(d) = ad = 1 a D

d a D

n r R r + · · · + r n
nr R n
nr = 0 r ∈ R R

R R

p Zp p
Zp Zp a

pa = 0 Zp

p

R n
R n



n n n1 = 0
r ∈ R

nr = n(1r) = (n1)r = 0r = 0.

n n1 = 0 R

D D n
n ̸= 0 n n = ab 1 < a < n 1 < b < n

n1 = 0 0 = n1 = (ab)1 = (a1)(b1)
D a1 = 0 b1 = 0 D

n n

R S
φ : R → S

φ(a+ b) = φ(a) + φ(b)

φ(ab) = φ(a)φ(b)

a, b ∈ R φ : R → S φ

0
φ : R → S

φ = {r ∈ R : φ(r) = 0}.

n φ : Z → Zn

a -→ a ( n)

φ(a+ b) = (a+ b) ( n)

= a ( n) + b ( n)

= φ(a) + φ(b)

φ(ab) = ab ( n)

= a ( n) · b ( n)

= φ(a)φ(b).

φ nZ



C[a, b]
[a, b] α ∈ [a, b]
φα : C[a, b] → R φα(f) = f(α)

φα(f + g) = (f + g)(α) = f(α) + g(α) = φα(f) + φα(g)

φα(fg) = (fg)(α) = f(α)g(α) = φα(f)φα(g).

φα

φ : R → S

R φ(R)

φ(0) = 0

1R 1S R S φ φ(1R) = 1S

R φ(R) ̸= {0} φ(R)

R I R a I r R
ar ra I rI ⊂ I Ir ⊂ I r ∈ R

R {0} R

R I R 1 I
r ∈ R r1 = r ∈ I I = R

a R

⟨a⟩ = {ar : r ∈ R}

R ⟨a⟩ 0 = a0 a = a1 ⟨a⟩
⟨a⟩ ⟨a⟩ ar + ar′ = a(r + r′) ar

−ar = a(−r) ∈ ⟨a⟩ ar ∈ ⟨a⟩
s ∈ R s(ar) = a(sr) ⟨a⟩

R ⟨a⟩ = {ar : r ∈ R}

Z

{0} ⟨0⟩ = {0} I
Z I m n
I a I

q r

a = nq + r

0 ≤ r < n r = a− nq ∈ I r 0 n
I a = nq I = ⟨n⟩



nZ na nZ b Z
nab nZ Z

φ : R → S R

φ R
r ∈ R a ∈ φ ar ra φ

φ(ar) = φ(a)φ(r) = 0φ(r) = 0

φ(ra) = φ(r)φ(a) = φ(r)0 = 0.

rI ⊂ I Ir ⊂ I
r ∈ R

rI ⊂ I Ir ⊂ I r ∈ R

I R R/I

(r + I)(s+ I) = rs+ I.

R/I r+ I s+ I
R/I (r + I)(s + I) = rs + I

r′ ∈ r + I s′ ∈ s + I r′s′ rs + I
r′ ∈ r+ I a I r′ = r+ a b ∈ I

s′ = s+ b

r′s′ = (r + a)(s+ b) = rs+ as+ rb+ ab

as + rb + ab ∈ I I r′s′ ∈ rs + I

R/I

I R ψ : R → R/I ψ(r) = r + I
R R/I I

ψ : R → R/I
ψ r s R

ψ(r)ψ(s) = (r + I)(s+ I) = rs+ I = ψ(rs),



ψ : R → R/I

φ : R → S
φ R ψ : R → R/ φ

η : R/ φ→ φ(R) φ = ηψ

K = φ
η : R/K → φ(R) η(r + K) = φ(r)

R R/K
η((r +K)(s+K)) = η(r +K)η(s+K)

η((r +K)(s+K)) = η(rs+K)

= φ(rs)

= φ(r)φ(s)

= η(r +K)η(s+K).

I R J
R I ∩ J I

I/I ∩ J ∼= (I + J)/J.

R I J
R J ⊂ I

R/I ∼=
R/J

I/J
.

I R S → S/I
S I

R/I R I R/I

I R R/I

M R R M
R R M I

M I = R

R M R
M R R/M



M R R R/M
1 + M R/M

R/M a+M R/M
a /∈ M I {ra +m : r ∈ R m ∈ M} I

R I 0a+0 = 0 I r1a+m1 r2a+m2

I

(r1a+m1)− (r2a+m2) = (r1 − r2)a+ (m1 −m2)

I r ∈ R rI ⊂ I I

I M M
I = R I m M b
R 1 = ab+m

1 +M = ab+M = ba+M = (a+M)(b+M).

M R/M R/M
0 +M = M 1 +M M

R I M I = R
a I M a +M
b+M R/M (a+M)(b+M) = ab+M = 1 +M

m ∈ M ab+m = 1 1 I r1 = r ∈ I r ∈ R
I = R

pZ Z p pZ
Z/pZ ∼= Zp

P R ab ∈ P
a ∈ P b ∈ P

P = {0, 2, 4, 6, 8, 10} Z12

R 1 1 ̸= 0 P
R R/P

P R R/P
ab ∈ P a+P b+P R/P (a+P )(b+P ) = 0+P = P

a+ P = P b+ P = P a P b P
P

P

(a+ P )(b+ P ) = ab+ P = 0 + P = P.

ab ∈ P a /∈ P b P
b+ P = 0 + P R/P

Z nZ Z/nZ ∼= Zn

n
Z pZ p



m n (m,n) = 1 a, b ∈ Z



x ≡ a ( m)

x ≡ b ( n)

x1 x2 x1 ≡ x2 ( mn)

x ≡ a ( m) a+km
k ∈ Z k1

a+ k1m ≡ b ( n).

k1m ≡ (b− a) ( n)

k1 m n s t
ms+ nt = 1

(b− a)ms = (b− a)− (b− a)nt,

[(b− a)s]m ≡ (b− a) ( n).

k1 = (b− a)s
mn c1 c2

ci ≡ a ( m)

ci ≡ b ( n)

i = 1, 2

c2 ≡ c1 ( m)

c2 ≡ c1 ( n).

m n c1 − c2 c2 ≡ c1 ( mn)

x ≡ 3 ( 4)

x ≡ 4 ( 5).

s t 4s + 5t = 1
s = 4 t = −3

x = a+ k1m = 3 + 4k1 = 3 + 4[(5− 4)4] = 19.

n1, n2, . . . , nk

(ni, nj) = 1 i ̸= j a1, . . . , ak

x ≡ a1 ( n1)

x ≡ a2 ( n2)

x ≡ ak ( nk)

n1n2 · · ·nk



k = 2
k

x ≡ a1 ( n1)

x ≡ a2 ( n2)

x ≡ ak+1 ( nk+1).

k n1 · · ·nk

a n1 · · ·nk nk+1

x ≡ a ( n1 · · ·nk)

x ≡ ak+1 ( nk+1)

n1 . . . nk+1

x ≡ 3 ( 4)

x ≡ 4 ( 5)

x ≡ 1 ( 9)

x ≡ 5 ( 7).

19 ( 20)

x ≡ 19 ( 20)

x ≡ 1 ( 9)

x ≡ 5 ( 7).

x ≡ 19 ( 180)

x ≡ 5 ( 7).

263 − 1 = .



2511−1

2134 ≡ 44 ( 95)

2134 ≡ 0 ( 97)

2134 ≡ 76 ( 98)

2134 ≡ 55 ( 99)

1531 ≡ 11 ( 95)

1531 ≡ 76 ( 97)

1531 ≡ 61 ( 98)

1531 ≡ 46 ( 99).

2134 · 1531 ≡ 44 · 11 ≡ 9 ( 95)

2134 · 1531 ≡ 0 · 76 ≡ 0 ( 97)

2134 · 1531 ≡ 76 · 61 ≡ 30 ( 98)

2134 · 1531 ≡ 55 · 46 ≡ 55 ( 99).

2134 ·1531

x ≡ 9 ( 95)

x ≡ 0 ( 97)

x ≡ 30 ( 98)

x ≡ 55 ( 99).

95 · 97 ·
98 · 99 = x 2134 · 1531 =



7Z
Z18

Q(
√
2 ) = {a+ b

√
2 : a, b ∈ Q}

Q(
√
2,
√
3 ) = {a+ b

√
2 + c

√
3 + d

√
6 : a, b, c, d ∈ Q}

Z[
√
3 ] = {a+ b

√
3 : a, b ∈ Z}

R = {a+ b 3
√
3 : a, b ∈ Q}

Z[i] = {a+ bi : a, b ∈ Z i2 = −1}
Q( 3

√
3 ) = {a+ b 3

√
3 + c 3

√
9 : a, b, c ∈ Q}

R 2× 2

(
a b
0 0

)
,

a, b ∈ R R
S R

Z10

Z12

Z7

M2(Z) 2× 2 Z
M2(Z2) 2× 2 Z2

Z18

Z25

M2(R) 2× 2 R
M2(Z) 2× 2 Z
Q



R I
R/I

R = Z I = 6Z
R = Z12 I = {0, 3, 6, 9}

φ : Z/6Z → Z/15Z

R C

Q(
√
2 ) = {a + b

√
2 : a, b ∈ Q}

Q(
√
3 ) = {a+ b

√
3 : a, b ∈ Q}

F =

{(
1 0
0 1

)
,

(
1 1
1 0

)
,

(
0 1
1 1

)
,

(
0 0
0 0

)}

Z2

φ : C → M2(R)

φ(a+ bi) =

(
a b
−b a

)
.

φ C M2(R)

Z[i]

Z[
√
3 i] = {a+ b

√
3 i : a, b ∈ Z}

x ≡ 2 ( 5)

x ≡ 6 ( 11)

x ≡ 3 ( 7)

x ≡ 0 ( 8)

x ≡ 5 ( 15)

x ≡ 2 ( 4)

x ≡ 4 ( 7)

x ≡ 7 ( 9)

x ≡ 5 ( 11)

x ≡ 3 ( 5)

x ≡ 0 ( 8)

x ≡ 1 ( 11)

x ≡ 5 ( 13)

2234 + 4121



2134·1531

R R {0} R

a R (−1)a = −a

φ : R → S

R φ(R)

φ(0) = 0

1R 1S R S φ φ(1R) = 1S

R φ(R) ̸= 0 φ(R)

R/I

I R
J R I ∩ J I

I/I ∩ J ∼= I + J/J.

R I J
R J ⊂ I

R/I ∼=
R/J

I/J
.

I R S → S/I
S I

R/I R R/I

R S R S R

S ̸= ∅
rs ∈ S r, s ∈ S

r − s ∈ S r, s ∈ S

R {Rα}
⋂

Rα R

{Iα}α∈A R
⋂

α∈A Iα
R I1 I2 R I1 ∪ I2

R R {0} R R

R a R an = 0
n R



R a ∈ R a2 = a

R a3 = a a ∈ R R

R 1R S R 1S
1R = 1S

R 1 = 0 R = {0}

S R R′ R
S

R R

Z(R) = {a ∈ R : ar = ra r ∈ R}.

Z(R) R

p

Z(p) = {a/b : a, b ∈ Z (b, p) = 1}

Z(p) p

Zp

R

u R iu : R → R r -→ uru−1 iu
R R

R R (R)

R (R) (R)
(R)

U(R) R

φ : U(R) → (R)

u -→ iu φ

(Z) (Z) U(Z)

R S
R× S

(r, s) + (r′, s′) = (r + r′, s+ s′)

(r, s)(r′, s′) = (rr′, ss′)

x x2 = x
0 1 x



(a, n) = d (b, d) ̸= 1 ax ≡ b ( n)

R I J
R I + J = R

r s R

x ≡ r ( I)

x ≡ s ( J)

I ∩ J

I J R I + J = R

R/(I ∩ J) ∼= R/I ×R/J.





17

p(x) = x3 − 3x+ 2

q(x) = 3x2 − 6x+ 5,

p(x) + q(x) p(x)q(x)

(p+ q)(x) = p(x) + q(x)

= (x3 − 3x+ 2) + (3x2 − 6x+ 5)

= x3 + 3x2 − 9x+ 7

(pq)(x) = p(x)q(x)

= (x3 − 3x+ 2)(3x2 − 6x+ 5)

= 3x5 − 6x4 − 4x3 + 24x2 − 27x+ 10.

R

f(x) =
n∑

i=0

aix
i = a0 + a1x+ a2x

2 + · · ·+ anx
n,

ai ∈ R an ̸= 0 R x
a0, a1, . . . , an f an

n
an ̸= 0 f n

f(x) = n n f = 0



f −∞
R R[x]

p(x) = a0 + a1x+ · · ·+ anx
n

q(x) = b0 + b1x+ · · ·+ bmxm,

p(x) = q(x) ai = bi i ≥ 0

p(x) = a0 + a1x+ · · ·+ anx
n

q(x) = b0 + b1x+ · · ·+ bmxm.

p(x) q(x)

p(x) + q(x) = c0 + c1x+ · · ·+ ckx
k,

ci = ai + bi i p(x) q(x)

p(x)q(x) = c0 + c1x+ · · ·+ cm+nx
m+n,

ci =
i∑

k=0

akbi−k = a0bi + a1bi−1 + · · ·+ ai−1b1 + aib0

i

p(x) = 3 + 0x+ 0x2 + 2x3 + 0x4

q(x) = 2 + 0x− x2 + 0x3 + 4x4

Z[x]
p(x) = 3 + 2x3 q(x) =

2− x2 + 4x4

p(x) + q(x) = 5− x2 + 2x3 + 4x4.

p(x)q(x) = (3 + 2x3)(2− x2 + 4x4) = 6− 3x2 + 4x3 + 12x4 − 2x5 + 8x7,

ci

p(x) = 3 + 3x3 q(x) = 4 + 4x2 + 4x4

Z12[x] p(x) q(x) 7 + 4x2 +3x3 +4x4

R[x] R



R R[x]

R[x]
f(x) = 0 p(x) =∑n

i=0 aix
i p(x) −p(x) =

∑n
i=0(−ai)xi = −

∑n
i=0 aix

i

R

p(x) =
m∑

i=0

aix
i,

q(x) =
n∑

i=0

bix
i,

r(x) =
p∑

i=0

cix
i.

[p(x)q(x)]r(x) =

[(
m∑

i=0

aix
i

)(
n∑

i=0

bix
i

)](
p∑

i=0

cix
i

)

=

⎡

⎣
m+n∑

i=0

⎛

⎝
i∑

j=0

ajbi−j

⎞

⎠xi

⎤

⎦
(

p∑

i=0

cix
i

)

=
m+n+p∑

i=0

⎡

⎣
i∑

j=0

(
j∑

k=0

akbj−k

)
ci−j

⎤

⎦xi

=
m+n+p∑

i=0

⎛

⎝
∑

j+k+l=i

ajbkcl

⎞

⎠xi

=
m+n+p∑

i=0

⎡

⎣
i∑

j=0

aj

(
i−j∑

k=0

bkci−j−k

)⎤

⎦xi

=

(
m∑

i=0

aix
i

)⎡

⎣
n+p∑

i=0

⎛

⎝
i∑

j=0

bjci−j

⎞

⎠xi

⎤

⎦

=

(
m∑

i=0

aix
i

)[(
n∑

i=0

bix
i

)(
p∑

i=0

cix
i

)]

= p(x)[q(x)r(x)]

p(x) q(x) R[x] R
p(x) + q(x) = (p(x)q(x)) R[x]



p(x) = amxm + · · ·+ a1x+ a0

q(x) = bnx
n + · · ·+ b1x+ b0

am ̸= 0 bn ̸= 0 p(x) q(x) m n
p(x)q(x) ambnxm+n R

p(x)q(x) m + n p(x)q(x) ̸= 0 p(x) ̸= 0 q(x) ̸= 0
p(x)q(x) ̸= 0 R[x]

x2 − 3xy+ 2y3

R x y
(R[x])[y]

(R[x])[y] ∼= R([y])[x]
R[x, y] R[x, y] x
y R n

R R[x1, x2, . . . , xn]

R α ∈ R
φα : R[x] → R

φα(p(x)) = p(α) = anα
n + · · ·+ a1α+ a0,

p(x) = anxn + · · ·+ a1x+ a0

p(x) =
∑n

i=0 aix
i q(x) =

∑m
i=0 bix

i φα(p(x) +
q(x)) = φα(p(x)) + φα(q(x)) φα

φα(p(x))φα(q(x)) = p(α)q(α)

=

(
n∑

i=0

aiα
i

)(
m∑

i=0

biα
i

)

=
m+n∑

i=0

(
i∑

k=0

akbi−k

)
αi

= φα(p(x)q(x)).

φα : R[x] → R α

a b
b > 0 q r a = bq + r 0 ≤ r < b

q r



f(x) g(x) F [x] F
g(x) q(x), r(x) ∈

F [x]

f(x) = g(x)q(x) + r(x),

r(x) < g(x) r(x)

q(x) r(x) f(x)

0 = 0 · g(x) + 0;

q r f(x)
f(x) = n g(x) = m m > n

q(x) = 0 r(x) = f(x) m ≤ n
n

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

g(x) = bmxm + bm−1x
m−1 + · · ·+ b1x+ b0

f ′(x) = f(x)− an
bm

xn−mg(x)

n q′(x)
r(x)

f ′(x) = q′(x)g(x) + r(x),

r(x) = 0 r(x) g(x)

q(x) = q′(x) +
an
bm

xn−m.

f(x) = g(x)q(x) + r(x),

r(x) r(x) < g(x)
q(x) r(x)

q1(x) r1(x) f(x) = g(x)q1(x) + r1(x) r1(x) < g(x) r1(x) = 0

f(x) = g(x)q(x) + r(x) = g(x)q1(x) + r1(x),

g(x)[q(x)− q1(x)] = r1(x)− r(x).

g(x)

(g(x)[q(x)− q1(x)]) = (r1(x)− r(x)) ≥ g(x).

r(x) r1(x) g(x)
r(x) = r1(x) q(x) = q1(x)

x3 − x2 + 2x− 3 x− 2



x2 + x + 4
x − 2 x3 − x2 + 2x − 3

x3 − 2x2

x2 + 2x − 3
x2 − 2x

4x − 3
4x − 8

5

x3 − x2 + 2x− 3 = (x− 2)(x2 + x+ 4) + 5

p(x) F [x] α ∈ F α p(x)
p(x) φα

α p(x) p(α) = 0

F α ∈ F p(x) ∈ F [x]
x− α p(x) F [x]

α ∈ F p(α) = 0
q(x) r(x)

p(x) = (x− α)q(x) + r(x)

r(x) x − α r(x)
r(x) = a a ∈ F

p(x) = (x− α)q(x) + a.

0 = p(α) = 0 · q(α) + a = a;

p(x) = (x− α)q(x) x− α p(x)
x − α p(x) p(x) = (x − α)q(x)

p(α) = 0 · q(α) = 0

F p(x) n F [x]
n F

p(x) p(x) = 0 p(x)
p(x) = 1 p(x) = ax+ b a b F

α1 α2 p(x) aα1 + b = aα2 + b α1 = α2

p(x) > 1 p(x) F
α p(x) p(x) = (x− α)q(x) q(x) ∈ F [x]

q(x) n− 1 β
p(x) α p(β) = (β −α)q(β) = 0 α ̸= β F

q(β) = 0 p(x) n − 1 F
α p(x) n F

F d(x)
p(x), q(x) ∈ F [x] d(x) p(x) q(x)

d′(x) p(x) q(x) d′(x) | d(x) d(x) = (p(x), q(x))
p(x) q(x) (p(x), q(x)) = 1



F d(x)
p(x) q(x) F [x] r(x) s(x)

d(x) = r(x)p(x) + s(x)q(x).

d(x)

S = {f(x)p(x) + g(x)q(x) : f(x), g(x) ∈ F [x]}.

d(x) = r(x)p(x) + s(x)q(x) r(x) s(x) F [x]
d(x) p(x) q(x) d(x)

p(x) a(x) b(x) p(x) =
a(x)d(x)+ b(x) b(x) b(x) < d(x)

b(x) = p(x)− a(x)d(x)

= p(x)− a(x)(r(x)p(x) + s(x)q(x))

= p(x)− a(x)r(x)p(x)− a(x)s(x)q(x)

= p(x)(1− a(x)r(x)) + q(x)(−a(x)s(x))

p(x) q(x) S b(x)
d(x) d(x)

p(x) d(x) q(x) d(x)
p(x) q(x)

d(x) p(x) q(x) d′(x)
p(x) q(x) d′(x) | d(x) d′(x)

p(x) q(x) u(x) v(x)
p(x) = u(x)d′(x) q(x) = v(x)d′(x)

d(x) = r(x)p(x) + s(x)q(x)

= r(x)u(x)d′(x) + s(x)v(x)d′(x)

= d′(x)[r(x)u(x) + s(x)v(x)].

d′(x) | d(x) d(x) p(x) q(x)

p(x) q(x)
d′(x) p(x) q(x)

u(x) v(x) F [x] d(x) = d′(x)[r(x)u(x)+
s(x)v(x)]

d(x) = d′(x) + [r(x)u(x) + s(x)v(x)]

d(x) d′(x) d(x) = d′(x) d(x)
d′(x) d(x) = d′(x)



f(x) ∈ F [x] F f(x)
g(x) h(x) F [x] g(x)

h(x) f(x)

x2 − 2 ∈ Q[x]
x2+1

p(x) = x3 + x2 + 2 Z3[x]
Z3[x]

x− a a Z3[x]
p(a) = 0

p(0) = 2

p(1) = 1

p(2) = 2.

p(x) Z3

p(x) ∈ Q[x]

p(x) =
r

s
(a0 + a1x+ · · ·+ anx

n),

r, s, a0, . . . , an ai r s

p(x) =
b0
c0

+
b1
c1
x+ · · ·+ bn

cn
xn,

bi ci p(x)

p(x) =
1

c0 · · · cn
(d0 + d1x+ · · ·+ dnx

n),

d0, . . . , dn d d0, . . . , dn

p(x) =
d

c0 · · · cn
(a0 + a1x+ · · ·+ anx

n),

di = dai ai d/(c0 · · · cn)

p(x) =
r

s
(a0 + a1x+ · · ·+ anx

n),

(r, s) = 1

p(x) ∈ Z[x] p(x)
α(x) β(x) Q[x]

α(x) β(x) p(x) p(x) = a(x)b(x) a(x) b(x)
Z[x] α(x) = a(x) β(x) = b(x)



α(x) =
c1
d1

(a0 + a1x+ · · ·+ amxm) =
c1
d1
α1(x)

β(x) =
c2
d2

(b0 + b1x+ · · ·+ bnx
n) =

c2
d2
β1(x),

ai bi

p(x) = α(x)β(x) =
c1c2
d1d2

α1(x)β1(x) =
c

d
α1(x)β1(x),

c/d c1/d1 c2/d2 dp(x) =
cα1(x)β1(x)

d = 1 cambn = 1 p(x) c = 1
c = −1 c = 1 am = bn = 1 am = bn = −1

p(x) = α1(x)β1(x) α1(x) β1(x) α(x) = α1(x)
β(x) = β1(x) a(x) = −α1(x) b(x) = −β1(x)

p(x) = (−α1(x))(−β1(x)) = a(x)b(x)
c = −1

d ̸= 1 (c, d) = 1 p p | d
p ̸ |c α1(x) ai

p ̸ |ai bj β1(x) p ̸ |bj α′
1(x)

β′1(x) Zp[x] α1(x)
β1(x) p p | d α′

1(x)β
′
1(x) = 0 Zp[x]

α′
1(x) β′1(x) Zp[x]

d = 1

p(x) = xn + an−1xn−1 + · · ·+ a0
Z a0 ̸= 0 p(x) Q p(x) α Z α

a0

p(x) a ∈ Q p(x) x−a
p(x) Z[x] α ∈ Z

p(x) = (x− α)(xn−1 + · · ·− a0/α).

a0/α ∈ Z α | a0

p(x) = x4 − 2x3 + x + 1 p(x)
Q[x] p(x) p(x) p(x) =

(x− α)q(x) q(x) p(x)
p(x) Q[x] Z

±1 p(1) = 1 p(−1) = 3
p(x)

p(x)

p(x) = (x2 + ax+ b)(x2 + cx+ d)

= x4 + (a+ c)x3 + (ac+ b+ d)x2 + (ad+ bc)x+ bd,



Z[x]

a+ c = −2

ac+ b+ d = 0

ad+ bc = 1

bd = 1.

bd = 1 b = d = 1 b = d = −1 b = d

ad+ bc = b(a+ c) = 1.

a+c = −2 −2b = 1 b
p(x) Q

p

f(x) = anx
n + · · ·+ a0 ∈ Z[x].

p | ai i = 0, 1, . . . , n− 1 p ̸ |an p2 ̸ |a0 f(x) Q

f(x)
Z[x]

f(x) = (brx
r + · · ·+ b0)(csx

s + · · ·+ c0)

Z[x] br cs r, s < n p2

a0 = b0c0 b0 c0 p p ̸ |b0 p | c0
p ̸ |an an = brcs br cs p m k

p ̸ |ck
am = b0cm + b1cm−1 + · · ·+ bmc0

p p
b0cm m = n ai p m < n f(x)

f(x) = 16x5 − 9x4 + 3x2 + 6x− 21

Q p = 3

Q Q[x]

F [x]

F F [x] ⟨p(x)⟩
p(x)

⟨p(x)⟩ = {p(x)q(x) : q(x) ∈ F [x]}.



x2 F [x] ⟨x2⟩

F F [x]

I F [x] I
I F [x] p(x) ∈ I
p(x) = 0 p(x) I

F [x] ⟨1⟩ = I = F [x] I
p(x) ≥ 1 f(x) I

q(x) r(x) F [x] f(x) = p(x)q(x)+r(x) r(x) <
p(x) f(x), p(x) ∈ I I r(x) = f(x)−p(x)q(x) I

p(x) r(x)
f(x) I p(x)q(x) q(x) ∈ F [x]

I = ⟨p(x)⟩

F [x, y]
F [x, y] x y

F [x, y] x y

F p(x) ∈ F [x]
p(x) p(x)

p(x) F [x] ⟨p(x)⟩
F [x] F [x] p(x)

p(x)
p(x) = f(x)g(x) ⟨p(x)⟩ f(x)

⟨p(x)⟩ p(x) ⟨p(x)⟩ ⊂ ⟨f(x)⟩
⟨p(x)⟩

p(x) F [x] I F [x]
⟨p(x)⟩ I I = ⟨f(x)⟩ f(x) ∈ F [x]

p(x) ∈ I p(x) = f(x)g(x) g(x) ∈ F [x]
p(x) f(x) g(x) f(x)

I = F [x] g(x) f(x) I
I = ⟨p(x)⟩ F [x] ⟨p(x)⟩

ax2 + bx + c = 0

ax3 + bx2 + cx + d = 0



ax3 + cx+ d = 0.

ax3 + bx2 + cx+ d = 0.

ax4 + bx3 + cx2 + dx+ e = 0.

Z2[x]

(5x2 + 3x− 4) + (4x2 − x+ 9) Z12

(5x2 + 3x− 4)(4x2 − x+ 9) Z12

(7x3 + 3x2 − x) + (6x2 − 8x+ 4) Z9

(3x2 + 2x− 4) + (4x2 + 2) Z5

(3x2 + 2x− 4)(4x2 + 2) Z5

(5x2 + 3x− 2)2 Z12



q(x) r(x) a(x) = q(x)b(x) + r(x)
r(x) < b(x)

a(x) = 5x3 + 6x2 − 3x+ 4 b(x) = x− 2 Z7[x]

a(x) = 6x4 − 2x3 + x2 − 3x+ 1 b(x) = x2 + x− 2 Z7[x]

a(x) = 4x5 − x3 + x2 + 4 b(x) = x3 − 2 Z5[x]

a(x) = x5 + x3 − x2 − x b(x) = x3 + x Z2[x]

p(x) q(x)
d(x) = (p(x), q(x)) a(x) b(x) a(x)p(x) +

b(x)q(x) = d(x)

p(x) = 7x3 + 6x2 − 8x+ 4 q(x) = x3 + x− 2 p(x), q(x) ∈ Q[x]

p(x) = x3 + x2 − x+ 1 q(x) = x3 + x− 1 p(x), q(x) ∈ Z2[x]

p(x) = x3 + x2 − 4x+ 4 q(x) = x3 + 3x− 2 p(x), q(x) ∈ Z5[x]

p(x) = x3 − 2x+ 4 q(x) = 4x3 + x+ 3 p(x), q(x) ∈ Q[x]

5x3 + 4x2 − x+ 9 Z12

3x3 − 4x2 − x+ 4 Z5

5x4 + 2x2 − 3 Z7

x3 + x+ 1 Z2

Z[x]

p(x) Z4[x] p(x) > 1

Q[x]

x4 − 2x3 + 2x2 + x+ 4

x4 − 5x3 + 3x− 2

3x5 − 4x3 − 6x2 + 6

5x5 − 6x4 − 3x2 + 9x− 15

Z2[x]

x2 + x+ 8 Z10[x]

p(x) Z6[x] n
n

F F [x1, . . . , xn]

Z[x]

xp + a a ∈ Zp p

f(x) F [x] F f(x) | p(x)q(x)
f(x) | p(x) f(x) | q(x)

R S R[x] ∼= S[x]



F a ∈ F p(x) ∈ F [x] p(a)
p(x) x− a

p(x) = anx
nan−1x

n−1 + · · ·+ a0 ∈ Z[x],

an ̸= 0 (r/s) = 0 (r, s) = 1 r | a0 s | an

Q∗ Q∗

(Z[x],+)

Φn(x) =
xn − 1

x− 1
= xn−1 + xn−2 + · · ·+ x+ 1

Φp(x) Q
p

F F [x]

R
R[x]

R
R[x]

xp − x p Zp p

xp − x = x(x− 1)(x− 2) · · · (x− (p− 1)).

F f(x) = a0 + a1x + · · · + anxn F [x] f ′(x) = a1 +
2a2x+ · · ·+ nanxn−1 f(x)

(f + g)′(x) = f ′(x) + g′(x).

D : F [x] → F [x]
(D(f(x)) = f ′(x)

D F = 0

D F = p

(fg)′(x) = f ′(x)g(x) + f(x)g′(x).

f(x) ∈ F [x]

f(x) = a(x− a1)(x− a2) · · · (x− an).

f(x) f(x) f ′(x)



F F [x]

R R[x1, . . . , xn]

R R[x] R′

R

p(x) q(x) R[x] R
(p(x) + q(x)) ≤ ( p(x), q(x))

ax2 + bx+ c = 0

x =
−b±

√
b2 − 4ac

2a
.

∆ = b2 − 4ac
∆ > 0 ∆ = 0

∆ < 0

x3 + bx2 + cx+ d = 0

y3 + py + q = 0 x = y − b/3

ω =
−1 + i

√
3

2

ω2 =
−1− i

√
3

2
ω3 = 1.

y = z − p

3z

y y3 + py + q = 0 A B z3

−p3/27 3
√
AB =

−p/3



z

3
√
A, ω

3
√
A, ω2 3

√
A,

3
√
B, ω

3
√
B, ω2 3

√
B

y

ωi 3

√

−q

2
+

√
p3

27
+

q2

4
+ ω2i 3

√

−q

2
−
√

p3

27
+

q2

4
,

i = 0, 1, 2

∆ =
p3

27
+

q2

4
.

y3 + py + q = 0

∆ = 0

∆ > 0

∆ < 0

x3 − 4x2 + 11x+ 30 = 0

x3 − 3x+ 5 = 0

x3 − 3x+ 2 = 0

x3 + x+ 3 = 0

x4 + ax3 + bx2 + cx+ d = 0

y4 + py2 + qy + r = 0

x = y − a/4

(
y2 +

1

2
z

)2

= (z − p)y2 − qy +

(
1

4
z2 − r

)
.

(my + k)2

q2 − 4(z − p)

(
1

4
z2 − r

)
= 0.

z3 − pz2 − 4rz + (4pr − q2) = 0.

(
y2 +

1

2
z

)2

= (my + k)2



x4 − x2 − 3x+ 2 = 0

x4 + x3 − 7x2 − x+ 6 = 0

x4 − 2x2 + 4x− 3 = 0

x4 − 4x3 + 3x2 − 5x+ 2 = 0
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Z[x]
Q

Z

Q

D F
D

p/q ∈ Q p q
1/2 = 2/4 = 3/6

a

b
=

c

d

ad = bc
Q Z× Z

p/q (p, q) (3, 7)
3/7 Z × Z

5/0 (5, 0) (3, 6) (2, 4)
1/2

(a, b) (c, d)
ad = bc

D

S = {(a, b) : a, b ∈ D b ̸= 0}.

S (a, b) ∼ (c, d) ad = bc

∼ S



D ab = ba ∼ D
(a, b) ∼ (c, d) ad = bc cb = da (c, d) ∼ (a, b)

(a, b) ∼ (c, d) (c, d) ∼
(e, f) ad = bc cf = de ad = bc f

afd = adf = bcf = bde = bed.

D af = be (a, b) ∼ (e, f)

S FD

FD

Q

a

b
+

c

d
=

ad+ bc

bd
;

a

b
· c
d
=

ac

bd
.

FD

(a, b) ∈ S [a, b]
FD

[a, b] + [c, d] = [ad+ bc, bd]

[a, b] · [c, d] = [ac, bd],

FD

[a1, b1] = [a2, b2] [c1, d1] = [c2, d2]

[a1d1 + b1c1, b1d1] = [a2d2 + b2c2, b2d2]

(a1d1 + b1c1)(b2d2) = (b1d1)(a2d2 + b2c2).

[a1, b1] = [a2, b2] [c1, d1] = [c2, d2] a1b2 = b1a2 c1d2 = d1c2

(a1d1 + b1c1)(b2d2) = a1d1b2d2 + b1c1b2d2

= a1b2d1d2 + b1b2c1d2

= b1a2d1d2 + b1b2d1c2

= (b1d1)(a2d2 + b2c2).



S FD ∼

[a, b] + [c, d] = [ad+ bc, bd]

[a, b] · [c, d] = [ac, bd],

[0, 1] [1, 1]
[0, 1]

[a, b] + [0, 1] = [a1 + b0, b1] = [a, b].

[1, 1] [a, b] ∈ FD a ̸= 0
[b, a] FD [a, b] · [b, a] = [1, 1] [b, a]

[a, b] [−a, b] [a, b]
FD

FD

FD

[a, b][e, f ] + [c, d][e, f ] = [ae, bf ] + [ce, df ]

= [aedf + bfce, bdf2]

= [aed+ bce, bdf ]

= [ade+ bce, bdf ]

= ([a, b] + [c, d])[e, f ]

FD

D

D D
FD FD

D FD E
D ψ : FD → E

E ψ(a) = a a ∈ D

D FD

φ : D → FD φ(a) = [a, 1] a b D

φ(a+ b) = [a+ b, 1] = [a, 1] + [b, 1] = φ(a) + φ(b)

φ(ab) = [ab, 1] = [a, 1][b, 1] = φ(a)φ(b);

φ φ φ(a) = φ(b)
[a, 1] = [b, 1] a = a1 = 1b = b FD

D

φ(a)[φ(b)]−1 = [a, 1][b, 1]−1 = [a, 1] · [1, b] = [a, b].



E D ψ : FD → E ψ([a, b]) = ab−1

ψ [a1, b1] = [a2, b2] a1b2 = b1a2 a1b
−1
1 =

a2b
−1
2 ψ([a1, b1]) = ψ([a2, b2])

[a, b] [c, d] FD

ψ([a, b] + [c, d]) = ψ([ad+ bc, bd])

= (ad+ bc)(bd)−1

= ab−1 + cd−1

= ψ([a, b]) + ψ([c, d])

ψ([a, b] · [c, d]) = ψ([ac, bd])

= (ac)(bd)−1

= ab−1cd−1

= ψ([a, b])ψ([c, d]).

ψ
ψ

ψ([a, b]) = ab−1 = 0 a = 0b = 0 [a, b] = [0, b] ψ
[0, b] FD ψ

Q Q[x] Q[x]
p(x)/q(x) p(x) q(x)

q(x) Q(x)

F F
Q

F p F
Zp

F
F [x]

R a b R
a b a | b c ∈ R b = ac

R a b R
u R a = ub

D p ∈ D
p = ab a b p

p | ab p | a p | b

R Q[x, y] x2 y2 xy
R xy xy x2y2

x2 y2



n > 1
p1 · · · pk pi

pi

D D

a ∈ D a ̸= 0 a a
D

a = p1 · · · pr = q1 · · · qs pi qi r = s
π ∈ Sr pi qπ(j) j = 1, . . . , r

Z[
√
3 i] = {a + b

√
3 i}

z = a+ b
√
3 i ν : Z[

√
3 i] → N ∪ {0} ν(z) = |z|2 = a2 + 3b2

ν(z) ≥ 0 z = 0
ν(zw) = ν(z)ν(w) ν(z) = 1 z

Z[
√
3 i] −1

4 = 2 · 2 = (1−
√
3 i)(1 +

√
3 i).

Z[
√
3 i]

2 = zw z,w Z[
√
3 i] ν(z) = ν(w) = 2

z Z[
√
3 i] ν(z) = 2

a2+3b2 = 2
1−

√
3 i 1+

√
3 i

1−
√
3 i 1 +

√
3 i

R
a ∈ R ⟨a⟩ = {ra : r ∈ R}

D a, b ∈ D

a | b ⟨b⟩ ⊂ ⟨a⟩

a b ⟨b⟩ = ⟨a⟩

a D ⟨a⟩ = D

a | b b = ax x ∈ D r D
br = (ax)r = a(xr) ⟨b⟩ ⊂ ⟨a⟩ ⟨b⟩ ⊂ ⟨a⟩ b ∈ ⟨a⟩

b = ax x ∈ D a | b
a b u a = ub

b | a ⟨a⟩ ⊂ ⟨b⟩ ⟨b⟩ ⊂ ⟨a⟩ ⟨a⟩ = ⟨b⟩
⟨a⟩ = ⟨b⟩ a | b b | a a = bx b = ay x, y ∈ D



a = bx = ayx D xy = 1 x y
a b

a ∈ D a a
⟨a⟩ = ⟨1⟩ = D

D ⟨p⟩ D ⟨p⟩
p

⟨p⟩ a D p
⟨p⟩ ⊂ ⟨a⟩ ⟨p⟩ D = ⟨a⟩ ⟨p⟩ = ⟨a⟩ a p

a p
p ⟨a⟩ D ⟨p⟩ ⊂ ⟨a⟩ ⊂ D

a | p p a a p
D = ⟨a⟩ ⟨p⟩ = ⟨a⟩ ⟨p⟩

D p p

p p | ab ⟨ab⟩ ⊂ ⟨p⟩
⟨p⟩ ⟨p⟩ a ∈ ⟨p⟩ b ∈ ⟨p⟩

p | a p | b

D I1, I2, . . . I1 ⊂ I2 ⊂ · · ·
N In = IN n ≥ N

I =
⋃∞

i=1 Ii D I I1 ⊂ I
0 ∈ I a, b ∈ I a ∈ Ii b ∈ Ij i j N

i ≤ j a b Ij a − b
Ij r ∈ D a ∈ I a ∈ Ii i
Ii ra ∈ Ii I I

D
D a ∈ D I

a IN N ∈ N IN = I = ⟨a⟩ In = IN
n ≥ N

D a D
a

a = a1b1 a1 b1 ⟨a⟩ ⊂ ⟨a1⟩
⟨a⟩ ̸= ⟨a1⟩ a a1 b1

a1 = a2b2 a2 b2
⟨a1⟩ ⊂ ⟨a2⟩

⟨a⟩ ⊂ ⟨a1⟩ ⊂ ⟨a2⟩ ⊂ · · · .



N ⟨an⟩ = ⟨aN ⟩ n ≥ N
aN a

a = c1p1 p1 c1
⟨a⟩ ⊂ ⟨c1⟩ c1 c1 = c2p2

p2 c2

⟨a⟩ ⊂ ⟨c1⟩ ⊂ ⟨c2⟩ ⊂ · · · .

a = p1p2 · · · pr

p1, . . . , pr

a = p1p2 · · · pr = q1q2 · · · qs,

pi qi
r < s p1 q1q2 · · · qs qi

qi p1 | q1 q1 = u1p1 u1 D

a = p1p2 · · · pr = u1p1q2 · · · qs

p2 · · · pr = u1q2 · · · qs.

qi p2 = q2, p3 = q3, . . . , pr = qr

u1u2 · · ·urqr+1 · · · qs = 1.

qr+1 · · · qs qr+1, . . . , qs
r = s a

F F [x]

Z[x] Z[x]
I = {5f(x) + xg(x) : f(x), g(x) ∈ Z[x]} I Z[x]

I = ⟨p(x)⟩ 5 ∈ I 5 = f(x)p(x) p(x) = p
x ∈ I x = pg(x) p = ±1

⟨p(x)⟩ = Z[x] I
3 = 5f(x) + xg(x) f(x) g(x) Z[x]

3 = 5f(x)

Z
F [x] F

D a ∈ D
ν(a)

a b D ν(a) ≤ ν(ab)



a, b ∈ D b ̸= 0 q, r ∈ D
a = bq + r r = 0 ν(r) < ν(b)

D ν

Z

F F [x]

Z[i] = {a+ bi : a, b ∈ Z}.

a + bi |a + bi| =√
a2 + b2

√
a2 + b2 ν(a+bi) =

a2 + b2

ν(a + bi) = a2 + b2 Z[i] z, w ∈ Z[i]
ν(zw) = |zw|2 = |z|2|w|2 = ν(z)ν(w) ν(z) ≥ 1 z ∈ Z[i]

ν(z) ≤ ν(z)ν(w)
z = a + bi w = c + di Z[i] w ̸= 0

q r Z[i] z = qw + r r = 0 ν(r) < ν(w)
z w Q(i) = {p + qi : p, q ∈ Q} Z[i]

zw−1 = (a+ bi)
c− di

c2 + d2

=
ac+ bd

c2 + d2
+

bc− ad

c2 + d2
i

=

(
m1 +

n1

c2 + d2

)
+

(
m2 +

n2

c2 + d2

)
i

= (m1 +m2i) +

(
n1

c2 + d2
+

n2

c2 + d2
i

)

= (m1 +m2i) + (s+ ti)

Q(i)
mi

|ni/(a2 + b2)| ≤ 1/2

9

8
= 1 +

1

8
15

8
= 2− 1

8
.

s t zw−1 = (m1 + m2i) + (s + ti)
s2 + t2 ≤ 1/4 + 1/4 = 1/2 w

z = zw−1w = w(m1 +m2i) + w(s+ ti) = qw + r,

q = m1 + m2i r = w(s + ti) z qw Z[i] r Z[i]
r = 0 ν(r) < ν(w)

ν(r) = ν(w)ν(s+ ti) ≤ 1

2
ν(w) < ν(w).



D ν D
I D b ∈ I ν(b)

a ∈ I D q r D
a = bq + r r = 0 ν(r) < ν(b) r = a − bq I I

r = 0 b a = bq I = ⟨b⟩

D[x]

Z[x]
Z[x]

D

p(x) = anx
n + · · ·+ a1x+ a0

D[x] p(x) a0, . . . , an
p(x) (a0, . . . , an) = 1

Z[x] p(x) = 5x4−3x3+x−4
q(x) =

4x2 − 6x+ 8 q(x)

D f(x) g(x)
D[x] f(x)g(x)

f(x) =
∑m

i=0 aix
i g(x) =

∑n
i=0 bix

i p
f(x)g(x) r p ̸ |ar s

p ̸ |bs xr+s f(x)g(x)

cr+s = a0br+s + a1br+s−1 + · · ·+ ar+s−1b1 + ar+sb0.

p a0, . . . , ar−1 b0, . . . , bs−1 p cr+s

arbs p | cr+s p ar p bs

D p(x) q(x) D[x]
p(x)q(x) p(x) q(x)

p(x) = cp1(x) q(x) = dq1(x) c d p(x)
q(x) p1(x) q1(x) p(x)q(x) =

cdp1(x)q1(x) p1(x)q1(x) p(x)q(x) cd

D F p(x) ∈ D[x]
p(x) = f(x)g(x) f(x) g(x) F [x] p(x) = f1(x)g1(x) f1(x)

g1(x) D[x] f(x) = f1(x) g(x) = g1(x)



a b D af(x), bg(x) D[x]
a1, b2 ∈ D af(x) = a1f1(x) bg(x) = b1g1(x) f1(x) g1(x)

D[x] abp(x) = (a1f1(x))(b1g1(x)) f1(x)
g1(x) ab | a1b1

c ∈ D p(x) = cf1(x)g1(x) f(x) = f1(x)
g(x) = g1(x)

D F
p(x) D[x] F [x] D[x]

D F p(x)
D[x] p(x) = f(x)g(x) F [x] p(x) = f1(x)g1(x) f1(x) g1(x)
D[x] f(x) = f1(x) g(x) = g1(x)

D D[x]

p(x) D[x] p(x)
D p(x)

D[x] F D
p(x) = f1(x)f2(x) · · · fn(x) p(x) fi(x)
ai ∈ D aifi(x) D[x] b1, . . . , bn ∈ D aifi(x) = bigi(x)

gi(x) D[x] gi(x)
D[x]

a1 · · · anp(x) = b1 · · · bng1(x) · · · gn(x).

b = b1 · · · bn g1(x) · · · gn(x) a1 · · · an b p(x) =
ag1(x) · · · gn(x) a ∈ D D a uc1 · · · ck u

ci D

p(x) = a1 · · · amf1(x) · · · fn(x) = b1 · · · brg1(x) · · · gs(x)

p(x) D[x]
fi gi F [x] ai bi

F F [x] n = s gi(x)
fi(x) gi(x) i = 1, . . . , n c1, . . . , cn d1, . . . , dn
D (ci/di)fi(x) = gi(x) cifi(x) = digi(x) fi(x) gi(x)

ci di D a1 · · · am = ub1 · · · br D u
D D m = s

bi ai bi i

F F [x]

Z[x]
D D[x1, . . . , xn]

Z[x]



n
N = 22

n
+ 1 N

i
√
−1

z = a+ b
√
3 i Z[

√
3 i] a2 + 3b2 = 1 z

Z[
√
3 i] −1

Z[i] Z[i]



1 + 3i

6 + 8i

D

FD

FD

FD

F

D D
D

F F
Q

F

F [x] F (x)
p(x)/q(x) q(x)

p(x1, . . . , xn) q(x1, . . . , xn) F [x1, . . . , xn]
p(x1, . . . , xn)/q(x1, . . . , xn)

F [x1, . . . , xn] F [x1, . . . , xn]
F (x1, . . . , xn)

p Zp[x] Zp(x) Zp(x)
p

Z[i]

Q(i) = {p+ qi : p, q ∈ Q}.

F E F
E E F

F F
Q

F p F
Zp

Z[
√
2 ] = {a+ b

√
2 : a, b ∈ Z}

Z[
√
2 ]

Z[
√
2 ]

Z[
√
2 ]

Z[
√
2i] ν(a+b

√
2 i) =

a2 + 2b2



D d ∈ D a b
D d | a d | b d a b

D a b D
a b d d′

a b d d′ (a, b)
a b

D a b D
s t D (a, b) = as+ bt

D D a ∼ b a b
D ∼ D

D ν u D
ν(u) = ν(1)

D ν a b
D ν(a) = ν(b)

Z[
√
5 i]

R
a1, . . . , an R r ∈ R a1r1 + · · ·+ anrn
r1, . . . , rn R R

R

D I1 ⊃ I2 ⊃ I3 ⊃ · · ·
N Ik = IN k ≥ N

D

R R
S 1 ∈ S ab ∈ S a, b ∈ S

∼ R × S (a, s) ∼ (a′, s′) s∗ ∈ S
s∗(s′a− sa′) = 0 ∼ R× S

a/s (a, s) ∈ R × S S−1R
∼

S−1R

a

s
+

b

t
=

at+ bs

st
a

s

b

t
=

ab

st
,

S−1R S−1R
S−1R

R S

ψ : R → S−1R ψ(a) = a/1



R 0 /∈ S ψ

P R S = R \ P
R

P R S = R \ P S−1R
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N Z Q R

X X × X P X
X

(a, a) ∈ P a ∈ X

(a, b) ∈ P (b, a) ∈ P a = b

(a, b) ∈ P (b, c) ∈ P (a, c) ∈ P

a ≼ b (a, b) ∈ P
a ≤ b a b A ⊆ B

A B X ≼

a ≤ b
a b Z

X X
X X P(X) X = {a, b, c}

P(X) {a, b, c}

∅ {a} {b} {c}
{a, b} {a, c} {b, c} {a, b, c}.

X ⊆
{a, b, c}



{a, b, c}

{a, b} {a, c} {b, c}

{a} {b} {c}

∅

P({a, b, c})

G G

N a ≼ b a | b a | a
a ∈ N m | n n | m m = n

m | n n | p m | p

X = {1, 2, 3, 4, 6, 8, 12, 24}
X

Y X u X Y a ≼ u
a ∈ Y u Y u ≼ v

v Y u Y l
X Y l ≼ a a ∈ Y l Y

k ≼ l k Y l
Y

Y = {2, 3, 4, 6} X Y

Y X Y
Y Y Y



u1 u2 Y
u1 ≼ u u Y u1 ≼ u2 u2 ≼ u1

u1 = u2

L
L

a, b ∈ L a b a ∨ b
a, b ∈ L a b a ∧ b

X X P(X)
A B P(X) A B A∪B A∪B

A B A ⊆ A∪B B ⊆ A∪B C
A B C A ∪B A ∪B A B

A B A ∩B

G X G
X ⊆ G

H K G H K H ∩K
H ∪K G

H K H ∪K

(A ∪B)′ A′ ∩B′

≼ ≽ ∨ ∧

L ∨ ∧
a, b, c ∈ L

a ∨ b = b ∨ a a ∧ b = b ∧ a

a ∨ (b ∨ c) = (a ∨ b) ∨ c a ∧ (b ∧ c) = (a ∧ b) ∧ c

a ∨ a = a a ∧ a = a

a ∨ (a ∧ b) = a a ∧ (a ∨ b) = a

a ∨ b {a, b} b ∨ a
{b, a} {a, b} = {b, a}

a∨ (b∨ c) (a∨ b)∨ c {a, b, c}
d = a ∨ b c ≼ d ∨ c = (a ∨ b) ∨ c

a ≼ a ∨ b = d ≼ d ∨ c = (a ∨ b) ∨ c.

b ≼ (a ∨ b) ∨ c (a ∨ b) ∨ c
{a, b, c} (a∨ b)∨ c {a, b, c}



u {a, b, c} a ≼ u b ≼ u d = a ∨ b ≼ u
c ≼ u (a ∨ b) ∨ c = d ∨ c ≼ u (a ∨ b) ∨ c

{a, b, c} a ∨ (b ∨ c)
{a, b, c} a ∨ (b ∨ c) = (a ∨ b) ∨ c

a a {a} a ∨ a = a
d = a ∧ b a ≼ a ∨ d d = a ∧ b ≼ a a ∨ d ≼ a
a ∨ (a ∧ b) = a

L ∨ ∧

L ∨ ∧

L a ≼ b a ∨ b = b L ≼
a, b ∈ L a b a ∨ b
a ∧ b

L ≼ a∨ a = a a ≼ a ≼
≼ a ≼ b b ≼ a a∨ b = b b∨ a = a

b = a ∨ b = b ∨ a = a ≼
a ≼ b b ≼ c a ∨ b = b b ∨ c = c

a ∨ c = a ∨ (b ∨ c) = (a ∨ b) ∨ c = b ∨ c = c,

a ≼ c
L a∨ b a∧ b

a b a = (a ∨ b) ∧ a = a ∧ (a ∨ b)
a ≼ a ∨ b b ≼ a ∨ b a ∨ b a b u

a b a ≼ u b ≼ u a ∨ b ≼ u

(a ∨ b) ∨ u = a ∨ (b ∨ u) = a ∨ u = u.

a ∧ b a b

P(X) X

P(X) X ∅ A
P(X) A ∩X = A A ∪ ∅ = A

I X a ≼ I a ∈ X
O X O ≼ a a ∈ X
A P(X) A

A′ = X \A = {x : x ∈ X x /∈ A}.

A ∪ A′ = X A ∩ A′ = ∅
L I O

a ∈ X a′ a ∨ a′ = I a ∧ a′ = O



L ∨ ∧

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c);

P(X)

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

A,B,C ∈ P(X) L

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

a, b, c ∈ L

L

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)

a, b, c ∈ L

L

a ∨ (b ∧ c) = [a ∨ (a ∧ c)] ∨ (b ∧ c)

= a ∨ [(a ∧ c) ∨ (b ∧ c)]

= a ∨ [(c ∧ a) ∨ (c ∧ b)]

= a ∨ [c ∧ (a ∨ b)]

= a ∨ [(a ∨ b) ∧ c]

= [(a ∨ b) ∧ a] ∨ [(a ∨ b) ∧ c]

= (a ∨ b) ∧ (a ∨ c).

B I
O B X P(X)

∨ ∧

B
∨ ∧ B

a ∨ b = b ∨ a a ∧ b = b ∧ a a, b ∈ B

a ∨ (b ∨ c) = (a ∨ b) ∨ c a ∧ (b ∧ c) = (a ∧ b) ∧ c a, b, c ∈ B

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c) a, b, c ∈ B

I O a ∨O = a a ∧ I = a a ∈ B

a ∈ B a′ ∈ B a ∨ a′ = I a ∧ a′ = O



B

a = a ∨O

= a ∨ (a ∧ a′)

= (a ∨ a) ∧ (a ∨ a′)

= (a ∨ a) ∧ I

= a ∨ a.

I ∨ b = (I ∨ b) ∧ I = (I ∧ I) ∨ (b ∧ I) = I ∨ I = I.

a ∨ (a ∧ b) = (a ∧ I) ∨ (a ∧ b)

= a ∧ (I ∨ b)

= a ∧ I

= a.

B
B

B
a ∈ B O ∨ a = a O ≼ a O B

I B a ∨ b = b a ∧ b = a
a ∨ I = a a ∈ B

a ∨ I = (a ∧ I) ∨ I = I ∨ (I ∧ a) = I

a ≼ I a B B B

B I O
B a ∨ b a ∧ b

{a, b} B

B

a ∨ I = I a ∧O = O a ∈ B

a ∨ b = a ∨ c a ∧ b = a ∧ c a, b, c ∈ B b = c

a ∨ b = I a ∧ b = O b = a′

(a′)′ = a a ∈ B

I ′ = O O′ = I

(a ∨ b)′ = a′ ∧ b′ (a ∧ b)′ = a′ ∨ b′



a ∨ b =
a ∨ c a ∧ b = a ∧ c

b = b ∨ (b ∧ a)

= b ∨ (a ∧ b)

= b ∨ (a ∧ c)

= (b ∨ a) ∧ (b ∨ c)

= (a ∨ b) ∧ (b ∨ c)

= (a ∨ c) ∧ (b ∨ c)

= (c ∨ a) ∧ (c ∨ b)

= c ∨ (a ∧ b)

= c ∨ (a ∧ c)

= c ∨ (c ∧ a)

= c.

B C φ : B → C

φ(a ∨ b) = φ(a) ∨ φ(b)
φ(a ∧ b) = φ(a) ∧ φ(b)

a b B

X
B

a ∈ B B a ̸= O a ∧ b = a b ∈ B a
B b ∈ B a O ≼ b ≼ a

B b B
a B a ≼ b

b a = b b1 O b
b1 ≼ b b b1

b2 O b1 b2 ≼ b1
b2 a = b2

O ≼ · · · ≼ b3 ≼ b2 ≼ b1 ≼ b.

B k bk
a = bk

a b B a ̸= b
a ∧ b = O



a∧ b a b a∧ b ≼ a
a ∧ b = a a ∧ b = O a ∧ b = a a ≼ b a = O

a b a ∧ b = O

B a, b ∈ B

a ≼ b

a ∧ b′ = O

a′ ∨ b = I

⇒ a ≼ b a ∨ b = b

a ∧ b′ = a ∧ (a ∨ b)′

= a ∧ (a′ ∧ b′)

= (a ∧ a′) ∧ b′

= O ∧ b′

= O.

⇒ a ∧ b′ = O a′ ∨ b = (a ∧ b′)′ = O′ = I
⇒ a′ ∨ b = I

a = a ∧ (a′ ∨ b)

= (a ∧ a′) ∨ (a ∧ b)

= O ∨ (a ∧ b)

= a ∧ b.

a ≼ b

B b c B b ̸≼ c
a ∈ B a ≼ b a ̸≼ c

b ∧ c′ ̸= O a a ≼ b ∧ c′

a ≼ b a ̸≼ c

b ∈ B a1, . . . , an B ai ≼ b
b = a1 ∨ · · · ∨ an a, a1, . . . , an B a ≼ b ai ≼ b
b = a ∨ a1 ∨ · · · ∨ an a = ai i = 1, . . . , n

b1 = a1∨ · · ·∨an ai ≼ b i b1 ≼ b
b ≼ b1 b ̸≼ b1

a a ≼ b a ̸≼ b1 a a ≼ b
a = ai ai a ≼ b1 b ≼ b1

b = a1 ∨ · · · ∨ an a b

a = a ∧ b = a ∧ (a1 ∨ · · · ∨ an) = (a ∧ a1) ∨ · · · ∨ (a ∧ an).

O a a ∧ ai ai
a = ai i



B X
B P(X)

B P(X) X B
a ∈ B a a = a1 ∨ · · · ∨ an a1, . . . , an ∈ X

φ : B → P(X)

φ(a) = φ(a1 ∨ · · · ∨ an) = {a1, . . . , an}.

φ
a = a1 ∨ · · ·∨ an b = b1 ∨ · · ·∨ bm B ai

bi φ(a) = φ(b) {a1, . . . , an} = {b1, . . . , bm} a = b φ

a b φ

φ(a ∨ b) = φ(a1 ∨ · · · ∨ an ∨ b1 ∨ · · · ∨ bm)

= {a1, . . . , an, b1, . . . , bm}
= {a1, . . . , an} ∪ {b1, . . . , bm}
= φ(a1 ∨ · · · ∨ an) ∪ φ(b1 ∧ · · · ∨ bm)

= φ(a) ∪ φ(b).

φ(a ∧ b) = φ(a) ∩ φ(b)

2n

n

a

a
b

A B
a b a ∧ b
a b

A B
a b a ∨ b



A a b B

a ∧ b

A

a

b

B

a ∨ b

a∧b b∧a

∨ ∧
a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

a a′ a
a I
O a∧ a′ = O a∨ a′ = I

a

b

c

a b

a c

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

a a′

a

a′

a ∧ a′ = O a ∨ a′ = I

(a∨ b)∧ (a∨ b′)∧ (a∨ b)



(a ∨ b) ∧ (a ∨ b′) ∧ (a ∨ b) = (a ∨ b) ∧ (a ∨ b) ∧ (a ∨ b′)

= (a ∨ b) ∧ (a ∨ b′)

= a ∨ (b ∧ b′)

= a ∨O

= a,

a

a

b

a

b′

a

b

(a ∨ b) ∧ (a ∨ b′) ∧ (a ∨ b)



X = {a, b, c, d}
⊆

Z12

B B
a ≼ b a | b B X B

P(X)

Z a ≼ b a | b

(a ∨ b ∨ a′) ∧ a

(a ∨ b)′ ∧ (a ∨ b)

a ∨ (a ∧ b)

(c ∨ a ∨ b) ∧ c′ ∧ (a ∨ b)′

a b c

a b c

a′ b

a c′

a

a

b

c′

X n P(X) = 2n

2n n ∈ N



a b c

a′ b′ c

a b′ c′

a a b

a′

b a′ b

a′

a b′

b

a ≼ b
a | b

L ∨ ∧
L

a ≼ b a ∨ b = b a b
a ∧ b

G X G
H K G H K

H ∪K

R X R X
⊆ I J X I ∩ J

I J I + J R

B

a ∨ I = I a ∧O = O a ∈ B

a ∨ b = I a ∧ b = O b = a′

(a′)′ = a a ∈ B

I ′ = O O′ = I

(a ∨ b)′ = a′ ∧ b′ (a ∧ b)′ = a′ ∨ b′

B + · B

a+ b = (a ∧ b′) ∨ (a′ ∧ b)

a · b = a ∧ b.

B a2 = a a ∈ B



X a b X a ≼ b b ≼ a X

a | b N
N Z Q R ≤

X Y φ : X → Y a ≼ b
φ(a) ≼ φ(b) L M ψ : L → M
ψ(a∨ b) = ψ(a)∨ψ(b) ψ(a∧ b) = ψ(a)∧ψ(b)

B a = b (a ∧ b′) ∨ (a′ ∧ b) = O
a, b ∈ B

B a = 0 (a ∧ b′) ∨ (a′ ∧ b) = b
b ∈ B

L M L×M (a, b) ≼ (c, d) a ≼ c
b ≼ d L×M

n f : {O, I}n → {0, I}

x1, . . . , xn O I
∨ ∧ ′

x y x′ x ∨ y x ∧ y
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x y z

n

V F α · v αv
α ∈ F v ∈ V

α(βv) = (αβ)v

(α+ β)v = αv + βv

α(u+ v) = αu+ αv

1v = v

α,β ∈ F u, v ∈ V
V F

n Rn R
u = (u1, . . . , un) v = (v1, . . . , vn) Rn α R

u+ v = (u1, . . . , un) + (v1, . . . , vn) = (u1 + v1, . . . , un + vn)

αu = α(u1, . . . , un) = (αu1, . . . ,αun).



F F [x] F F [x]
α ∈ F

p(x) ∈ F [x] αp(x)

[a, b]
R f(x) g(x) [a, b] (f + g)(x)

f(x) + g(x) (αf)(x) = αf(x) α ∈ R
f(x) = x g(x) = x2 (2f + 5g)(x) = 2 x+ 5x2

V = Q(
√
2 ) = {a + b

√
2 : a, b ∈ Q} V

Q u = a+ b
√
2 v = c+ d

√
2 u+ v = (a+ c) + (b+ d)

√
2 V

α ∈ Q αv V
V

V F

0v = v ∈ V

α = α ∈ F

αv = α = 0 v =

(−1)v = −v v ∈ V

−(αv) = (−α)v = α(−v) α ∈ F v ∈ V

0v = (0 + 0)v = 0v + 0v;

+ 0v = 0v + 0v V = 0v
α = 0

α ̸= 0 αv = 1/α v =

v + (−1)v = 1v + (−1)v = (1− 1)v = 0v = ,

−v = (−1)v

V F W V W
V u, v ∈ W

α ∈ F u+ v αv W

W R3 W = {(x1, 2x1 + x2, x1 − x2) :
x1, x2 ∈ R} W R3

α(x1, 2x1 + x2, x1 − x2) = (αx1,α(2x1 + x2),α(x1 − x2))

= (αx1, 2(αx1) + αx2,αx1 − αx2),

W W
u = (x1, 2x1 + x2, x1 − x2) v = (y1, 2y1 + y2, y1 − y2) W

u+ v = (x1 + y1, 2(x1 + y1) + (x2 + y2), (x1 + y1)− (x2 + y2)).



W F [x]
p(x) q(x) p(x)+ q(x) αp(x) ∈ W
α ∈ F p(x) ∈ W

V F v1, v2, . . . , vn
V α1,α2, . . . ,αn F w V

w =
n∑

i=1

αivi = α1v1 + α2v2 + · · ·+ αnvn

v1, v2, . . . , vn
v1, v2, . . . , vn

v1, v2, . . . , vn W v1, v2, . . . , vn W
v1, v2, . . . , vn

S = {v1, v2, . . . , vn} V
S V

u v S
vi

u = α1v1 + α2v2 + · · ·+ αnvn

v = β1v1 + β2v2 + · · ·+ βnvn.

u+ v = (α1 + β1)v1 + (α2 + β2)v2 + · · ·+ (αn + βn)vn

vi α ∈ F

αu = (αα1)v1 + (αα2)v2 + · · ·+ (ααn)vn

S

S = {v1, v2, . . . , vn} V
α1,α2 . . .αn ∈ F αi

α1v1 + α2v2 + · · ·+ αnvn = ,

S S
S

α1v1 + α2v2 + · · ·+ αnvn =

α1 = α2 = · · · = αn = 0

{α1,α2 . . .αn}

{v1, v2, . . . , vn}

v = α1v1 + α2v2 + · · ·+ αnvn = β1v1 + β2v2 + · · ·+ βnvn.

α1 = β1,α2 = β2, . . . ,αn = βn



v = α1v1 + α2v2 + · · ·+ αnvn = β1v1 + β2v2 + · · ·+ βnvn,

(α1 − β1)v1 + (α2 − β2)v2 + · · ·+ (αn − βn)vn = .

v1, . . . , vn αi − βi = 0 i = 1, . . . , n

{v1, v2, . . . , vn} V
vi

{v1, v2, . . . , vn}
α1, . . . ,αn

α1v1 + α2v2 + · · ·+ αnvn = ,

αi αk ̸= 0

vk = −α1

αk
v1 − · · ·− αk−1

αk
vk−1 −

αk+1

αk
vk+1 − · · ·− αn

αk
vn.

vk = β1v1 + · · ·+ βk−1vk−1 + βk+1vk+1 + · · ·+ βnvn.

β1v1 + · · ·+ βk−1vk−1 − vk + βk+1vk+1 + · · ·+ βnvn = .

V n m > n
m V

{e1, e2, . . . , en} V V {e1, e2, . . . , en}
V

e1 = (1, 0, 0) e2 = (0, 1, 0) e3 = (0, 0, 1)
R3 R3 (x1, x2, x3) R3

x1e1 + x2e2 + x3e3 e1, e2, e3
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√
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√
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{e1, e2, . . . , em} {f1, f2, . . . , fn}
V m = n

{e1, e2, . . . , em}
n ≤ m {f1, f2, . . . , fn}

m ≤ n m = n

{e1, e2, . . . , en} V
V n V = n

V n

S = {v1, . . . , vn} V S
V

S = {v1, . . . , vn} V S V

S = {v1, . . . , vk} V k < n
vk+1, . . . , vn

{v1, . . . , vk, vk+1, . . . , vn}
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√
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√
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√
3 ) Q

Q(
√
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R

Pn n
F [x] Pn Pn

F n F Fn u = (u1, . . . , un)
v = (v1, . . . , vn) Fn α F

u+ v = (u1, . . . , un) + (v1, . . . , vn) = (u1 + v1, . . . , un + vn)



αu = α(u1, . . . , un) = (αu1, . . . ,αun).

Fn n

R3

{(x1, x2, x3) : 3x1 − 2x2 + x3 = 0}
{(x1, x2, x3) : 3x1 + 4x3 = 0, 2x1 − x2 + x3 = 0}
{(x1, x2, x3) : x1 − 2x2 + 2x3 = 2}
{(x1, x2, x3) : 3x1 − 2x22 = 0}

(x, y, z) ∈ R3

Ax+By + Cz = 0

Dx+ Ey + Cz = 0

R3

W [0, 1] f(0) = 0 W
C[0, 1]

V F −(αv) = (−α)v = α(−v) α ∈ F
v ∈ V

V n

S = {v1, . . . , vn} V S
V

S = {v1, . . . , vn} V S V

S = {v1, . . . , vk} V k < n
vk+1, . . . , vn

{v1, . . . , vk, vk+1, . . . , vn}

V

V { } V

V n m V
m > n

V W F
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T (u+ v) = T (u) + T (v)

T (αv) = αT (v)

α ∈ F u, v ∈ V T V W



T (T ) = {v ∈ V : T (v) = } V
T T

T R(V ) = {w ∈ W : T (v) = w v ∈
V } W

T : V → W (T ) = { }
{v1, . . . , vk} T

{v1, . . . , vk, vk+1, . . . , vm} V {T (vk+1), . . . , T (vm)}
T T m− k

V = W T : V → W

V W n F
T : V → W {v1, . . . , vn} V

{T (v1), . . . , T (vn)} W F
n Fn

U V W U V
U + V u + v u ∈ U

v ∈ V

U + V U ∩ V W

U + V = W U ∩ V = W
W = U ⊕ V w ∈ W

w = u+ v u ∈ U v ∈ V

U k W n
V n − k W = U ⊕ V

V

U V W

(U + V ) = U + V − (U ∩ V ).

V W F

V W (V,W )
F

(S + T )(v) = S(v) + T (v)

(αS)(v) = αS(v),

S, T ∈ (V,W ) α ∈ F v ∈ V

V F V V ∗ = (V, F )
V v1, . . . , vn

V v = α1v1 + · · · + αnvn V
φi : V → F φi(v) = αi φi V ∗

v1, . . . , vn

{(3, 1), (2,−2)} R2 (R2)∗

V n F V ∗∗

V ∗ v ∈ V λv V ∗∗

v -→ λv V V ∗∗
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F p(x) ∈ F [x]
E F p(x)

E[x]

p(x) = x4 − 5x2 + 6

Q[x] p(x) (x2− 2)(x2− 3)
Q[x] p(x)

p(x) = (x−
√
2)(x+

√
2)(x−

√
3)(x+

√
3).

p(x)

Q(
√
2) = {a+ b

√
2 : a, b ∈ Q}.

F

E F F E F
F ⊂ E

F = Q(
√
2 ) = {a+ b

√
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E = Q(
√
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√
3 ) Q

√
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√
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E F E
F

√
2 E

√
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√
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√
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√
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√
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√
2 E

√
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√
3√

3−
√
2

√
2

√
3 E

p(x) = x2 + x + 1 ∈ Z2[x]
p(x) Z2

Z2 α p(α) = 0 ⟨p(x)⟩



p(x) Z2[x]/⟨p(x)⟩ f(x) + ⟨p(x)⟩
Z2[x]/⟨p(x)⟩

f(x) = (x2 + x+ 1)q(x) + r(x),

r(x) x2 + x+ 1

f(x) + ⟨x2 + x+ 1⟩ = r(x) + ⟨x2 + x+ 1⟩.

r(x) 0 1 x 1+x E = Z2[x]/⟨x2+x+1⟩
Z2 α p(x)

Z2(α)

0 + 0α = 0

1 + 0α = 1

0 + 1α = α

1 + 1α = 1 + α.

α2 + α+ 1 = 0 (1 + α)2

(1 + α)(1 + α) = 1 + α+ α+ (α)2 = α.

E

+ 0 1 α 1 + α

0 0 1 α 1 + α
1 1 0 1 + α α
α α 1 + α 0 1

1 + α 1 + α α 1 0

Z2(α)

· 0 1 α 1 + α

0 0 0 0 0
1 0 1 α 1 + α
α 0 α 1 + α 1

1 + α 0 1 + α 1 α

Z2(α)

F p(x) F [x]
E F α ∈ E p(α) = 0



p(x)
E F α p(α) = 0 ⟨p(x)⟩

p(x) F [x] F [x]/⟨p(x)⟩
E = F [x]/⟨p(x)⟩

E F
ψ : F → F [x]/⟨p(x)⟩ ψ(a) = a+ ⟨p(x)⟩ a ∈ F

ψ

ψ(a) + ψ(b) = (a+ ⟨p(x)⟩) + (b+ ⟨p(x)⟩) = (a+ b) + ⟨p(x)⟩ = ψ(a+ b)

ψ(a)ψ(b) = (a+ ⟨p(x)⟩)(b+ ⟨p(x)⟩) = ab+ ⟨p(x)⟩ = ψ(ab).

ψ

a+ ⟨p(x)⟩ = ψ(a) = ψ(b) = b+ ⟨p(x)⟩.

a−b p(x) ⟨p(x)⟩ p(x)
a − b = 0 a = b ψ

ψ F {a + ⟨p(x)⟩ : a ∈ F} E
E F

p(x) α ∈ E α = x+ ⟨p(x)⟩ α
E p(x) = a0 + a1x+ · · ·+ anxn

p(α) = a0 + a1(x+ ⟨p(x)⟩) + · · ·+ an(x+ ⟨p(x)⟩)n

= a0 + (a1x+ ⟨p(x)⟩) + · · ·+ (anx
n + ⟨p(x)⟩)

= a0 + a1x+ · · ·+ anx
n + ⟨p(x)⟩

= 0 + ⟨p(x)⟩.

α ∈ E = F [x]/⟨p(x)⟩ α p(x)

p(x) = x5+x4+1 ∈ Z2[x] p(x) x2+x+1
x3 + x+ 1 E Z2 p(x) E E

Z2[x]/⟨x2 + x+ 1⟩ Z2[x]/⟨x3 + x+ 1⟩
Z2[x]/⟨x3 + x+ 1⟩ 23 = 8

α E F F f(α) = 0
f(x) ∈ F [x] E F

F E F F
E F E F α1, . . . ,αn E

F α1, . . . ,αn F (α1, . . . ,αn) E = F (α)
α ∈ E E F

√
2 i Q

x2−2 x2+1 π e
Q R

Q Q

π + e

R
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C Q

√
2 +

√
3 Q α =

√
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√
3

α2 = 2 +
√
3 α2 − 2 =

√
3 (α2 − 2)2 = 3 α4 − 4α2 + 1 = 0

α x4 − 4x2 + 1 ∈ Q[x]

E F E
F

E F α ∈ E α
F F (α) F (x) F [x]

φα : F [x] → E α α
F φα(p(x)) = p(α) ̸= 0 p(x) ∈ F [x]

φα = {0} φα
E F [x] F [x]
F (x) E

E F α ∈ E α
F p(x) ∈ F [x]

p(α) = 0 f(x) F [x] f(α) = 0 p(x)
f(x)

φα : F [x] → E φα
p(x) ∈ F [x] p(x) ≥ 1

F [x] α ⟨p(x)⟩
F [x] α f(α) = 0 f(x)

f(x) ∈ ⟨p(x)⟩ p(x) f(x) p(x)
α α

βp(x) β ∈ F
p(x) = r(x)s(x) p(x)

p(α) = 0 r(α)s(α) = 0 r(α) = 0 s(α) = 0
p p(x)

E F α ∈ E F
p(x) α F

p(x) α F

f(x) = x2 − 2 g(x) = x4 − 4x2 + 1√
2

√
2 +

√
3

E F α ∈ E F
F (α) ∼= F [x]/⟨p(x)⟩ p(x) α F

φα : F [x] → E
⟨p(x)⟩ p(x) α

φα E F (α) F α



E = F (α) F α ∈ E
F α F n β ∈ E

β = b0 + b1α+ · · ·+ bn−1α
n−1

bi ∈ F

φα(F [x]) ∼= F (α) E = F (α) φα(f(x)) =
f(α) f(α) α F

p(x) = xn + an−1x
n−1 + · · ·+ a0

α p(α) = 0

αn = −an−1α
n−1 − · · ·− a0.

αn+1 = ααn

= −an−1α
n − an−2α

n−1 − · · ·− a0α

= −an−1(−an−1α
n−1 − · · ·− a0)− an−2α

n−1 − · · ·− a0α.

αm m ≥ n
α n β ∈ F (α)

β = b0 + b1α+ · · ·+ bn−1α
n−1.

β = b0 + b1α+ · · ·+ bn−1α
n−1 = c0 + c1α+ · · ·+ cn−1α

n−1

bi ci F

g(x) = (b0 − c0) + (b1 − c1)x+ · · ·+ (bn−1 − cn−1)x
n−1

F [x] g(α) = 0 g(x) p(x)
α g(x)

b0 − c0 = b1 − c1 = · · · = bn−1 − cn−1 = 0,

bi = ci i = 0, 1, . . . , n− 1

x2+1 R ⟨x2+1⟩ R[x]
E = R[x]/⟨x2+1⟩ R x2+1 α = x+⟨x2+1⟩

E E
R(α) = {a+ bα : a, b ∈ R} α2 = −1 E

α2 + 1 = (x+ ⟨x2 + 1⟩)2 + (1 + ⟨x2 + 1⟩)
= (x2 + 1) + ⟨x2 + 1⟩
= 0.

R(α) C a + bα
a+ bi



E F E F

E F
E

E F
E F F

E = F (α) F
{1,α,α2, . . . ,αn−1}

E F F
n E n F

[E : F ] = n.

E F

E F

α ∈ E [E : F ] = n

1,α, . . . ,αn
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n + an−1α

n−1 + · · ·+ a1α+ a0 = 0.

p(x) = anx
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∑

i,j

aij(αiβj).

mn αiβj K F



{αiβj}
v1, v2, . . . , vn V
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j
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Fk F1

[Fk : F1] = [Fk : Fk−1] · · · [F2 : F1].

E F α ∈ E F
p(x) β ∈ F (α) q(x) q(x)

p(x)

p(x) = [F (α) : F ] q(x) = [F (β) : F ] F ⊂ F (β) ⊂
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√
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√
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√
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√
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E F

E F

α1, . . . ,αn ∈ E E =
F (α1, . . . ,αn)

E = F (α1, . . . ,αn) ⊃ F (α1, . . . ,αn−1) ⊃ · · · ⊃ F (α1) ⊃ F,

F (α1, . . . ,αi) F (α1, . . . ,αi−1)

⇒ E F E
F α1, . . . ,αn E

E = F (α1, . . . ,αn) αi F
⇒ E = F (α1, . . . ,αn) αi F

E = F (α1, . . . ,αn) ⊃ F (α1, . . . ,αn−1) ⊃ · · · ⊃ F (α1) ⊃ F,

F (α1, . . . ,αi) F (α1, . . . ,αi−1)
⇒

E = F (α1, . . . ,αn) ⊃ F (α1, . . . ,αn−1) ⊃ · · · ⊃ F (α1) ⊃ F,

F (α1, . . . ,αi) F (α1, . . . ,αi−1)

F (α1, . . . ,αi) = F (α1, . . . ,αi−1)(αi)

αi F (α1, . . . ,αi−1)

[F (α1, . . . ,αi) : F (α1, . . . ,αi−1)]
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F E
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E F E
F

α,β ∈ E F F (α,β) F
F (α,β) F α ± β αβ α/β β ̸= 0

F E F
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E F F
E E F F

F [x] F
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F [x] F [x]

F p(x) ∈ F [x]
p(x) F α x − α p(x)

p(x) = (x − α)q1(x) q1(x) = p(x) − 1 q1(x)

p(x) = (x− α)(x− β)q2(x),

q2(x) = p(x) − 2 p(x)

p(x) F [x]
ax − b p(b/a) = 0 F

F E

E F F ⊂ E α ∈ E
α x− α α ∈ F F = E

F



F p(x) F [x]
F p(x)

E F p(x)
F p(x)

p(x)
F p(x) = a0 + a1x+ · · ·+ anxn F [x]

E F p(x) α1, . . . ,αn

E E = F (α1, . . . ,αn)

p(x) = (x− α1)(x− α2) · · · (x− αn).

p(x) ∈ F [x] E E[x]

p(x) = x4 + 2x2 − 8 Q[x] p(x)
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√
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√
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√
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,
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p(x) ∈ F [x]
E p(x)

p(x) p(x) = 1
p(x) E = F

k 1 ≤ k < n p(x) = n p(x)

K p(x) α1 K p(x) = (x − α1)q(x) q(x) ∈ K[x]
q(x) = n− 1 E ⊃ K q(x)

α2, . . . ,αn p(x)

E = K(α2, . . . ,αn) = F (α1, . . . ,αn)

p(x)

K L p(x) ∈ F [x]
φ : K → L F

φ : E → F K
E α ∈ K E p(x) L

F β F [x] p(x)
φ φ φ : E(α) → F (β)

φ(α) = β φ φ E



p(x) n E(α)
1,α, . . . ,αn−1

φ(a0 + a1α+ · · ·+ an−1α
n−1) = φ(a0) + φ(a1)β + · · ·+ φ(an−1)β

n−1,

a0 + a1α+ · · ·+ an−1α
n−1

E(α) φ
φ

φ E[x] F [x]
φ

φ(a0 + a1x+ · · ·+ anx
n) = φ(a0) + φ(a1)x+ · · ·+ φ(an)x

n.

φ : E → F
φ(p(x)) = q(x) φ ⟨p(x)⟩

⟨q(x)⟩ ψ : E[x]/⟨p(x)⟩ → F [x]/⟨q(x)⟩
σ : E[x]/⟨p(x)⟩ → E(α) τ : F [x]/⟨q(x)⟩ →

F (β) α β φ = τψσ−1

E F

E(α) F (β)

E[x]/⟨p(x)⟩ F [x]/⟨q(x)⟩
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φ

ψ

σ τ

φ : E → F p(x)
E[x] q(x) F [x]

K p(x) L q(x) φ
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p(x) E q(x) F p(x) = 1
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E F
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F ax+ by + c = 0 a
b c F

F
F x2 + y2 + dx+ ey + f = 0 d e f F
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π
√
π

π
√
π



20◦ 60◦

3θ = (2θ + θ)

= 2θ θ − 2θ θ

= (2 2 θ − 1) θ − 2 2 θ θ

= (2 2 θ − 1) θ − 2(1− 2 θ) θ

= 4 3 θ − 3 θ.

θ α = θ θ = 20◦

3θ = 60◦ = 1/2

4α3 − 3α =
1

2
.

α 8x3 − 6x − 1 Z[x]
Q[x] [Q(α) : Q] = 3 α

x2 + y2 = z2

xn+ yn = zn n ≥ 3



p(x, y) Z[x, y]

Q
Q

√
1/3 +

√
7

√
3 + 3

√
5

√
3 +

√
2 i

θ + i θ θ = 2π/n n ∈ N
√

3
√
2− i

Q(
√
3,
√
6 ) Q

Q( 3
√
2, 3

√
3 ) Q

Q(
√
2, i) Q

Q(
√
3,
√
5,
√
7 ) Q

Q(
√
2, 3

√
2 ) Q

Q(
√
8 ) Q(

√
2 )

Q(i,
√
2 + i,

√
3 + i) Q

Q(
√
2 +

√
5 ) Q(

√
5 )

Q(
√
2,
√
6 +

√
10 ) Q(

√
3 +

√
5 )

x4 − 10x2 + 21 Q
x4 + 1 Q

x3 + 2x+ 2 Z3

x3 − 3 Q

Q( 4
√
3, i) Q

Q( 4
√
3, i) Q [Q( 4

√
3, i) : Q] = 8

F Q( 4
√
3, i) [F : Q] = 2

F Q( 4
√
3, i) [F : Q] = 4

Z2[x]/⟨x3 + x+ 1⟩



1◦ Q

Q(
√
3, 4

√
3, 8

√
3, . . .) Q

π Q(π3)

p(x) n F [x]
E p(x) [E : F ] ≤ n!

Q(
√
2 ) ∼= Q(

√
3 )

Q( 4
√
3 ) Q( 4

√
3 i)

K E E F
K F

Z[x]/⟨x3 − 2⟩

F p p(x) = xp − a
F F

E F p(x) F [x]
E

p(x) F [x] F

α β β ̸= 0 α/β

R Q
Q

E F σ E
F α ∈ E σ

α E

Q(
√
3,
√
7 ) = Q(

√
3 +

√
7 ) Q(

√
a,
√
b ) =

Q(
√
a+

√
b ) (a, b) = 1

E F [E : F ] = 2 E
F

p(x) Z6[x]
R p(x) R

E F α ∈ E [F (α) : F (α3)]

α,β Q αβ α+β

E F α ∈ E F
F (α) F F





22

Zp p
pn p n

F p p
α F pα = 0 F

p F
n nα = 0 α F

F p p n

F F p p

p

F p F pn

n ∈ N

φ : Z → F φ(n) = n · 1
F p φ pZ φ

F Zp K F
K K

[F : K] = n F F K
α1, . . . ,αn ∈ F α F

α = a1α1 + · · ·+ anαn,

ai K p K pn

αi F pn

p D
p

ap
n
+ bp

n
= (a+ b)p

n

n



n
n = 1

(a+ b)p =
p∑

k=0

(
p

k

)
akbp−k.

0 < k < p (
p

k

)
=

p!

k!(p− k)!

p p k!(p− k)! D
p

(a+ b)p = ap + bp

k 1 ≤ k ≤ n

(a+ b)p
n+1

= ((a+ b)p)p
n
= (ap + bp)p

n
= (ap)p

n
+ (bp)p

n
= ap

n+1
+ bp

n+1
.

n+ 1

F f(x) ∈ F [x] n n
f(x) f(x)

f E F
F E F [x]

x2−2 Q (x−
√
2 )(x+√

2 ) Q(
√
2 ) Q α = a + b

√
2

Q(
√
2 ) b = 0 α x − a b ̸= 0 α

x2 − 2ax+ a2 − 2b2 = (x− (a+ b
√
2 ))(x− (a− b

√
2 )).

f(x) = a0 + a1x+ · · ·+ anx
n

F [x] f(x)

f ′(x) = a1 + 2a2x+ · · ·+ nanx
n−1.

F f(x) ∈ F [x] f(x) f(x)
f ′(x)

f(x) f(x) F f(x) =
(x−α1)(x−α2) · · · (x−αn) αi ̸= αj i ̸= j f(x)

f ′(x) = (x− α2) · · · (x− αn)

+ (x− α1)(x− α3) · · · (x− αn)

+ · · ·+ (x− α1) · · · (x− αn−1).

f(x) f ′(x)

f(x) = (x− α)kg(x) k > 1

f ′(x) = k(x− α)k−1g(x) + (x− α)kg′(x).

f(x) f ′(x)



p n
F pn pn

xp
n − x Zp

f(x) = xp
n − x F f(x)

f(x) pn F f ′(x) = pnxp
n−1 − 1 = −1

f(x) f(x) F
f(x) α β f(x) α + β αβ f(x)

αpn +βp
n
= (α+β)p

n
αpnβp

n
= (αβ)p

n

f(x) f(x) α f(x)
−α = (p − 1)α f(x) α ̸= 0 (α−1)p

n
= (αpn)−1 = α−1

f(x) F f(x)
F

E pn E F
E f(x) f(x) α

E E pn − 1
αpn−1 = 1 αpn −α = 0 E pn E

f(x)

pn pn

(pn)

(pn) pm m
n m | n m > 0 (pn)

(pm)

F E = (pn) F K
pm K Zp m | n [E : K] = [E : F ][F :

K]
m | n m > 0 pm − 1 pn − 1

xp
m−1 − 1 xp

n−1 − 1 xp
m − x xp

n − x
xp

m − x xp
n − x (pn)

xp
m − x (pm)

(p24)

(p24)

(p12)

(p6)

(p3)

(p8)

(p4)

(p2)

(p)

(p24)



F F
F ∗

G F ∗

F G

G F ∗ n

G ∼= Zp
e1
1

× · · ·× Zp
ek
k
,

n = pe11 · · · pekk p1, . . . , pk m
pe11 , . . . , pekk G m

α G xr − 1 r m α xm− 1 xm− 1
m F n ≤ m m ≤ |G|

m = n G n

E F F

α E∗ E
E = F (α)

(24) Z2/⟨1+x+x4⟩
(24)

{a0 + a1α+ a2α
2 + a3α

3 : ai ∈ Z2 1 + α+ α4 = 0}.

1 + α+ α4 = 0 (24)
(24) Z15

α

α1 = α α6 = α2 + α3 α11 = α+ α2 + α3

α2 = α2 α7 = 1 + α+ α3 α12 = 1 + α+ α2 + α3

α3 = α3 α8 = 1 + α2 α13 = 1 + α2 + α3

α4 = 1 + α α9 = α+ α3 α14 = 1 + α3

α5 = α+ α2 α10 = 1 + α+ α2 α15 = 1.

(n, k)
E : Zk

2 → Zn
2 D : Zn

2 →
Zk
2 D

H ∈ Mk×n(Z2)
φ : Zk

2 → Zn
2

(n, k) φ (a1, a2, . . . , an)
n (an, a1, a2, . . . , an−1)



(6, 3)

G1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

G2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
1 1 0
1 1 1
1 1 1
0 1 1
0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

(000) -→ (000000) (100) -→ (100100)
(001) -→ (001001) (101) -→ (101101)
(010) -→ (010010) (110) -→ (110110)
(011) -→ (011011) (111) -→ (111111).

(000) -→ (000000) (100) -→ (111100)
(001) -→ (001111) (101) -→ (110011)
(010) -→ (011110) (110) -→ (100010)
(011) -→ (010001) (111) -→ (101101).

(101101) (011011)

Z2 n
Z2[x] n (a0, a1, . . . , an−1)

f(x) = a0 + a1x+ · · ·+ an−1x
n−1,

f(x) n − 1
(10011)

1 + 0x+ 0x2 + 1x3 + 1x4 = 1 + x3 + x4.

f(x) ∈ Z2[x] f(x) < n
n x+ x2 + x4 (01101)

g(x) Z2[x] n− k
(n, k) C (a0, . . . , ak−1) k
f(x) = a0+a1x+ · · ·+ak−1xk−1 Z2[x] f(x)

g(x) C Z2[x]
n g(x)

g(x) = 1+x3 (6, 3) C
(a0, a1, a2) f(x) = a0 + a1x+ a2x2

1+x3 φ : Z3
2 → Z6

2 φ : f(x) -→ g(x)f(x)
Zn
2 Z2 φ



φ φ(a0, a1, a2) = (000000)

0 + 0x+ 0x2 + 0x3 + 0x4 + 0x5 = (1 + x3)(a0 + a1x+ a2x
2)

= a0 + a1x+ a2x
2 + a0x

3 + a1x
4 + a2x

5.

a0 + a1x + a2x2

φ = {(000)} φ
C

1 x x2

(1 + x3) · 1 = 1 + x3

(1 + x3)x = x+ x4

(1 + x3)x2 = x2 + x5.

G1

H =

⎛

⎝
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

⎞

⎠ .

xn − 1 =
(x− 1)(xn−1 + · · ·+ x+ 1)

Rn = Z2[x]/⟨xn − 1⟩

f(t) = a0 + a1t+ · · ·+ an−1t
n−1

tn = 1 Zn
2 Rn

Zn
2 Z[x]/⟨xn− 1⟩

Z[x]/⟨xn − 1⟩

n
f(t) = a0 + a1t+ · · ·+ an−1tn−1 Rn

tf(t) = an−1 + a0t+ · · ·+ an−2t
n−1

f(t) t
Rn

C Zn
2 Rn =

Z[x]/⟨xn − 1⟩

C f(t) C tf(t)
C tkf(t) C k ∈ N C

f(t), tf(t), t2f(t), . . . , tn−1f(t)
p(t) p(t)f(t) C C

C Z2[x]/⟨xn + 1⟩ f(t) = a0 + a1t + · · · +
an−1tn−1 C tf(t) C (a1, . . . , an−1, a0)

C



Rn

Zn
2 Rn

φ : Z2[x] → Rn φ[f(x)] = f(t)
φ xn − 1 C Rn

φ(I) I Z2[x] ⟨xn− 1⟩
I Z2[x] Z2 I = ⟨g(x)⟩

Z2[x] ⟨xn− 1⟩ I
g(x) xn − 1 C Rn

C = ⟨g(t)⟩ = {f(t)g(t) : f(t) ∈ Rn g(x) | (xn − 1) Z2[x]}.

C
C

x7 − 1

x7 − 1 = (1 + x)(1 + x+ x3)(1 + x2 + x3).

g(t) = (1 + t+ t3) C R7 (7, 4)
g(t)

t t2 t3 C

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0
1 1 0 0
0 1 1 0
1 0 1 1
0 1 0 1
0 0 1 0
0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(n, k) C
tk xn − 1 = g(x)h(x) Z2[x] g(x) = g0 + g1x +

· · ·+ gn−kxn−k h(x) = h0 + h1x+ · · ·+ hkxk n× k

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g0 0 · · · 0
g1 g0 · · · 0

gn−k gn−k−1 · · · g0
0 gn−k · · · g1

0 0 · · · gn−k

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

C g(t)
C (n− k)× n

H =

⎛

⎜⎜⎜⎝

0 · · · 0 0 hk · · · h0
0 · · · 0 hk · · · h0 0
· · · · · · · · · · · · · · · · · · · · ·
hk · · · h0 0 0 · · · 0

⎞

⎟⎟⎟⎠
.



C = ⟨g(t)⟩ Rn xn − 1 =
g(x)h(x) G H C

HG = 0

x7 − 1 = g(x)h(x) = (1 + x+ x3)(1 + x+ x2 + x4).

H =

⎛

⎝
0 0 1 0 1 1 1
0 1 0 1 1 1 0
1 0 1 1 1 0 0

⎞

⎠ .

α1, . . . ,αn F
n× n ⎛

⎜⎜⎜⎜⎜⎝

1 1 · · · 1
α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

αn−1
1 αn−1

2 · · · αn−1
n

⎞

⎟⎟⎟⎟⎟⎠

α1, . . . ,αn F n ≥ 2

⎛

⎜⎜⎜⎜⎜⎝

1 1 · · · 1
α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

αn−1
1 αn−1

2 · · · αn−1
n

⎞

⎟⎟⎟⎟⎟⎠
=

∏

1≤j<i≤n

(αi − αj).

αi

n n = 2 α2−α1

n− 1 p(x)

p(x) =

⎛

⎜⎜⎜⎜⎜⎝

1 1 · · · 1 1
α1 α2 · · · αn−1 x
α2
1 α2

2 · · · α2
n−1 x2

αn−1
1 αn−1

2 · · · αn−1
n−1 xn−1

⎞

⎟⎟⎟⎟⎟⎠
.

p(x)
n−1 p(x) α1, . . . ,αn−1

p(x) = (x− α1)(x− α2) · · · (x− αn−1)β,



β = (−1)n+n

⎛

⎜⎜⎜⎜⎜⎝

1 1 · · · 1
α1 α2 · · · αn−1

α2
1 α2

2 · · · α2
n−1

αn−2
1 αn−2

2 · · · αn−2
n−1

⎞

⎟⎟⎟⎟⎟⎠
.

β = (−1)n+n
∏

1≤j<i≤n−1

(αi − αj).

x = αn

C = ⟨g(t)⟩ Rn ω
n Z2 s ω g(x)

C s+ 1

g(ωr) = g(ωr+1) = · · · = g(ωr+s−1) = 0.

f(x) C s

f(x) = ai0x
i0 + ai1x

i1 + · · ·+ ais−1x
is−1

C ai

g(ωr) = g(ωr+1) = · · · = g(ωr+s−1) = 0

g(x) f(x)

f(ωr) = f(ωr+1) = · · · = f(ωr+s−1) = 0.

ai0(ω
r)i0 + ai1(ω

r)i1 + · · ·+ ais−1(ω
r)is−1 = 0

ai0(ω
r+1)i0 + ai1(ω

r+1)i2 + · · ·+ ais−1(ω
r+1)is−1 = 0

ai0(ω
r+s−1)i0 + ai1(ω

r+s−1)i1 + · · ·+ ais−1(ω
r+s−1)is−1 = 0.

(ai0 , ai1 , . . . , ais−1)

(ωi0)rx0 + (ωi1)rx1 + · · ·+ (ωis−1)rxn−1 = 0

(ωi0)r+1x0 + (ωi1)r+1x1 + · · ·+ (ωis−1)r+1xn−1 = 0

(ωi0)r+s−1x0 + (ωi1)r+s−1x1 + · · ·+ (ωis−1)r+s−1xn−1 = 0.



⎛

⎜⎜⎜⎝

(ωi0)r (ωi1)r · · · (ωis−1)r

(ωi0)r+1 (ωi1)r+1 · · · (ωis−1)r+1

(ωi0)r+s−1 (ωi1)r+s−1 · · · (ωis−1)r+s−1

⎞

⎟⎟⎟⎠

ai0 = ai1 = · · · = ais−1 = 0

231 + 24 = 255 = 28 − 1 (255, 231)

d = 2r + 1
r ≥ 0 ω n Z2 mi(x)

Z2 ωi

g(x) = [m1(x),m2(x), . . . ,m2r(x)],

⟨g(t)⟩ Rn n d
C d

C = ⟨g(t)⟩ Rn

C d

f(t) C f(ωi) = 0 1 ≤ i < d

H =

⎛

⎜⎜⎜⎜⎜⎝

1 ω ω2 · · · ωn−1

1 ω2 ω4 · · · ω(n−1)(2)

1 ω3 ω6 · · · ω(n−1)(3)

1 ω2r ω4r · · · ω(n−1)(2r)

⎞

⎟⎟⎟⎟⎟⎠

C

⇒ f(t) C g(x) | f(x) Z2[x] i = 1, . . . , 2r
f(ωi) = 0 g(ωi) = 0 f(ωi) = 0 1 ≤ i ≤ d f(x)

mi(x) mi(x) ωi g(x) | f(x)
g(x) f(x)



⇒ f(t) = a0 + a1t+ · · ·+ an−1vtn−1 Rn n
Zn
2 = (a0a1 · · · an−1)

H =

⎛

⎜⎜⎜⎝

a0 + a1ω + · · ·+ an−1ωn−1

a0 + a1ω2 + · · ·+ an−1(ω2)n−1

a0 + a1ω2r + · · ·+ an−1(ω2r)n−1

⎞

⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎝

f(ω)
f(ω2)

f(ω2r)

⎞

⎟⎟⎟⎠
= 0

f(t) C H C
⇒ f(t) = a0+a1t+· · ·+an−1tn−1 C

f(ωi) = 0 i = 1, . . . , 2r g(t) = [m1(t), . . . ,m2r(t)]
C = ⟨g(t)⟩

x15 − 1 ∈ Z2[x]

x15 − 1 = (x+ 1)(x2 + x+ 1)(x4 + x+ 1)(x4 + x3 + 1)(x4 + x3 + x2 + x+ 1),

ω 1 + x+ x4

(24)

{a0 + a1ω + a2ω
2 + a3ω

3 : ai ∈ Z2 1 + ω + ω4 = 0}.

ω ω
m1(x) = 1 + x+ x4 ω2 ω4 m1(x)

ω3 m2(x) = 1 + x+ x2 + x3 + x4

g(x) = m1(x)m2(x) = 1 + x4 + x6 + x7 + x8

ω ω2 ω3 ω4 m1(x) m2(x) x15 − 1
(15, 7) x15 − 1 = g(x)h(x) h(x) = 1 + x4 + x6 + x7

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 1 1 0 1 0 0 0 1
0 0 0 0 0 0 1 1 0 1 0 0 0 1 0
0 0 0 0 0 1 1 0 1 0 0 0 1 0 0
0 0 0 0 1 1 0 1 0 0 0 1 0 0 0
0 0 0 1 1 0 1 0 0 0 1 0 0 0 0
0 0 1 1 0 1 0 0 0 1 0 0 0 0 0
0 1 1 0 1 0 0 0 1 0 0 0 0 0 0
1 1 0 1 0 0 0 1 0 0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.



[ (36) : (33)]

[ (128) : (16)]

[ (625) : (25)]

[ (p12) : (p2)]

[ (pm) : (pn)] n | m

(p30)

α x3 + x2 + 1 Z2

x3 + x2 + 1 Z2(α)

Q∗

Z2[x]

x5 − 1

x6 + x5 + x4 + x3 + x2 + x+ 1

x9 − 1

x4 + x3 + x2 + x+ 1

Z2[x]/⟨x3 + x+ 1⟩ ∼= Z2[x]/⟨x3 + x2 + 1⟩

n n = 6

⟨t+1⟩ Rn Zn
2

p Zp(x)
p

D p (a − b)p
n
= ap

n − bp
n

a, b ∈ D

E F K E F E = F

F ⊂ E ⊂ K K F K
E

E F F q α ∈ E
F n F (α) qn

F E
F α ∈ E E = F (α)



n n Zp[x]

Φ : (pn) → (pn) Φ : α -→ αp

n

(pn) ap

a ∈ (pn)

E F (pn) |E| = pr |F | = ps

E ∩ F

p (p− 1)! ≡ −1 ( p)

g(t) C Rn

g(x) 1

C (n, k) n− k

Rn Zn
2

C Rn g(t) ⟨f(t)⟩ Rn

⟨g(t)⟩ ⊂ ⟨f(t)⟩ f(x) g(x) Z2[x]

C = ⟨g(t)⟩ Rn xn − 1 = g(x)h(x)
g(x) = g0 + g1x + · · · + gn−kxn−k h(x) = h0 + h1x + · · · + hkxk G
n× k

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g0 0 · · · 0
g1 g0 · · · 0

gn−k gn−k−1 · · · g0
0 gn−k · · · g1

0 0 · · · gn−k

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

H (n− k)× n

H =

⎛

⎜⎜⎜⎝

0 · · · 0 0 hk · · · h0
0 · · · 0 hk · · · h0 0
· · · · · · · · · · · · · · · · · · · · ·
hk · · · h0 0 0 · · · 0

⎞

⎟⎟⎟⎠
.

G C

H C

HG = 0



C Rn

c(t) = c0 + c1t + · · · + cn−1tn−1

w(t) = w0 + w1t + · · ·wn−1tn−1 Rn

a1, . . . , ak w(t) = c(t) + e(t) e(t) = ta1 + ta2 + · · ·+ tak

ai c(t)
w(t) ai w(t) w(ωi) = si i = 1, . . . , 2r
ω n Z2 w(t) s1, . . . , s2r

w(t) si = 0 i

si = w(ωi) = e(ωi) = ωia1 + ωia2 + · · ·+ ωiak

i = 1, . . . , 2r

s(x) = (x+ ωa1)(x+ ωa2) · · · (x+ ωak).

(15, 7)
a1 a2

s(x) = (x+ ωa1)(x+ ωa2)

s(x) = x2 + s1x+

(
s21 +

s3
s1

)
.

w(t) = 1 + t2 + t4 + t5 + t7 + t12 + t13
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x5 − 1 = 0 x6 − x3 − 6 = 0

ax5 + bx4 + cx3 + dx2 + ex+ f = 0.

F

σ τ E στ σ−1

F

E F
E F σ : E → E

σ(α) = α α ∈ F

E F
E σ τ

E σ(α) = α τ(α) = α α ∈ F στ(α) = σ(α) = α
σ−1(α) = α E E

F E



E F E
(E) E F

E F

G(E/F ) = {σ ∈ (E) : σ(α) = α α ∈ F}.

f(x) F [x] E f(x) F
f(x) G(E/F )

σ : a+ bi -→ a− bi

σ(a) = σ(a+ 0i) = a− 0i = a,

G(C/R)

Q ⊂ Q(
√
5 ) ⊂ Q(

√
3,
√
5 ) a, b ∈ Q(

√
5 )

σ(a+ b
√
3 ) = a− b

√
3

Q(
√
3,
√
5 ) Q(

√
5 )

τ(a+ b
√
5 ) = a− b

√
5

Q(
√
3,
√
5 ) Q(

√
3 ) µ = στ√

3
√
5 { ,σ, τ, µ} Q(

√
3,
√
5 )

Q Z2 × Z2

σ τ µ

σ τ µ
σ σ µ τ
τ τ µ σ
µ µ τ σ

Q(
√
3,
√
5 ) Q {1,

√
3,
√
5,
√
15 }

|G(Q(
√
3,
√
5 )/Q)| = [Q(

√
3,
√
5 ) : Q)] = 4

E F f(x) F [x]
G(E/F ) f(x) E

f(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n

α ∈ E f(x) σ ∈ G(E/F )

0 = σ(0)

= σ(f(α))

= σ(a0 + a1α+ a2α
2 + · · ·+ anα

n)

= a0 + a1σ(α) + a2[σ(α)]
2 + · · ·+ an[σ(α)]

n;

σ(α) f(x)



E F α,β ∈ E
F Q(

√
2 )√

2 −
√
2 Q

x2 − 2

α β F σ :
F (α) → F (β) σ F

f(x) F [x] E
f(x) F f(x)

|G(E/F )| = [E : F ].

f(x) f(x)
E = F

k 0 ≤ k < n f(x) n p(x)
f(x) r p(x) E

α F ⊂ F (α) ⊂ E

[E : F (α)] = n/r [F (α) : F ] = r.

β p(x) F ⊂ F (β) ⊂ E
σ : F (α) → F (β) β F

E F (β) r
[E : F (α)] = n/r < n

|G(E/F (α))| = [E : F (α)].

[E : F ] = [E : F (α)][F (α) : F ] = n

E F |G(E/F )| = [E : F ]

F E [E : F ] = k
G(E/F ) k

p E F E F
pm pn nk = m E
xp

m − x p E xp
m − x

F |G(E/F )| = k
G(E/F ) G(E/F ) σ : E → E

σ(α) = αpn σ G(E/F )
σ (E) α β E

σ(α+ β) = (α+ β)p
n
= αpn + βp

n
= σ(α) + σ(β)

σ(αβ) = σ(α)σ(β) σ
E

σ G(E/F ) F xp
n − x

p σ F
σ k

σk(α) = αpnk
= αpm = α



G(E/F ) σr 1 ≤ r < k
xp

nr − x pm

Q(
√
3,
√
5 ) Q

Z2×Z2 H = { ,σ, τ, µ}
G(Q(

√
3,
√
5 )/Q) H G(Q(

√
3,
√
5 )/Q)

|H| = [Q(
√
3,
√
5 ) : Q] = |G(Q(

√
3,
√
5 )/Q)| = 4.

f(x) = x4 + x3 + x2 + x+ 1

Q f(x)
(x− 1)f(x) = x5 − 1

f(x) ωi i = 1, . . . , 4

ω = (2π/5) + i (2π/5).

f(x) Q(ω) σi Q(ω)
σi(ω) = ωi i = 1, . . . , 4

G(Q(ω)/Q)
[Q(ω) : Q] = |G(Q(ω)/Q)| = 4,

σi G(Q(ω)/Q) G(Q(ω)/Q) ∼= Z4 ω

f(x)
F [x]

E
f(x) F [x] f(x) E

f(x) = (x− α1)
n1(x− α2)

n2 · · · (x− αr)
nr =

r∏

i=1

(x− αi)
ni .

αi f(x) ni

f(x) ∈ F [x] n
n E f(x)

E[x] E F F
E F [x] f(x)

(f(x), f ′(x)) = 1

f(x) F
F 0 f(x) F p f(x) ̸= g(xp)
g(x) F [x] f(x)

F = 0 f ′(x) < f(x) f(x)
(f(x), f ′(x)) ̸= 1 f ′(x)

F = p f ′(x)
f(x) p

f(x) = a0 + a1xp + a2x2p + · · ·+ anxnp



F F (α)
E F

α ∈ E E = F (α) α

Q(
√
3,
√
5 ) = Q(

√
3 +

√
5 )

Q( 3
√
5,
√
5 i) = Q( 6

√
5 i).

E
F α ∈ E E = F (α)

F E
F (α,β)

f(x) g(x)
α β K f(x) g(x)

f(x) α = α1, . . . ,αn K g(x) β = β1, . . . ,βm K
E F F

a F

a ̸= αi − α

β − βj

i j j ̸= 1 a(β − βj) ̸= αi − α γ = α+ aβ

γ = α+ aβ ̸= αi + aβj ;

γ − aβj ̸= αi i, j j ̸= 1 h(x) ∈ F (γ)[x] h(x) = f(γ − ax)
h(β) = f(α) = 0 h(βj) ̸= 0 j ̸= 1 h(x) g(x)

F (γ)[x] β F (γ)
β g(x) h(x) β ∈ F (γ) α = γ − aβ

F (γ) F (α,β) = F (γ)

G(E/F )
E F

{σi : i ∈ I} F

F{σi} = {a ∈ F : σi(a) = a σi}
F

σi(a) = a σi(b) = b

σi(a± b) = σi(a)± σi(b) = a± b

σi(ab) = σi(a)σi(b) = ab.

a ̸= 0 σi(a−1) = [σi(a)]−1 = a−1 σi(0) = 0 σi(1) = 1 σi



F G (F )

FG = {α ∈ F : σ(α) = α σ ∈ G}

F

F{σi} F {σi}
G (F ) FG

σ : Q(
√
3,
√
5 ) → Q(

√
3,
√
5 )

√
3

−
√
3 Q(

√
5 ) Q(

√
3,
√
5 ) σ

E F
EG(E/F ) = F

G = G(E/F ) F ⊂ EG ⊂ E E EG

G(E/F ) = G(E/EG)

|G| = [E : EG] = [E : F ].

[EG : F ] = 1 EG = F

G E F = EG

[E : F ] ≤ |G|

|G| = n n + 1 α1, . . . ,αn+1 E
F ai ∈ F

a1α1 + a2α2 + · · ·+ an+1αn+1 = 0.

σ1 = ,σ2, . . . ,σn G

σ1(α1)x1 + σ1(α2)x2 + · · ·+ σ1(αn+1)xn+1 = 0

σ2(α1)x1 + σ2(α2)x2 + · · ·+ σ2(αn+1)xn+1 = 0

σn(α1)x1 + σn(α2)x2 + · · ·+ σn(αn+1)xn+1 = 0

xi = ai i = 1, 2, . . . , n + 1 σ1

a1α1 + a2α2 + · · ·+ an+1αn+1 = 0.

ai E F

ai E F αi

a1
a1 = 1

α2, . . . ,αn+1

a2 E F F E



G σi G σi(a2) ̸= a2 σi
G

x1 = σi(a1) = 1 x2 = σi(a2) . . . xn+1 = σi(an+1)

x1 = 1− 1 = 0

x2 = a2 − σi(a2)

xn+1 = an+1 − σi(an+1)

σi(a2) ̸= a2

a1, . . . , an+1 ∈ F

E F F [x]
E E E F

F [x] E
E[x]

E F

E F

E F

F = EG G E

⇒ E F
α E E = F (α) f(x)

α F E f(x)
F E f(x)

⇒ E F
EG(E/F ) = F |G(E/F )| = [E : F ]

⇒ F = EG G E [E : F ] ≤
|G| E F E F
f(x) ∈ F [x] α E
f(x) E[x]
G f(x) E G α

α1 = α,α2, . . . ,αn E g(x) =
∏n

i=1(x − αi) g(x) F
g(α) = 0 σ G g(x)

σ g(x) g(x)
g(x) F g(x) ≤ f(x) f(x)

α f(x) = g(x)

K F F = KG

G K G = G(K/F )



F = KG G G(K/F )

[K : F ] ≤ |G| ≤ |G(K/F )| = [K : F ].

G = G(K/F )

Q(
√
3,
√
5 )

Q Q
G(Q(

√
3,
√
5 )/Q)

{ ,σ} { , τ} { , µ}

{ ,σ, τ, µ}

{ }

Q(
√
3 ) Q(

√
5 ) Q(

√
15 )

Q(
√
3,
√
5 )

Q

G(Q(
√
3,
√
5 )/Q)

F
E F G(E/F )

K -→ G(E/K) K E F
G(E/F )

F ⊂ K ⊂ E

[E : K] = |G(E/K)| [K : F ] = [G(E/F ) : G(E/K)].

F ⊂ K ⊂ L ⊂ E { } ⊂ G(E/L) ⊂ G(E/K) ⊂ G(E/F )

K F G(E/K) G(E/F )

G(K/F ) ∼= G(E/F )/G(E/K).

G(E/K) = G(E/L) = G K L
G K = L K -→ G(E/K)

G G(E/F ) K G
F ⊂ K ⊂ E E K G(E/K) = G
K -→ G(E/K)

|G(E/K)| = [E : K]

|G(E/F )| = [G(E/F ) : G(E/K)] · |G(E/K)| = [E : F ] = [E : K][K : F ].



[K : F ] = [G(E/F ) : G(E/K)]

K F σ
G(E/F ) τ G(E/K) σ−1τσ G(E/K)

σ−1τσ(α) = α α ∈ K f(x)
α F σ(α) f(x) K K F

τ(σ(α)) = σ(α) σ−1τσ(α) = α
G(E/K) G(E/F )

F = KG(K/F ) τ ∈ G(E/K) σ ∈ G(E/F ) τ ∈ G(E/K)
τσ = στ α ∈ K

τ(σ(α)) = σ(τ(α)) = σ(α);

σ(α) G(E/K) σ σ K
σ K F σ(α) ∈ K α ∈ K σ ∈ G(K/F )

G(K/F ) F β K
G(K/F ) σ(β) = β σ ∈ G(E/F )

β F G(E/F )
K F

G(K/F ) ∼= G(E/F )/G(E/K).

σ ∈ G(E/F ) σK K σ K K
σK ∈ G(K/F )

φ : G(E/F ) → G(K/F ) σ -→ σK

φ(στ) = (στ)K = σKτK = φ(σ)φ(τ).

φ G(E/K)

|G(E/F )|/|G(E/K)| = [K : F ] = |G(K/F )|.

φ G(K/F ) φ

G(K/F ) ∼= G(E/F )/G(E/K).

F G(E/F )

K G(E/K)

L G(E/L)

E { }

G(E/F ) E



f(x) = x4 − 2
Q

x4 − 2 f(x) Q( 4
√
2, i)

f(x) (x2 +
√
2 )(x2 −

√
2 ) f(x) ± 4

√
2 ± 4

√
2 i

4
√
2 Q i x2 + 1 Q( 4

√
2 )

f(x) Q( 4
√
2 )(i) = Q( 4

√
2, i)

[Q( 4
√
2 ) : Q] = 4 i Q( 4

√
2 ) [Q( 4

√
2, i) :

Q( 4
√
2 )] = 2 [Q( 4

√
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{1, 4
√
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√
2 )2, ( 4

√
2 )3, i, i 4

√
2, i( 4

√
2 )2, i( 4

√
2 )3}

Q( 4
√
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√
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G f(x) σ
σ( 4

√
2 ) = i 4

√
2 σ(i) = i τ

τ(i) = −i G
G { ,σ,σ2,σ3, τ,στ,σ2τ,σ3τ}

τ2 = σ4 = τστ = σ−1 G
D4 G

{ }

{ , τ} { ,σ2τ} { ,σ2} { ,στ} { ,σ3τ}

{ ,σ2, τ,σ2τ} { ,σ,σ2,σ3}{ ,σ2,στ,σ3τ}

D4

Q

Q(
√
2 ) Q(i) Q(

√
2 i)

Q( 4
√
2 ) Q( 4

√
2 i) Q(

√
2, i) Q((1 + i) 4

√
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√
2 )
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√
2, i)

x4 − 2



f(x)
f(x)

n
ax2 + bx+ c = 0

x =
−b±

√
b2 − 4ac

2a
.

n

E F

F = F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fr = E

i = 1, 2, . . . , r Fi = Fi−1(αi) αni
i ∈ Fi−1 ni

f(x) F K f(x) F
F
f(x)

f(x)
xn−a

xn − 1
xn − 1 n



xn − 1 Q
1,ω,ω2, . . . ,ωn−1

ω =

(
2π

n

)
+ i

(
2π

n

)
.

xn − 1 Q Q(ω)

G

G = Hn ⊃ Hn−1 ⊃ · · · ⊃ H1 ⊃ H0 = {e},

Hi Hi+1 G {Hi}
Hi+1/Hi

{ } ⊂ A3 ⊂ S3 S3 S5

F E xn − a
F a ∈ F G(E/F )

xn − a n
√
a,ω n

√
a, . . . ,ωn−1 n

√
a ω n

F n ζ
xn − a xn − a ζ,ωζ, . . . ,ωn−1ζ E = F (ζ) G(E/F )

xn − a G(E/F )
σ τ G(E/F ) σ(ζ) = ωiζ τ(ζ) = ωjζ F

στ(ζ) = σ(ωjζ) = ωjσ(ζ) = ωi+jζ = ωiτ(ζ) = τ(ωiζ) = τσ(ζ).

στ = τσ G(E/F ) G(E/F )
F n ω

n α xn − a α ωα
xn − a ω = (ωα)/α E K = F (ω)

F ⊂ K ⊂ E K xn − 1 K F
σ G(F (ω)/F ) σ(ω)

σ(ω) = ωi i xn−1 ω τ(ω) = ωj

G(F (ω)/F )

στ(ω) = σ(ωj) = [σ(ω)]j = ωij = [τ(ω)]i = τ(ωi) = τσ(ω).

G(F (ω)/F )

{ } ⊂ G(E/F (ω)) ⊂ G(E/F )

G(E/F (ω))

G(E/F )/G(E/F (ω)) ∼= G(F (ω)/F )

G(E/F )

F

F = F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fr = E

F

F = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kr = K

K E Ki Ki−1



E F

F = F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ Fr = E

i = 1, 2, . . . , r Fi = Fi−1(αi) αni
i ∈ Fi−1 ni

F

F = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kr = K

K ⊇ E K1 xn1 − αn1
1

α1,α1ω,α1ω2, . . . ,α1ωn1−1 ω n1 F
n1 K1 = F (α!)

F n1 β xn1 − αn1
1

xn1 − αn1
1 β,ωβ, . . . ,ωn1−1 ω n1

K1 = F (ωβ) K1 F F1

F = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kr = K

Ki Ki−1 Ki ⊇ Fi i = 1, 2, . . . , r

f(x) F [x] F = 0 f(x)
f(x) F

f(x) E F
F = F0 ⊆ F1 ⊆ · · · ⊆ Fn = E E
f(x) Fi Fi−1 G(E/Fi)

G(E/Fi−1)
G(E/F )

{ } ⊂ G(E/Fn−1) ⊂ · · · ⊂ G(E/F1) ⊂ G(E/F ).

G(E/Fi−1)/G(E/Fi) ∼= G(Fi/Fi−1).

G(Fi/Fi−1) G(E/F )

S5

p Sp

p Sp



G Sp σ τ
p σ = (12) τ p τn

p 1 ≤ n < p µ = τn = (12i3 . . . ip) n
1 ≤ n < p (12)(12i3 . . . ip) = (2i3 . . . ip)

(2i3 . . . ip)k(12)(2i3 . . . ip)−k = (1ik)
(1n) 1 ≤ n < p Sp

(1j)(1i)(1j) = (ij) Sp

f(x) = x5 − 6x3 − 27x− 3

f(x) = x5 − 6x3 − 27x − 3 ∈ Q[x]
f(x) Q S5 f(x)

f(x) f ′(x) = 5x4−18x2−
27 f ′(x) = 0 f ′(x)

x = ±

√
6
√
6 + 9

5
.
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f(x) −3 −2 −2 0 0
4 f(x)

f(x) K f(x) f(x)
K K Q

f(x) G(K/Q) S5 f
σ ∈ G(K/Q) σ(a) = b a

b f(x) C a + bi -→ a − bi
G(K/Q) ⊂ S5 S5

G(K/Q)
S5 S5 f(x)

C[x] C

E

α ∈ E E = C(α) α f(x) C[x]
L f(x) C E

L C
L C L f(x)(x2 + 1)

R L R K
G G(L/R) L ⊃ K ⊃ R |G(L/K)| = [L : K] [L : R] = [L :

K][K : R] [K : R] K = R(β) β
f(x) K = R
G(L/R) G(L/C)
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√
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f(x) = xp − t Zp(t)[x] f(x)

E F K L
σ ∈ G(E/F ) σ(K) = L K L
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A ∩B = {2} B ∩ C = {5}
A×B = {(a, 1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3), (c, 1), (c, 2), (c, 3)} A×D = ∅

x ∈ A ∪ (B ∩ C) x ∈ A x ∈ B ∩ C x ∈ A ∪ B A ∪ C
x ∈ (A ∪ B) ∩ (A ∪ C) A ∪ (B ∩ C) ⊂ (A ∪ B) ∩ (A ∪ C)

x ∈ (A ∪ B) ∩ (A ∪ C) x ∈ A ∪ B A ∪ C x ∈ A x B
C x ∈ A ∪ (B ∩ C) (A ∪ B) ∩ (A ∪ C) ⊂ A ∪ (B ∩ C)

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)

(A∩B)∪ (A\B)∪ (B \A) = (A∩B)∪ (A∩B′)∪ (B∩A′) = [A∩ (B∪B′)]∪ (B∩A′) =
A ∪ (B ∩A′) = (A ∪B) ∩ (A ∪A′) = A ∪B

A\(B∪C) = A∩(B∪C)′ = (A∩A)∩(B′∩C ′) = (A∩B′)∩(A∩C ′) = (A\B)∩(A\C)

f(2/3)
f(1/2) = 3/4 f(2/4) = 3/8

f f(R) = {x ∈ R : x > 0} f
f(R) = {x : −1 ≤ x ≤ 1}
f(n) = n+ 1

x, y ∈ A g(f(x)) = (g ◦f)(x) = (g ◦f)(y) = g(f(y)) f(x) = f(y)
x = y g ◦ f c ∈ C c = (g ◦ f)(x) = g(f(x))

x ∈ A f(x) ∈ B g

f−1(x) = (x+ 1)/(x− 1)

y ∈ f(A1 ∪ A2) x ∈ A1 ∪ A2 f(x) = y
y ∈ f(A1) f(A2) y ∈ f(A1) ∪ f(A2) f(A1 ∪ A2) ⊂

f(A1) ∪ f(A2) y ∈ f(A1) ∪ f(A2) y ∈ f(A1) f(A2)
x A1 A2 f(x) = y x ∈ A1 ∪ A2

f(x) = y f(A1) ∪ f(A2) ⊂ f(A1 ∪A2) f(A1 ∪A2) = f(A1) ∪ f(A2)

X = N ∪ {
√
2 } x ∼ y x+ y ∈ N

S(1) : [1(1 + 1)(2(1) + 1)]/6 = 1 = 12 S(k) :
12 + 22 + · · ·+ k2 = [k(k + 1)(2k + 1)]/6

12 + 22 + · · ·+ k2 + (k + 1)2 = [k(k + 1)(2k + 1)]/6 + (k + 1)2

= [(k + 1)((k + 1) + 1)(2(k + 1) + 1)]/6,



S(k + 1) S(n) n

S(4) : 4! = 24 > 16 = 24 S(k) : k! > 2k

(k + 1)! = k!(k + 1) > 2k · 2 = 2k+1 S(k + 1) S(n)
n

S(0) : (1+x)0−1 = 0 ≥ 0 = 0·x S(k) : (1+x)k−1 ≥ kx

(1 + x)k+1 − 1 = (1 + x)(1 + x)k − 1

= (1 + x)k + x(1 + x)k − 1

≥ kx+ x(1 + x)k

≥ kx+ x

= (k + 1)x,

S(k + 1) S(n) n

f1 = 1 f2 = 1
fn+2 = fn+1 + fn

(a, b) = 1 r s ar+bs = 1 acr+bcs =
c a bc a c

6n + 1 6n + 5
6k + 5

3 + 7Z = {. . . ,−4, 3, 10, . . .} 18 + 26Z 5 + 6Z

· 1 5 7 11

1 1 5 7 11
5 5 1 11 7
7 7 11 1 5
11 11 7 5 1

σ =

(
1 2 · · · n
a1 a2 · · · an

)

Sn ai n a1 n − 1
a2 . . . an−1 an

σ n(n− 1) · · · 2 · 1 = n!



(aba−1)n = (aba−1)(aba−1) · · · (aba−1)

= ab(aa−1)b(aa−1)b · · · b(aa−1)ba−1

= abna−1.

abab = (ab)2 = e = a2b2 = aabb ba = ab

H1 = { } H2 = { , ρ1, ρ2} H3 = { , µ1} H4 = { , µ2} H5 = { , µ3} S3

G 1 = 1+0
√
2 (a+b

√
2 )(c+d

√
2 ) = (ac+2bd)+(ad+bc)

√
2

G (a+ b
√
2 )−1 = a/(a2 − 2b2)− b

√
2/(a2 − 2b2)

S3

a4b = ba b = a6b = a2ba
ab = a3ba = ba

7Z = {. . . ,−7, 0, 7, 14, . . .} {0, 3, 6, 9, 12, 15, 18, 21} {0} {0, 6} {0, 4, 8}
{0, 3, 6, 9} {0, 2, 4, 6, 8, 10} {1, 3, 7, 9} {1,−1, i,−i}

(
1 0
0 1

)
,

(
−1 0
0 −1

)
,

(
0 −1
1 0

)
,

(
0 1
−1 0

)
.

(
1 0
0 1

)
,

(
1 −1
1 0

)
,

(
−1 1
−1 0

)
,

(
0 1
−1 1

)
,

(
0 −1
1 −1

)
,

(
−1 0
0 −1

)
.

0, 1,−1 1,−1

−3 + 3i 43− 18i i
√
3 + i −3

√
2 (7π/4) 2

√
2 (π/4) 3 (3π/2)

(1− i)/2 16(i−
√
3 ) −1/4

|⟨g⟩ ∩ ⟨h⟩| = 1

g, h ∈ G m
n (g−1)m = e (gh)mn = e G

G

g G g G ⟨g⟩
G



(12453) (13)(25)

(135)(24) (14)(23) (1324) (134)(25) (17352)

(16)(15)(13)(14) (16)(14)(12)

(a1, a2, . . . , an)−1 = (a1, an, an−1, . . . , a2)

{(13), (13)(24), (132), (134), (1324), (1342)}

(12345)(678)

(1), (a1, a2)(a3, a4), (a1, a2, a3), (a1, a2, a3, a4, a5)

A5

(123)(12) (12)(123)

(ab)(bc) (ab)(cd)

στσ−1(σ(ai)) = σ(ai+1)

g h G

⟨8⟩ 1 + ⟨8⟩ 2 + ⟨8⟩ 3 + ⟨8⟩ 4 + ⟨8⟩ 5 + ⟨8⟩ 6 + ⟨8⟩ 7 + ⟨8⟩ 3Z 1 + 3Z
2 + 3Z

4φ(15) ≡ 48 ≡ 1 ( 15)

g1 ∈ gH g1 ∈ Hg gH ⊂ Hg

g(H ∩K) = gH ∩ gK

(m,n) = 1 φ(mn) = φ(m)φ(n)

26!− 1

n = 11 · 41 n = 8779 · 4327



(0000) /∈ C

d = 2 d = 1

(00000), (00101), (10011), (10110)

G =

⎛

⎜⎜⎜⎜⎜⎝

0 1
0 0
1 0
0 1
1 1

⎞

⎟⎟⎟⎟⎟⎠

(000000), (010111), (101101), (111010)

G =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0
0 1
1 0
1 1
0 1
1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

G =

⎛

⎜⎜⎜⎜⎜⎝

1
1
0
0
1

⎞

⎟⎟⎟⎟⎟⎠
.

G =

⎛

⎜⎜⎜⎝

1 0
0 1
1 1
1 0

⎞

⎟⎟⎟⎠
.

C (10000)+C (01000)+C (00100)+C (00010)+C (11000)+C (01100)+C
(01010)+C C

∈ C
-→ +



Z
φ : C∗ → GL2(R)

φ(a+ bi) =

(
a b
−b a

)
.

Zn n k -→ (2kπ/n)

Q

a G φ : G → H φ(a)
H

Z6 Z6

φ g1 = h1k1 g2 = h2k2 φ(g1) = φ(g2)

A4 (12)A4

A4 A4 (12)A4

(12)A4 (12)A4 A4

D4 S4

a ∈ G G aH G/H

g ∈ G ig : G → G ig : x -→ gxg−1

G ig(H)

⟨g⟩ G y G x ∈ C(g)
yxy−1 C(g) (yxy−1)g = g(yxy−1)

g ∈ G h ∈ G′ h = aba−1b−1

ghg−1 = gaba−1b−1g−1

= (gag−1)(gbg−1)(ga−1g−1)(gb−1g−1)

= (gag−1)(gbg−1)(gag−1)−1(gbg−1)−1.

h = h1 · · ·hn hi = aibia
−1
i b−1

i ghg−1

ghg−1 = gh1 · · ·hng−1 = (gh1g−1)(gh2g−1) · · · (ghng−1)



{0}
φ(m+ n) = 7(m+ n) = 7m+ 7n = φ(m) + φ(n) φ

φ : Z24 → Z18 φ Z24

φ Z18

a, b ∈ G φ(a)φ(b) = φ(ab) = φ(ba) = φ(b)φ(a)

1

2

[
∥ + ∥2 + ∥ ∥2 − ∥ ∥2

]
=

1

2

[
⟨x+ y, x+ y⟩ − ∥ ∥2 − ∥ ∥2

]

=
1

2

[
∥ ∥2 + 2⟨x, y⟩+ ∥ ∥2 − ∥ ∥2 − ∥ ∥2

]

= ⟨ , ⟩.

SO(2) O(3)

⟨ , ⟩ = ⟨ , ⟩
(
5 2
2 1

)
.

: O(n) → R∗ SO(n)

p6m

{0} ⊂ ⟨6⟩ ⊂ ⟨3⟩ ⊂ Z12 {(1)} × {0} ⊂ {(1), (123), (132)} × {0} ⊂ S3 × {0} ⊂
S3 × ⟨2⟩ ⊂ S3 × Z4

N G/N

N = Nn ⊃ Nn−1 ⊃ · · · ⊃ N1 ⊃ N0 = {e}
G/N = Gn/N ⊃ Gn−1/N ⊃ · · ·G1/N ⊃ G0/N = {N}.

Dn

G/G′



0 R2 \ {0} X = {1, 2, 3, 4}
X(1) = {1, 2, 3} X(12) = {3} X(13) = {2} X(23) = {1} X(123) = X(132) = ∅

G1 = {(1), (23)} G2 = {(1), (13)} G3 = {(1), (12)}
O1 = O2 = O3 = {1, 2, 3}

S4

O(1) = {(1)},
O(12) = {(12), (13), (14), (23), (24), (34)},
O(12)(34) = {(12)(34), (13)(24), (14)(23)},

O(123) = {(123), (132), (124), (142), (134), (143), (234), (243)},
O(1234) = {(1234), (1243), (1324), (1342), (1423), (1432)}.

1 + 3 + 6 + 6 + 8 = 24

(34 + 31 + 32 + 31 + 32 + 32 + 33 + 33)/8 = 21

S4

(abcd)
(ab)(cd) (ab)(cd)(ef)

(abc)(def)

(1 · 26 + 3 · 24 + 4 · 23 + 2 · 22 + 2 · 21)/12 = 13

(1 · 28 + 3 · 26 + 2 · 24)/6 = 80

x ∈ gC(a)g−1 g−1xg ∈ C(a)

|G| = 18 = 2 · 32

S4 P1 = {(1), (123), (132)} P2 = {(1), (124), (142)}
P3 = {(1), (134), (143)} P4 = {(1), (234), (243)}

|G| = 96 = 25 · 3 G

H K |H ∩K| ≥ 16 HK
(32 ·32)/8 = 128 H ∩K H

K

G p p2 q
q2

G G |G| = 3 · 5 · 17
N(H) G H

G N(H)g -→ g−1Hg

aG′, bG′ ∈ G/G′ (aG′)(bG′) = abG′ = ab(b−1a−1ba)G′ = (abb−1a−1)baG′ =
baG′



7Z Q(
√
2 ) R

{1, 3, 7, 9} {1, 2, 3, 4, 5, 6}
{(

1 0
0 1

)
,

(
1 1
0 1

)
,

(
1 0
1 1

)
,

(
0 1
1 0

)
,

(
1 1
1 0

)
,

(
0 1
1 1

)
,

}
.

{0} {0, 9} {0, 6, 12} {0, 3, 6, 9, 12, 15} {0, 2, 4, 6, 8, 10, 12, 14, 16}

φ : C → R φ(i) = a

φ : Q(
√
2 ) → Q(

√
3 ) φ(

√
2 ) = a

x ≡ 17 ( 55) x ≡ 214 ( 2772)

I ̸= {0} 1 ∈ I

φ(a)φ(b) = φ(ab) = φ(ba) = φ(b)φ(a)

a ∈ R a ̸= 0 a R
b ∈ R ab = 1

(a+ b)2 (−ab)2

a/b, c/d ∈ Z(p) a/b+ c/d = (ad+ bc)/bd (a/b) · (c/d) = (ac)/(bd)
Z(p) (bd, p) = 1

x2 = x x ̸= 0 R x = 1
M2(R)

9x2 + 2x+ 5 8x4 + 7x3 + 2x2 + 7x

5x3 + 6x2 − 3x + 4 = (5x2 + 2x + 1)(x − 2) + 6 4x5 − x3 + x2 + 4 = (4x2 +
4)(x3 + 3) + 4x2 + 2

Z12

(2x+ 1)

x2 + x+ 8 = (x+ 2)(x+ 9)

Z

φ : R → S φ : R[x] → S[x] φ(a0+a1x+· · ·+anxn) =
φ(a0) + φ(a1)x+ · · ·+ φ(an)xn

Φn(x) =
xn − 1

x− 1
= xn−1 + xn−2 + · · ·+ x+ 1

Φp(x) Q
p

F [x]



z−1 = 1/(a + b
√
3 i) = (a − b

√
3 i)/(a2 + 3b2) Z[

√
3 i]

a2 + 3b2 = 1 a = ±1, b = 0

5 = −i(1 + 2i)(2 + i) 6 + 8i = −i(1 + i)2(2 + i)2

z = a+ bi w = c+ di ̸= 0 Z[i] z/w ∈ Q(i)

a = ub u ν(b) ≤ ν(ub) ≤ ν(a) ν(a) ≤ ν(b)

(a ∨ b ∨ a′) ∧ a

a′

b

a

a

a ∨ (a ∧ b)

a

a b

a′ ∧ [(a ∧ b′) ∨ b] = a ∧ (a ∨ b)

I, J R I + J = {r + s : r ∈ I s ∈ J}
R I J r1, r2 ∈ I s1, s2 ∈ J

(r1+s1)+(r2+s2) = (r1+r2)+(s1+s2) I+J a ∈ R a(r1+s1) = ar1+as1 ∈ I+J
I + J R



(⇒) a = b ⇒ (a∧b′)∨(a′∧b) = (a∧a′)∨(a′∧a) = O∨O = O (⇐) (a∧b′)∨(a′∧b) =
O ⇒ a ∨ b = (a ∨ a) ∨ b = a ∨ (a ∨ b) = a ∨ [I ∧ (a ∨ b)] = a ∨ [(a ∨ a′) ∧ (a ∨ b)] =
[a ∨ (a ∧ b′)] ∨ [a ∨ (a′ ∧ b)] = a ∨ [(a ∧ b′) ∨ (a′ ∧ b)] = a ∨ 0 = a

a ∨ b = b

Q(
√
2,
√
3 ) {1,

√
2,
√
3,
√
6 } Q

{1, x, x2, . . . , xn−1} Pn

{(1, 0,−3), (0, 1, 2)}
0 = α0 = α(−v + v) = α(−v) + αv −αv = α(−v)

v0 = 0, v1, . . . , vn ∈ V α0 ̸= 0,α1, . . . ,αn ∈ F α0v0 + · · ·+ αnvn = 0

u, v ∈ (T ) α ∈ F

T (u+ v) = T (u) + T (v) = 0

T (αv) = αT (v) = α0 = 0.

u+ v,αv ∈ (T ) (T ) V
T (u) = T (v) T (u− v) = T (u)−T (v) = 0

u− v = 0 u = v

u, u′ ∈ U v, v′ ∈ V

(u+ v) + (u′ + v′) = (u+ u′) + (v + v′) ∈ U + V

α(u+ v) = αu+ αv ∈ U + V.

x4 − (2/3)x2 − 62/9 x4 − 2x2 + 25

{1,
√
2,
√
3,
√
6 } {1, i,

√
2,
√
2 i} {1, 21/6, 21/3, 21/2, 22/3, 25/6}

Q(
√
3,
√
7 )

Z2[x]/⟨x3+x+1⟩ α 1+α α2 1+α2 α+α2

1 + α+ α2 α3 + α+ 1 = 0

E F K E α ∈ K
α F α E

p(x) = β0 + β1x + · · · + βnxn E[x] α
F (β0, . . . ,βn)

{1,
√
3,
√
7,
√
21 } Q(

√
3,
√
7 ) Q Q(

√
3,
√
7 ) ⊃ Q(

√
3 +

√
7 )

[Q(
√
3,
√
7 ) : Q] = 4 [Q(

√
3 +

√
7 ) : Q] = 2√

3 +
√
7 Q(

√
3,
√
7 ) = Q(

√
3 +

√
7 )

β ∈ F (α) F β = p(α)/q(α) p q α
q(α) ̸= 0 F β F

f(x) ∈ F [x] f(β) = 0 f(x) = a0 + a1x+ · · ·+ anxn

0 = f(β) = f

(
p(α)

q(α)

)
= a0 + a1

(
p(α)

q(α)

)
+ · · ·+ an

(
p(α)

q(α)

)n

.

q(α)n F [x] α



Z2(α) x3 + x2 +1 α

p(x) Z3[x] Z3[x]/⟨p(x)⟩

x5− 1 = (x+1)(x4+x3+x2+x+1) x9− 1 = (x+1)(x2+x+1)(x6+x3+1)

x7 − 1 = (x+ 1)(x3 + x+ 1)(x3 + x2 + 1)

p(x) ∈ F [x] p(x) ∈ E[x]

α F n β ∈ F (α)
β = a0+a1α+ · · ·+an−1αn−1 ai ∈ F qn n (a0, a1, . . . , an−1)

xp−1 − 1 Zp

Z2 Z2 × Z2 × Z2

Q x3 + 2x2 − x− 2 = (x− 1)(x+ 1)(x+ 2)
Z3 x4 + x2 + 1 = (x+ 1)2(x+ 2)2

[ (729) : (9)] = [ (729) : (3)]/[ (9) : (3)] = 6/2 = 3,

G( (729)/ (9)) ∼= Z3 G( (729)/ (9)) σ σ36(α) =
α36 = α729 α ∈ (729)

S5 S3

Q(i)

E F [x] [E : F ]
G(E/F ) S3

Z3 S3

G Sn

ω,ω2, . . . ,ωp−1 ω ̸= 1 ωi Φp

Φp(ωi)

ω ω,ω2, . . . ,ωp−1 φi : Q(ω) → Q(ωi)

φi(a0 + a1ω + · · ·+ ap−2ω
p−2) = a0 + a1ω

i + · · ·+ cp−2(ω
i)p−2,

ai ∈ Q φi φ2
G(Q(ω)/Q)

{ω,ω2, . . . ,ωp−1} Q(ω) Q
ω,ω2, . . . ,ωp−1 G(Q(ω)/Q)



a ∈ A a A
N
Z
Q
R
C
A ⊂ B A B
∅
A ∪B A B
A ∩B A B
A′ A
A \B A B
A×B A B
An A× · · ·×A n
id
f−1 f
a ≡ b ( n) a b n
n! n(n
k

)
n!/(k!(n− k)!)

a | b a b
(a, b) a b

P(X) X
(m,n) m n

Zn n
U(n) Zn

Mn(R) n× n R
A A

GLn(R)
Q8

C∗

|G|
R∗



Q∗

SLn(R)
Z(G)
⟨a⟩ a
|a| a
θ θ + i θ

T
Sn n
(a1, a2, . . . , ak) k
An n
Dn

[G : H] H G
LH H G
RH H G
d( , )
d
w( )
Mm×n( 2) m× n Z2

(H) H
δij
G ∼= H G H

(G) G
ig ig(x) = gxg−1

(G) G
ρg
G/N G N
G′ G

φ φ
(aij)
O(n)
∥ ∥
SO(n)
E(n)
Ox x
Xg g
Gx x
N(H) H
H
Z[i]

R R
Z(p) p

f(x)
R[x] R
R[x1, x2, . . . , xn] n
φα α



Q(x) Q
ν(a) a
F (x) x
F (x1, . . . , xn) x1, . . . , xn
a ≼ b a b
a ∨ b a b
a ∧ b a b
I
O
a′ a

V V
U ⊕ V U V

(V,W ) U V
V ∗ V
F (α1, . . . ,αn) F α1, . . . ,αn

[E : F ] E F
(pn) pn

F ∗ F
G(E/F ) E F
F{σi} σi
FG G
∆2



G
G
n

n



φ



p



n

n



p

p

p
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