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KRIVULJE

Brametrizacija kavolje
P T R (i B

za e L0 velja. IFE)¥0 (s usi odvods koordinatnih fonkciy hbaai enakt 0)
\<fer kriwoljonimet lahto vee ralient parametrizac (pomembnaje narauna parametizacija).
{b .
Dolzina bitwolie =~ £= SIictelldé

farametrizacia 2 naraonim parametrom:

€
NAE é"ﬁ)’((u\\’*(i(o))zflilol\z dv

PODAIAIE rRINDLY
-PABAMETRICNO @ 1SR infevd 7 1Rl B?
CELSPLICITMO - y= £ (v raunini)
« HPLICITIO * Flxy)=0 (v B

oz. Fluy,2)=0 ZS[U 3
G(K(Y,Z\ =0

RISARSE KRWOLIY
T.. paramelfrizacia briwlge
7€) stpredstasljamo kot polozay fotte ob sy
r(0) .. wtrost fotke v zaso €
i snjo i pomagamo € :
- graft in stacionarnimi +ockami tomponent

- [imitami (opachmo aslmpl'd'ltno obnazanjé Eomponen’r\

Tangentcana k((&\\)go‘ k= )YZ%

y= kxen



@ Dariai (Vo Fl¢] = (en 2¢], cos(é)).

Rrioda : 2T (e h(uok'c now 02N je igi tot nox [ET, (M\-?ﬂ)

x(6) = sin 26
xlt) = Qcost

Y€)= cast
ylt)=-snt

xtE)

4-.

—

_/'--

x)=0: 4=0Z, T3

. 3T ST omr
)0+ =X T g g

3T

ylE=0: =717

Y

2 or oG = Ee om0 |

€agisi enacho krivolje v implicitn obliki.

st (78) = G st -cost
oSl - G sintl-coste =G cos¥: (f-siné) = §s'é
G cos% - s (2€) = §cos4é

G- = x5 oz Gy (y-A)+x*=0
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@ Rarisi knwoljo, i j¢ podana s parametrizaco x(€)= bast w yll-3snt.

Enatbo trwlje zapisi fudi vimplicifa obliti

feiode 2T
(£)
k= G cost xq;_ =0t 5%
XE = -Gsin 2\ , / L xtt)=0: =0T 2l
1 \V ook am ¢
yl€)=3sm € yeél ((6)=0+ ¢= 0,2
ol
jle)= 3cost )1 P =0 £=5.Y
Ur an ¢
£ 0 z T a 2T
x/€) - 0 4
y[é\ 0 3 0 -3 0

£ 10,73 * polyemo od focte (4.0) do focke (03)

0 levo (x pada) in navegor (y narasza)

£ef T,M(: potujemo odtocte (0:3)do Jotte [4,0)

U levo (x padat) in acwedol (y pader)




felm 73 polujemo od fozte (-4.0) do dotke (0,-3)

v desno (xnarasea) in navedo| (y pada)

¢elF 2T+ polojemo od focke (0-3) do tozke (4.0)

v desno (x narasta) in naueqor (y parastc)

Implicitna oblika -

x=¢cost > Crarcos g

y=3sint

[ Va
3 siné [

1

%fsmzé = [-cos% = 4- costlarccosZ) = 1-(£)°

[A

G

<

W

3 1
X
X—zn‘ a-1=/l elipsct 8 a= G n b=3



©) Narist Descartesou list, 1 brvoljo, ke podana v implicitni ablitt € enacbo
K -3xy+y3=0.

Nasvet = poedi parameter ¢= 4.

-y =0 [x3 y= €x
1-3¢4+ (V=0 . 3¢

y N+E°
1-3¢-%+£%=0

3 5= 46
€

T c—

X= /“'63

3¢
x(€) = A+ €3

o =0 £-0
(5 4¢) '
304+€3)-3€23¢ E x(€)=0: J-263=0

xle) = = i .
(1+€3)? 4' /,‘,\é 63:;{_

. _3-¢¢8 _
(1+¢3)? t

3¢!
V(é\ Y TV A

(1) < 66 (1€3)-3¢%3L"
yle) weyr

BT REIA
(13¢3)?

y{l—fﬂgﬁ
x(’5)=3{2



£=0  {(0)= (0,0) 0 def ocks e tangenta ta brvuljo vodorauna, ker je y(0)=0
tef)  potuemo desno (x narasta) in navegor [y narasca)

ﬁj/{f f(lf’%)" 5,92 ) nawicna fongenta (ﬂz{‘%) -0)

fe(%ﬂﬂ pofyjemo [ewo in navegor

e 7)) vodorauna Yangentae (j(%21+=0)

te (§2,00) potugemo leoo 1 navedo!

£2% ¢+ im k€)= 0, lm y=0 2 |m r&)= (0.0)

&> 00 £90= £300
naklon Jranqenic v (00):

natlon tangente na krtwoljo vpolozqp ki ostreza parametry ¢, (e enak

L) = ¥
e St (2-€7)
[ nasem primero L(6)= HETE - 46
3a ((-2£3) 4-2€3
(14 ¢3)?

_ /6
lim L\ = lm ALY RN

g JURETrY > nagiena Tangent

£=0

[t smo narsall; de! bravolje 2 £elo,0) (omeen del)



DODATOO (nismo naredili nax \ladah\ + dodamo preostali del lf_ri\lukf’ (¢<0)

te (4.0): e €poda prot -4 :

inx(€l= -0 in lim ylfl 02
€ &b

bogremo s £ od 0 do -4, potygemo od fozke (0.0} v nestoncnost

lewo v navzqor
lm L) = ’lm Lk ?“/1

€L Gk
#4360 _
y=kx+n: 4'1'"4"/é‘ IILY_\ (yle)- L) xte) = J‘If-’f*’éhx{én hn;) v
3-¢- (el -3
|'"‘ | -6 &)~ -/

3 priblizgremo se poseuni asimptoti y= -x-4
Gel-0o-4): ¢e ¢ narasin proti A+ fm xEl=o>  lm y(6l=-

AR €01
m (& = (0,0}

¢£3-00
Vo s & potoemo od -+ do -4, potogemo od fozke (00) profi nestonznosti
v desno in navzdol

Fodobno kot prej potazemo  do se priblizojemo poseunt asimploti y=-x-1.

! $e=’—ﬁ




() laramefrizicay doljico od tozke A(4,2.0) do focte B (-%,2,8) = naraumm pametrom.
Dofica + FlE)> (4.20)+ £ ((-%2.8)- (4.2.0)) = e o]
= {-/1'6612; Zé)

t . € € £
AlE) = § T ()| dv = é I(-6,0,8)| dp = §-§(-g\’+o’+3" do = §ﬁ36d0 = 0%

ADY=0, al1)=40 3 aclo 40§
2= M08 9 €= 5

(= -6, 2, 8) = (A-% .2, @)

@ lzraconcy dolZino pelovice loka citlorde & radiem 4, 4
x(Q1= §-sing

‘(JEZ-OJT]
y(@)= 4-cosq

r(gl= (@-sing, A-cosep )
F(¢)= (1-cosy, sing)

h"(lf\\“((ﬁ-coscp\z’rsmzk[) ='\/~£Zcosq>+/1 =’{2-2c05L|> = 0 A t-cosy =
L 4 (et -s0?E) = T2 25t = s = 2lsnd]

o gf T
L= gQ-\sm‘{i\ d¢ = §.2~ sinol- 2dv = & é Isinuldo = ‘(‘§5modo =
D:
do=7d¢
= & (-cosu)l =4 (o-(1): i

INITN ~ce



@ Danaije Erioolior F(6)= (3€%4 £(3-€M). TocenrauseuouA LRI00LIA

al

aYstiara krvoljo

b) izrazt narauni parameder kivolje 2 zacetnim

¢ izraconay dolzmno krivolje med fockama E40)in (3.0)

x(€)= 3¢/
x(t) = 6L

yle)= £ (3-¢°)
jle)= 3-¢0 ¢ (26) =
= 3-3¢¢

X\

yle)=0- £=0, =413

jlel=0 « £=%/
e
fesR:
)
pod et
-7
Qs
O
naraScca
[
pada




L 1 N L5
L) X(€) ce ¢

€r0=:  LlE]>-2

€-°: |(f]30°

€ 6 €
b)  al)= S)lde = $166u 33N du= 35 1, 4o7)ldo =

7
ni pomembno
] Faferi foct!
zZaCHemo
€ _ € & 3 €
=354+ (-0 do = 3§"{(4+02)2 do = 3§ tdo = 3-(ur )] -
=3¢ +¢3
C) ('4(0\ > ¢- O (8:0) ) 6:1"3
30-A=-4 & (3-€Y)=0 3¢A=8  £(3-¢8)=0
3¢2=0 3¢t=9
¢t=0 £e=73
¢ =0

B
2= Slelo)l do %AH@% (B

ker smo pri b) primery g
zucetno éocto iebrali
£=0



Enacba fangente. na krivoljo =7l v otk bo-
TiR)= Pléo) + 2 PlL,)

Nomalna muniner na krtvoljo 7=76€) v fozki v raunina ke useboge léol = normalo ).

@ [zraconay cnatbo tangente n normalne raonine na krvoljo s parametrizac(jo

Ple): (6,8,-¢3) v tocki (4 2A)

rll= (A 4-3¢Y

Fle)= (15,1 9 £o=/

T:= 4N+ 0TI = (W51 + - (A 3)
Domadne rawnina

Llxyz) - (45-1), (4,4-3)7 =0
7

Jocka nat normalni
raunini

(x-1\-A + (y-4V- N+ (=) (-3) = 0
x-d+y=7-32-3=0

xty-32 =% & enacha normalne raonine



@ Rarametrtziroy brooljo Aeytre®= G, (en\ey* =4 in zapidl cnacho

tangente prc x=4, y<0, 220.

(ilindricne koodincde :

X=(-cosy

f=rsinQ

E*¢€
xhUyhzt=§ (x-A\ry2=/
(" ody+ sinlp + 22= § (20dp -2 cosq + [+ irsnlg = J
(t+gh=q ?-&rcosg =0 [+r

( r=2cosy

28=6-1? = G- Geody = Gsin’y

&= t]sing
X= 2-cosz*{1
y = d-cosq -siny e o217
&= 2560y

TANGEUTA - DO



DERIVLIEQOST

SPRENLIASOCI TRIEPER  krwolie s parametrizacio 7l6) v foeki 7lés) sestaufop:

= 7 ) >
T TANGELTIL VEETOR T = s = 7'(n,)

PUAs) | IFKN Pll)- (16 i) Tleo))
TN Al AR GAY A A

- JELTOR BINORHALE B ﬁ%ﬁ%}%

- JELTOR GLAUDE MORHALE D = BxT =

PRITISRIENA RAVINA krvolie s paramefrieacio 7=Fie) v focki Tlko) imai normalo B

NORMALUA RAVRIUA  krtwlie s garamelrizacio 7=F(E) v tocki Tlko) imc rormalo T

WPOGRIENOST (FLELSIISKA DERIVCIENOST) krtwolje s parametrizacio 7=Fle) v foct Tk

Je enate AR
EAR

= IF" (A

POLHER PRITISNUENE YROZOICE «

ZUITOST (TOREIISKA DERIVLIEROST) krwolje s porametrizacio 7=Fle) v tocki 7Lko)

2 enaka

: AR AA NI "EI[A )l
I7teo)x P leal™ I leo)x P EM* °

FRENETOVE FORNULE (ynaravni parametrizaciyi)

*ieje w=0 @ Ve (e rtooljcr tavninsta



(D) Latwoljar K je dolozena kot preset plosten & enachamar x*<3y in 2y =3z,
a) farametnsicay Lavoljo
b) Doloci tangentnt vettor v fockt (33,2).

¢) Doloci narawni parameter za bnwolfo £ in doléino odseta knuofje L med toztama

(0(0(0) in [3,312)

d) leraonay wogngenost (Pleksijsko ukriugeno.s’r) in suttost (foreiysto ukriyfenost ) biuohe L v focti

(0,0.0).

a) K3y 2 y= %
=3z > &= %xy = Z%x3
Plx)= (x,ﬁz,z%x"')
Fl6): (4,38 %€

b) (33.2)= (¢,

3:60
EEE VA AN

Pl6)=(4, 3¢ 5¢%)= [4,5¢ &)

Fl3)=(4,22)

= _ (4(2:2) _ ('{12-2) _ 1
13): Wz 2 w2t 3(2.2)

c) nle): Slr(uldu-H,ﬁ@,,‘w" do * SWJU 4*")30-{*;"&3

(3,32) 2 £-3
(0(0{0) 9 é‘O

f=aB8)-pl0)= 342-0 =5



d)

r(0)x7(0)

K

2lel= (4 2, gé?) r(0)= (4,0.0)
Ple) = (O(Ol%) T)(O): (O(Ol%)

2 X y 4
(1,00 x (0,50)= 4 o o
o ¥ 0O

]

(0-0,0-0,3-0)= (0,0, %)

_ ookl . 2
I{ (4,0,0)l 3 3
- (00%1-(0,04) - 2% 2
oo 3)I12 % o

O A %

WInQ



@) Bagbo 7(6l= (ebcost | %siné ¥,
a) Doloct naraunt parameter.
bl leracunaj spremljajoct trieder
¢l leraconay fletsijsko in forggsto vknuljenost krivolfe v tfocki (4.0.4)
d) Dolou enacbo priksngene raunine v tockr (0.

YIE)= [cteost - ebsind, cbsiné +etcost, ef)
T E)= (€ (cgz«( ~siné-siné-pél) | e‘[s)r@‘(osﬁ o5t —5}(6) et)s
: (-Qetsiné, Qebeast, F)

Flé)= (-2 eb (snt +cost), Qe (cost-sint), et)

a) Irtell= h{(cé‘(wééﬁmé”h (2 (smtreast))’ + (4 =

) “l & (ws -Zs@éfo/sﬂsmzé tsinté + 25@%56%05215 +A) =3

¢ ¢ ¢
slé) = § 7 (o) do = §{’)'c°do = f?)c"l = 3 (/)

Tl A
b) T[é) I('; Pl - Bet (C’e(aﬁé‘émé), c(siné+cost), eé) =

= {/13‘ (cost-sint, smé’rcosé‘/f)

. i X Z
FlE|xTE) = eblest-siné) e‘(zmé‘tcos{) et =
-Jetsint Jcbcost i

= (e®(snérost) - 2ettaost, ~2esmt - & (cobont), /¢ Sost (cost-sin) +2Sint (smé+cast ) =

= (¥ siné-cost) | €% (-sin6-cos€ ), Je?é (st - m% £ +sin’ + 5:/;,6656)) =
= CZ(’ (siné-cost (~sinb-cost, 2 ]



Irtelx PNl = et 1 biné-cost)s Csnbcost)+2* =

.
{0e {;075-2310 6 +codt +sinté +25m/{osé+ QOH+ 1 =
= {ge%

4]
S (sinbcost ~snb-cos€ L) 4 4
8(6): A iné- 6(" 6- € 2_ =
[ (antcoct -t oot g )| 16 #¢ 7 Lontaost msnb-cos, 2]

-4 (smé- cosé, -siné-cos6, 2 )

16
Gle)= B x T(E) = 14-5 (stné- cosé, -siné-036, 2) x % (cost-s0t, sint+aast, A )=
X y z
A (siné-cost (-sin¢-cost) 2 -
#1e (cost-sné)  (sint +cost) /
A
"N ((-smé-cos{,\-/l- 2 Ginttcost)| 2lcost-sint ) -4 (snt-cest),

(sint-cost)-(sint+cost ) - Fsint-cost)- (cost-sint) \ -

:3_’_% (-3($,ne+cc:5£],3(cosﬁ'smf\, 5[})72‘69%4'695{6 "2 Zé) -

(-siné-cost, cost-sint., O )

-
-

S

¢) (1.0,1)=7(0)

B ICoT Ol . 0, .
o3 et ®

I i



o= [F(0), PO\l .

| 2oV xFlo) 11 (4c-e2°)?

. (-4.—4.2\6-(-2.2.4\ _ ‘Z"{Q’»{*Z):i

d) Paunina 2 normalo B(O), b gre stoei focko 70O)

' (sm()'cosO, -sin 0-¢os0, 2) = (-4-4.2)

R~

5(0\:

I~

Enacba ranine
) -0, 2 (4-4,2) = O
oAV -0 b G-N2= 0 He
-xtd-y +2g-2=0
“x-y+2e =/




@ Danafe brwoler €)= (3cost, 3sint  Gé ).
a) Parametrizira) po naravnem parametro.

b) lzracunay spremljajoci Hrieder
c) leratunay fleksigsto i tore(sko vkrivljenost vtoct: (0,3,2m)

a) T)=(-3siné 3cost, &)

{xte jieivzar = {aamerBoost T+ A = 13suéeIcodtuts = 3444 =

=5

€ €
NAE §5do= 50(\, =

o N
(A= (30055, 3 5in ’35, %3

b) UPORABIND FORNULE A4 LARAUNO PARANETRIZACIO {

> A A
)= Tla)= (-2 sn%, 2053, 2)

3 N 3
(Is\= E:m = ('z—gé'cosgbl'z’sgsmfb:())__ 235'['53;(05% 'z%sm? 0)-
l|r {A)" |l(-§gm5§|'23 30 f,O)" !

L

) N A
= (-¢cos5.sin5,0)

T 0 3 5 s y '
g(&\ = T(Q\X L\(h) R - (i 3-505% % =
- cos % -sin 2 o)

= (§5m5. scas/-g;s ‘3\



c) Tocka (0,321
3053 =0 Isins = %A=Zﬂ- 2 /3:52—rr

POOUND OPOSTEUANO LARAVOD PAPARETRIZACINO 0

W) 17" )= % wsB msng 10)l
u(%r\:“'zs (COSg];.sm 25,0)" “ (cosz.smz.O)“ l(0,4,0)1] =
w (1) = I B = 1| (o5, & 5ine,0)

|3k

(g\ || (coszs,smfﬂ;‘O“: z‘% [(0.4,0)Il=



C& [HANO KRIYOLIO U BAVDILI SE EUACBE fOELOSANIN0 |-

Ple)= (x (), y(0))

Dhaufenost = K= =5
ftofjenos Tieny) 3

w= O (ravninstA £21v0LIA )

@ lzratungy okriolienost etsplicitno podane Lrvolje y= xf-x+4 v docki x=4.

(el =€ x(e)s 4 x(£)=0
AT AY jle\= 4¢3-4 jll= f2¢t
y- K= xy . Ae-0 ) . (2¢*

Yt e A eent
W(4) = 12 a4z 6 | 3o
{req: Jt3® o 1046 o 5




