£ KTORSKA AUALIZA

P: R35 R stALARNO POLIE (demperatura)

(x,yz) = flxy,z)

F:R3> R vektorsro LWE  ( pole sil)
(xy2) = (Plxyel , Qlxyiz) | Rlxye))

> S
Operator V#%,%@g}

brachent : skalamo polje = vetforsto polje
ged (8) = 7% = (25155 )= (8,6,

chrgcnca i ektorsko polje 2 skalarno PO|56 ce je di(F) = =0, e F
> DP QQ E)R bre% iz0010U
dl\l F = F = Dx DY * -’_
Rotor : lektorsko polie 2 wektorsto polje e e 1o (F)=0 e F

S > brez vncev
otf =7xf = (Py -G PRy, QX"P}')

letforsto polje F je POTELCIALLO, ée obstaja stalamo pole € da (e
grad £ = F. Takemu €ze obstayan , pravimo  POTELCIAL  polja £

[eret:  totlgrad €1=0 o dowolj lepih cbmoggin uefja tudiobrat
div(iotF )= 0
laglace ov operator &3 staloso polfe =5 stalarno polje

e Of
A'-E OIIUC(SFCLCJ £ aajj DY az

Skalasno polje £ e HARMONICNO, ce veljo a€=0.



() A=z, @) = (QRY  Playz)=Zyz, Q@=-#y, R=x&
v = Zx2y€3

eraauna\g CJl'U/—Dr)'(h /T‘ﬂradu. diy (0/“, carad 0%

cdradu = (Ux.Oy,Uz—\= (‘lxy%?’l I3, éx?y%z)

duho= (-2 dxE) 2yzd = -2y e+ Gxdyz

/‘T'araclu = (Zyz,-x?y ,XZZ) '(‘lxy%3. Ix%e3, éxzy%z) =
=8xyef -Ixiyz  +bxy g

U'Z’ (Qx"y?z‘*, -Zx4y2}3, ZK’Jst)

divloK) = BxyTz% - Gyayz>+ 103z 4 = diuk-y *;-gradu

To velja fudi v splosnem :
div (8F) = dm?-f + ?'ﬂradf

€ 72_¢

1°=9x"y e
grad o® = (16x3%4, Bxéye®, 26xy"e®)



®) Deloci ab,ceR , cx bo polje = (axv +83 | 3x +bz cxe’-y) breg uttinceu.
[eraconay 1ot (uF) in Fxgrado ¢ s \;e u-yzf -

= >
b brez urtnceu e roth =0

ro’rH)= (Cy‘ BZ,A%—CXI BX—AY\z

)

(/IbBZC Ex = ax)—O

A 8 <

2

0 W\
ol = (axy"eZJf T 3,(7},%2 +byg® cxyz VZEZ)

ot )= (CV‘Ba Ae-Cx By ‘AV):

Y

G:C¢b=”1(c=2}

|

= (cxy('-ZyzZ - (42 -3bye” Jayte + Sy2 - cye | Cxyl ~Zaxyet - E°)

= (3xy - GRyz ry Y, foyle + Ly,

gradu - (0, gt Zy%]

N D

i ] 3
Hx caradu = éxy+23 3-2 szz—y
0 2’ 4F:

U&Lga

Z 4
o b e 3 o

- Cxye?-z )

= (axy+€3, 3xt+bz, cxe®-y)

= (C,%y‘é AL ‘3x€q+yzz | O -/f?xyzz ATAN A -O}

1ot (oF | = g1ot B - Fxgrady

fodi v splosnem ¢
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@ [zraéunaﬁe rof (ZXC%, —f.;cé _&y

Lmoznost © na roke (DU)

2.moznost: Opazimo

= ox | Xe

Xl =§V (2e?)
g

’%E% =5% (che)

3 ro+(... |= ot (qrad (xzc‘¥))= O

@ Naj bo 1= {@ry2tz® .
a) \Eraéonqjj(e AT,

b) fii katerem eksponenty p (e polie ® harmonizno !

e, I
@) or= 5t ST G- QL:/;{/{J 2
X y aX )ZW'Z.‘ZZ
o3 Ryl o _ A yv, !
Xlg (><2")‘7"~§2\z ox ‘lx7+77+zz " _}/ . [X""Y?”EZ)%
3 A
= - = 8 22 ar C)z
x7+y7+zz x7+y7+zz Hdobno D; ) ay?— ) Dz in ()_;Z
= 2" =
-'lxz',YZ,_Zz



)
312_/1 ZP'A 32'/1
-t " Eywl g plael )

L.__Z_
=P'(x7+y7+22) ' (X(\/.%) -

b) %rad (¢?)= ﬂracl( (<ey+2%)

=p P ey
alr?)= A((xhyhz"]g) = du(grad (1)
.()@ynzz]‘f'/’. T;Y (m;'“'(xz*y?%z)“( 0&+2(+ 7<) =
g e plpe) rP
:P.rF"‘. 3¢+ (P‘th)z
= p-rF° . (34p2) =

= P'(pf/ﬂ-rp’Z

s(r?)=0 & p=0 ak p=-/.




@Poiééﬁe lekorsko polie | Zigar rofer je ueborsko polie  Cx-y, 0).
Ramiq * & tomponento lahko postasimo na O,

F=(RG.R) istano tebtorsto polie
ot F = (x1y,0l

amig: F = (P.Q,0)

otF = (-Qz, P, xR ) = (x-y,0)

Ge=-x — Qlyel=-xz * glxy)
Pe=-y — Plxiye) =y + plxy)
Ox=PF = Ztqeluy)= -+ pylxy)
gx(xy| = py [xiy)  — najlepsa mognost
P(x.y\ :ﬁ(XIV, =0

(v resnict imamo za pin g neskonzno moznosti)

= (-yz,-xz ,O)




KRIVOLIWI U PLOSKOVNI INTEGRAL

* frwlgn integral skalamnega polia £ vedole Eroolye ¥ ﬁ@,
s paramelrizacijo T=T (] | £<ZL BT ey
17|
Ceds := S £(Pel) [Pl de e e
Y L
*Deﬂmcga {¢ teoduisna od iebrane parametrizacije r=r(€).
Efrte))
N Flé
- }frmoljni integral vclc‘ror,slcega pofja. F 1zdole }:rwolje 5 £r6 /m:ﬁ

ré
s parametrigaco 7= (€|, £€ 7L AT *

CFds := f F(reel) Tre) d¢ £=u
Y L

*Deﬁmcga {c teodvizna od igbrane parametrizacie r=T(€).

- Ploskouni m‘rec]ral skalarnega po(J'a ? vzdolz Ploskue p

sParammL(fEacB'O r= TYUN), (U«/U')GD : -
//!/ro)( ||

%S £dS = C2(Flow) V66-F dodar
D
é_:ﬂl'ﬁ)l F=|’_:,'Far, G’ﬁr'ﬁr

+ Plaskouni m‘rcgral Uckfoml:cao polja F vzdole ploskue p

s paame frizaco P=rlw), (a)eD - .
ro X far

%S FdS = CF(Flow) Bxi) dode
D



{
D+ lzracunaygte g Zuige ds, ce [ ¢ ufacaica sparame’rr(tacgo
Flé)= (acost ,asné bt od £=0 do €<2T.

Plel- [-asiné, acost, b)

7€) = ﬂzsm?{ tolcosté +bt = ia2+ bt

r4 4
) Sazcos?zfi-a?sm?é + 62T ‘az‘bz d¢ =

[

2n
1
= iaz‘rbz : Saz+ bz{z d'é =
o

n _4_z
= 2 o =
NN
O
[#}
= az OSA“'(_a%é‘ (Jé x=aéé
_b
92_"_ Ax—adé
S L A - d€ = Edx
- T aE b gh‘x’
[»]
bl
_ A+ bt } Ia=
T oa-b arcran x
X=0
A b 2bll
= ———arctan o




N* lziazonagte S pids | ce je £ knwlja podana & enacbo y=T14-,=z=0.
e ——
definrano za x€[-4, 1]

r¢)= (¢,41-¢, 0]
f(£)= (/(f{' “'ézl-g Zé I 0) = uu% 10)

N _ £2 = [A1-#+¢ _ A
”rlé)ll ﬂ‘{' [-£2 AN-£2 _W

) ArTZ 1 — ’ ©
éy ds = é I-¢ V—g dt = _54‘{_/1_-? dé/‘— T}S" /f-co§><°(’5m><)dx -
£ =cosX
d€ = ~sinx dx

T T (¥
= Clsinx| sinx dx = Ssmzxdx=
(o (o}

T T I
W2 T :
C:,?-SSm?xd)( = (.*) 55[[)1)( cfx/f}gsm?(ﬂ—é)olé ;

E ikl
=3 Ssin” 4><-cos:zat x dx = rr><

° =I§smzé d¢ =
= /5(23,24) = er

= . 2
_TGITE) (2T | gsmxdx
M(3+7) z

['(2]



N: [eraconajte ko ntegral stalarneqa polja v=xty po roby
{TI'kO"’ﬂ(ICQ (3 ocalrS‘Ci A(O(O)l B(A(O)lC(Ol/”.

G16)= 4+ ¢-(8-A) = (0+¢(r0), 0+€-(0-01) = (¢.0) G = (4.0)
0 ()= Bré(C-B) = (+¢-(01),0+&-(41-0)) = UU-& €)= (AN
R =C & (A-Cl= (0+¢ 00 , 1 +¢ (0-1)] = (0, 4-¢ ) L= (04)

: Ulxy) = xty leall= 4
-@l ¥ I 1= 42
. G 1=/

A\;—-B B

fa

§ iy ds = Sululel - 17 ENlde + Solryfel - 17, telll d¢ + S ulrlel) - I, (el dé =
A 1 1
= S(6:0 A db + S (g £) -T2 d€ + § (orh-¢l- A dE =

1 Y| 24
| efz-¢ |+ (¢-€)] =




U+ lerazungle integral rektoiskega polja B = [JS] po Lrivafjah
¢ £ )
€r= [2__[ in b :[6{[ pre cemer gre parameter € obakrat od O do /.

DIJ=Is%oea;= Z“I R $=2, 52

f:=(é,é‘-é] rz =[€/£?l£3}
=(1.4,4) G = (1,2¢,3¢°)

” (NP

1 1
(481 UMD = S(6£+£) dE = £l

|



N leraconajte cirkolactio uekorstegar poljo 2= | e po enem €auofu

krivalie T(£1= (cost sin€ cost +sin¢ )

*CIRLOCACUA e tntegral po stlenjent kriwlii in jo oznacujemo = § Rd¥.
L

Je peoduisna od zacetne oz. konzne tocke 1 paramctrizacii, odvisna pa je
od orentacife.

lr
§Rc[F = S (sné, ~cost-sint, cost) (-snt | cost, -sin€ rcost)dt =

2

= - zé-— -<j - =
§(sm c/o&/{ sinécost 5[06(056%98{6 )dé

zm 2l
= - Ssif’é d¢ - S 2sinbcost d€ =

T 2l 2T
=-§sm2éo{€ ’ésmzéclé - §sm26dé:

¢
cosl€

T T T
=- Ssn% d & + SsifedéE + > l =
o 2

€=o

.
= -2Csiféde + O =

“od prejsnih nalog= =_Z.T_|' -
7

—

NI

-
Ssintd dd=



N+ leraconagte krtuuljnt integral vektorstega polja F = (2 2xy, yz) po rtvolji
F=(3¢%¢) od T,000] do T,(3,4.4).
T =7(0)
T =r ()

T (4)=(3,2¢, 1)
SFdr= §(9¢7,2.3¢¢%¢%¢)-(3,2¢,4) d¢ =
t -3

- S 2L L3t -

A 1 A4
=35 "

2 4 -
=3* T "4
_ 180+ 48+5 _ 233
) 20 20

N+ lzracunagte gxdy tydx e e € daljica od A(a,0,0) do B(0:b,0).

Parame’rrfsacga dah'rce : Fl)s A+ é (B-A) , £e [oA]
rit)= (2,00)+ ¢ (0a,b,0) = (a-ta,¢b,0)
rl¢)= (-a,b.0)
A
Sxdytydx = g(y,x,O)'(dx.cly,Jz) - S(éb,a(4€),0) (-a,b,0) d¢ -
t (o)

1

A z
= §'ab6 rab(4-¢) d€ =(abé‘,2/ab§‘) ’ = ab-ab =0.
=0



lzrek: Krwolpni integral potencialnega pofja F F=gradu je oduisen le

od zatetie in konene tocke po’n Y.

é Fds = u(fB)) - o (F(L)

(444)

\E lzracunaﬁe SlZdr za. P = [ZXZ 1

(0,00} ZyZ'fX

Alr (e po*cncralno !

T [ Lk
2 8 2
ox oy 0<%
Zxz € etk

rOJrE = = (ZE’ZE, Ix-Ix,0-0) = (0,0, 0)

P defniran na B3 (brez oken J) = E je potencialno

R= gradu

Ix= Ax% 0= Xz + alyz] U=><Z€+E?y+b(z)

by= ° 2 W=a =g 9 Ug= x%2zy +ble) = Zyz+xt
Uz= Jyz+x° a= g4+ bzl blz)]=O 3 blel=C lonst

7 0lxyie)=Ke tEy+C

Rtencial - u=xz + &y

(4.4,4)
S Edg = 0“11{11”— U(OtO(O] =/-0 Z__Z_

(000 )

*?rlmer\yaj're g 1ezoltatom DI pro nalog( s fem R Egorq\l'g



N# lzracunajte %S(sz) d5,ce je P plast alja x+y*=a* med raunmnama z=0 inz=3.

[rametr zacijo *

? = (O'COSL{’,a'Sl'anl z )

fy = (-asing, a-cosy , 0)
t -(00,4)

E =rgly = d%su’y ta‘cosy =a’
F =yl = O
G=Trz1z = /

o7 3

S (x+21dP = $ § (acosyre)-{66-F dzdy =
P °o0

2

E

oCLN\w

(Q‘COS((”'E)'{GZ—O dEd(Q:

213
= Sg (a'cosxp+z]'a c]g c(q; =

ar . 3
o Slacosg e+ )] dy-

n

am q
a'Sga'cosq"Z dkp =
2w 3 zm
=30 (asny [+ 20l )=

=3a'(O+§-Zﬂ')= f]i_ﬂ_'



U+ lerazonay poursmo ploskve z=2-x*-y% 22 0.

Pleyl= (g 24—y} e=2@20
Fx (x,\/\: (1,01 -Ox )

)
rv ( le) = (O ( /{ V 2 y )  Plaskouni ntegral skalamega polja £ vedole ploskve P
sparamea‘nzacgo r=rlw), (ba)eD :
. 7 Jiox rar |
= . = 4 4
E r)( rX A (tK %S $dS - %Sf(?(u,ar))“{é‘éfz dodar

Fo ety = Gxy ETy, Foiv T 6o le

G = Fy'f)y = A+ Gyt
Ea-F" = eyt HiGy™ ~AGRTT = At ley?

X =(COBY
y=rsiny
z =/-r°

P=35{eq-Ft dudy - %S{M(xzwz) dxdy

ar {2

= §CIY’ §'”+_‘tr’_rdr =

9
£= 1467 4T SHE - 55 =
1
d£=5(dr 3 3
= 2 é_i =
8 Z§ £ =1
3
3
T 2 z | -
-L.e.y -
a3 le



242024

P/OSYoUll INTEQRAL VELTORSKEGA POLIA

n P F o
nll F najuezyi pretot stalorni
5redf\g( pietok ‘}1_7" Od"é—"(‘)
WL? fnjanS‘i (nréclm') Prcl-ok " 2

PSF’AS’ =@§)s F(Rlow)]- (7 x far ) dodar

Y

g smer pre+ol'a 7 - Ce je smer Pf&bka smer T, X fur ’ @

o Sice ¢ @

- Ploskouni m’rcc\,ral UcU‘otsl:caO po(J'a F vedolz Ploskue p

sparameﬁfzacgo r=rlw), yo)eD :
r?;’x ar
%S FdS = SSF(Flow)) Gxle] doder
D



g fzrac’:unaﬁe pretot polja (xy.22) stowi plosteu wz O<z</ ysmei navedol.

cilindriene toordinate

X =4 COSYf
y =a-5rn\p
_ 0<=z</
gz Xyl =a o’ TG
2 bramefiizadio plostue *

tla ) = (acosy asing,a)
‘PeZO,ZIT), a € [-O(AJ

T (@) = (cosy, sy, 1)

fq (a. ) = (~a'sm@, acosy, O)

]

N T
bxly = | cosq siy /1 =(-a‘cosq,—a-sinq),a)
-asing acsy O
et A
¢ - §0|Lp § (acosq, asmyla]- (Facosy -asny al da =

" pretot

en 4
=- §A‘{) (-l -atsiny+ 2ot da =

1

3
atda = -Z0 %;cl) = -ZlT'él

Om‘“
—-G
0(/3,;




U+ leraconagte prefot vektorstegiar poli E= (22 stoer ploskey -
x-dt3e=6 x>0,y <O, 20,

orentirano fako, da normala kaze naveqor

€ y=0: 3z =6-x
2 e=2-¢
N I i X=0 * 3;=é+2y
N\ y z=7+ §),
Ebspliciha oblika = x= 6+2y -3z
p y

Obmoga D: -Zéy <0 ocifno iz ice
(x=0) - ngi-f\/ 9 0c352+52>,

forameftreaciyon ¢ ((yel= (c+2y3e,y,2)

> N o0 E
T lyz)= (24.0) 20 E . 2.3
Fé(y!_é\:('3|O|/f) -3 o0 4 7

laze narego(
Hetot = ’ty
CP: +_53c(y S ((érZy-Bz)z, VZ,Z—Z)- (1-23)dz = =5

o 26

=_§ AT % ( +2y 33\ Zy *3 JZ
° (32 A A

=S B 5 }5%} 1= § sleq g 0y -
6 L6745y 2 (L-2)-2
= {32yl 2008y 5y - g‘t'(2+§v)3‘2yl(2+§v) y © Jydy 2346 :
)

4 - Z 2
= §(662- 9 (2f BV-¢) 3db= 2S48 2 qerq) & db= 2 S-10% M6 A6 dé=
6 o 0

3 (5w = 2 (20 6:8-39): 3Eh2i-1)- 35 f5



IUTEGRALSKI €REK]

- Greenova formula

- Slokesou rek

- Gasssou oz o(iuerqencni erek

GREENOVA FORNOLA :

&a regolamo (rob = koncno & stlengenih bwuls] obmogge D <R’ in pozitiuno orientiran
rob oD ter uezno oduecl(\\'fuo poge (€= (PQ): D> R? vcl\ga : @

S ﬁdg = SS (Qx"Py)c]xcly @

oD D @ @

krruol\[nfmh’%ra! «— duqsni integral

STOLESOU 1EREL:

Nay bo PR3 rccaulqrna plosteu s stladno orientiranim robom P in naj'bofg

zvezno odued|wo polje na okolici
$Fds =SS tfFd3 @ @

qA0SSOU [EREL:

Uaj bo Q<R omefeno pothuno ortentirano in recaolarno obmozfe ter F

zvezno odued|jo polje na okolict.

S FB = S div F dxdydz
oL n




@ Uag bo K rob tritotnita = oglisci A(o.01, B(4.0) in C(0), orientican

U nasprotr smer rineqa kazalco . [aa@umﬁe :

%(de*‘YCly),
Lser\l'e
) Exa‘da“!;_ jy®o yarc:fan j y*O
X= 1 Tx o y =
2 j¥Y=0 O ;YT =0

DI+ ferazonagte po defnici ¢ (Liwljo raedelite na e dele )

nasprofna smer
L~ vrinega kazalca

Trikotnil = !

Q=f  Ox= ) Afﬁ'(/%z Vg?‘

I .
QK-PY— k2 Y2+ K& 1 35/1d5=Pﬁ(D)
D

% de Ycly)" g (X( )Cls/\

Greenoua
formola

(1

(NN



B &eﬂmcsﬁ ;

& (xy)d2 = S(xy)d3 + S(xy)ds + S(xy)de = T+ (£-T)
£ AB Bc CA

AB: AR U'ﬁ)'a + [ﬁg = (0 ; {ejo Al

’ 4
ASB(X.Y\Az- §(1-£§.O)—(4,o)cj£ - é‘;—(de _ ;_r

BC: Llel: (-6t L0 = (4-¢8); £eoal

1
BSc(x,y)ds’ = é([l-ﬂ\arc’ran l-?é, £ orctan 28 ) (-4,4)d6 =

1

€ ., _ {_T
= 6'4) = s = -
é(? arctang ¢ ot F i
A%
0:arc’ranl;—t
du= (2¢-4)de

Che GlE) =€) +£-5 = 06 ; ¢efodl
$tx) 98 = $00)-0-41d¢ =0

) i



Dedatne na|0c3<1=
1. Izracunaj integral vektorskega polja F(:c, y) = (2:1:2 + 92, (z + y)z) po robu trikotnika
z oglisci (1,1), (2,2) in (1, 3) v pozitivni smeri.
Resitev: %
2. IzraCunaj integral vektorskega polja F(:c,y) = (—z%, zy?) po pozitivno orientirani
krivulji

{(z,y) : 2*+y*=R*2>0,y>0} U{(0,y) : 0 <y < R}U{(z,0) : 0 <z <R}.

. 4
Resitev: %

3. S pom?éjo Greenove formule izracunaj plos¢ino obmocja, ki ga omejuje elipsa z enacbo
2 .
o + % =1, kjer a,b > 0.

Resitev: abm

3 / o

Pﬂ(D)=?

IDEJA -

_ _ Greenova formla o 2 o | =_
P[(D)-Sglfc]xcjy > aS])F ds ) F (P,Q)
(duoyni in’regrcd) (Lrt'uu[;'ni ln{-cgral)

ktemo T?, 8] kak‘_’ffo]a Je Q,(Py =/ (npr. p(rmer,l:\j'er {e

Qx" A (n Py =0
5Q=x n P=0
frametiizacqa clipse : x= acosy
{ = b-siny
VAR

ar
oL = SDS Adxdy =olg) (Ox)dR = § (0,acosg ) (-a'sing, bosgldyg =abT



lzraconafte cirtulacio
®) { i
1 2 A, 4
% ( 27" A )Clx * ( () X+Zz)‘4>’ ! ((l’ré’)z _x'cwl)) )

Lj'cr i L l:rmuka‘lcr gre od totke UOO) premocrtno do (0,4,0),1ato premozitno
do (0.04) in nato premocrtno spet do (10,0)

¢ * ccrkolac“’w krmu{gm m%cqralpo st(enjcni
plosku(
X
¥
Trikotnit med femi cqiiEi lahto parametrziramo
c

-— e —

> - ) -
(o= T4+ 0 AC +0 AB ; v 20, urr=/

2 na nasem tritotniku :

clowl= (10.0l+¢ (A0M) v (-4.4.0) = (A-v-05, 5, 0)
%)= (-4,04)
?JU(UI(U'\: (-/(./l(O)
N
-A  ©
-1 Y

TxOy (o)= = (-4,-4,-4)

O N



é&... = & (X(Y,z)cl; /

/ X oOX __
K= i 8 J‘QY bz ~ Gz
R o Y _
y‘ (Hyz)z TXtE C_D%:-Qx é‘é ZC
-4z B _ _ IE _
€ = fogr N Dx L dy "y
Skyeldd = £ S5 rob(xyz) dS =
¢ T p\
Sto kesou
ieret

4 X_AY Ox € N_Ox)\ (2 _
"SS (ay c')_cM’cDé 0><|<9_><Z Oy)ds-

= 5§ (Zy Az ) 2z #lx ) =2x -2y) JS =
/3

=+ SS (- 20, r2 o), - 200-0-00)- 205 ) (AA=A) dodar =
v zo
OHUE A

= £ S 20+ 2o~ W) 0420 dudes =

LN Z0
Ve E A

/&§nro‘r& skljfadno
=2 S : = orcenTirana
U.SIU'%O (! { c[L)c[(U' /7

Vrrs »

4 Ao
= "‘\-SOJUSUCJM‘=

wIA
(BN
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Dodajme (\Q[oge :

1. Izracunaj integral vektorskega polja ﬁ(w, y,z) = (x+ 3y + 22,2z + z,x — y) po robu
trikotnika z oglisci A(2,0,0), B(0,3,0) in C(0,0,1), ki ga orientiramo v smeri A —
B — C — A.

Resitev: —5
2. S pomocjo Stokesovega izreka izracunaj integral vektorskega polja
ﬁ(x, Y, 2) = (x2y3, 1, z)
po pozitivno orientirani kroZnici z enac¢bo 22 + y% = R?, z = 0, kjer je R > 0.

_mR®

Resitev: 3

— 3. S pomocjo Stokesovega izreka izracunaj integral vektorskega polja

F(z,y,2) = (x+y,2+ 2,y +2)

2

po pozitivno orientirani kroznici, ki je presek sfere z ena¢bo z? 4+y%+ 2% = a? in ravnine
z enacbo x +y + z = 0, kjer je a > 0.
Resitev: 0
“0(0%6{ e Sfafega kO(OkUU'Q kroén‘cq V X'Y [auning
1. [30] Dana je prostorska krivulja: 7 = , ko gre t od 0 do 2.
2cost —sint
a) Skicirajte jo! Za katero znano krivuljo gre?
R ysin® 2
b) Izracunajte integral vektorskega polja R = —zcos? z po dani krivulji.

2xy sin z cos 2
Namig: Stokesov izrek.

Ploskeu ki jo omejoie nasa trivulja

’ z=dx-y in Kayi=/
-
} _ pesek raunine € valjem
o o Parametrizado plostue
-2 X =r'COS(-P
y=r.5|'an / (?6?0,2”),[€XO|A]

z= 1 (osg -smy |



@ S pomozio Ganssoueqa tzreka Tzrazunafte pretok letborstega polja *
X= x(y% z*) y= y(xz'f zt) Z- %’()\z+yz)
stoei tob enofste krogle Xyt =/ orentian navzven (iztok iz Logle).
& pogofi igpolnfeni * L omejeno obmogpe ¢
Qavss P ! r rcguiouno obmoqkeg ‘//

Ny .
@ :Sl’_S (X:Y,Z) d3 = S div (ch.Z)dU - (x.¥, 2| 0. odu. PoBe
9 4

= 55 (et g e dudyd -

V (sfericne koordimate ):

= 2555 #yrztdxdyde =
Spomnimo se e x= " COSY- COS&
00edl{9e novih spremen b'rok\\ . y=rsing Ccos&
U Trofnem inteqra lu 4 T o Z=rsiné
{ ? = 9. S SdoSi*. Irtcose| dy -
° ¥ ° reZos
wposteuamo, dat je 4 ¥ ¢ €Zo2m)
ws6 20 za 6eZFTT =1 §cfr_§rrq'cose'2ﬂ'c]6 = ¢el-FIT
y iy J=récose
=41 $¢% sme | dr =
° ¥
A
=qm-g- oSr"dr :
st &T
=5TF'SL( * 5

x+y%g?
@ lzracunajte iztok ueUrorskcc\]a poga y+ﬁ%€z iz stogca z22xtey
€ g oz <A

9D # ot -

S Fdd= S duFdy=C5S3dl=31=31=
oT T T

Al\)ﬁ = N+ [+]=7 (ilindriene koordnale -
I

mw 1 2
U:ogolt{) §Azoﬁrdr = AT



Dodafne naloge

1. Izradunaj pretok vektorskega polja F (z,y, 2) = (z,y, z) navzven skozi povrsino telesa,
ki ima volumen V.

Resitev: 3V

2. S pomocjo Gaussovega izreka izracunaj pretok vektorskega polja
navzven iz sfere z radijem a > 0.

12ma®

Resitev: E

3. S pomocjo Gaussovega izreka izracunaj pretok vektorskega polja
ﬁ(x,y,z) = (22 —y? x? =22y — x2)
navzven iz zgornje polovice sfere z radijem a > 0.
Resitev: 0
4. S pomocjo Gaussovega izreka izracunaj pretok vektorskega polja
ﬁ(x, Y, z) = (:c3,y3,z3)
navzven iz sfere z radijem a > 0.

127a®

Resitev: E

5. S pomocjo Gaussovega izreka izracunaj pretok vektorskega polja

. - o o 2
navzven iz plaséa stozca z enacbo z? + y? < %22, 0<2z<h.

7rR2h(3R2—4h2)
10

Resitev:

3. Namig -
plostev nr stlenjena: dodamo i biog v xy-rauniai (pazite na orentacge )

l

GAUSSOU [BREL : S FdS =SS diwFdl=... =O N N
008" @ o 2 g dsS =- SFCIS
S - 6 LS-V'\/

g FdS 4'%?‘15 tega 2namo 1zracunot zg



@ S pomoggo Gaussoveqot izreta. izrazungjte pretot vektorskega polja

Flxy,z)= {z’-yz, X7 R )

navguen iz zgornje polovice sfere & radijem a>0.

Q T... zgorniat polovica krogle
| 7 oT=PR L

7 beg
ggornget polovicet
fere

S FdZ = S5 dig Fdl
T T

SFdS+ SFHS = SSS diU?dV
P L T

SFS = S3SduFdi- SFIS dof= 0+0t0 =0
4
SFd3= -SFd5= facametnzacia kroga  x=rcosy Flrg)=(rcosy, rsing, 0)
P £ y=rsiny 7, lc)= lcosy, siny, 0)
z=0 % (re) = [rsing, rcose, 0)

re [0l X ﬁ,‘- (0-0,0-0,r-cody- brsiy ))=
€ Jo,2I) = (0,04))

&lraic navzqor
(zelmo aavedol)

moa
- (- §dq § (6= Esinty, costy - O, sinty - Feody ) - (0,0ir)dr =

n

oo
$ dy é > (sinfy-cofv) dr

2 a . s
- §‘6052Lp- {,-quo dy = 'Cc:— ' (-st‘M'z l =0



