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1 Introduction

The aim of this paper is to provide a review and synthesis of holomorphic ap-
proximation theory from classical to modern. The emphasis is on recent results and
applications to manifold-valued maps.

Approximation theory plays a fundamental role in complex analysis, holomor-
phic dynamics, the theory of minimal surfaces in Euclidean spaces, and in many
other related fields of Mathematics and its applications. It provides an indispensable
tool in constructions of holomorphic maps with desired properties between complex
manifolds. Applications of this theory are too numerous to be presented properly in
a short space, but we mention several of them at appropriate places and provide ref-
erences that the reader might pursue. We are hoping that the paper will bring a new
stimulus for future developments in this important area of analysis.

Although this is largely a survey, it includes some new results, especially those
concerning Mergelyan approximation in higher dimension (see Sect. [6]), and appli-
cations of these techniques to manifold-valued maps (see Sect.[7). We also mention
open problems and indicate promising directions. Proofs are outlined where pos-
sible, especially of those result which introduce major new ideas. More advanced
results are only mentioned with references to the original sources. Of course we
included proofs of the new results.

There exist a number of surveys on holomorphic approximation theory; see e.g.
[25, 169, [70} [71L 172} 74, (76} [78l [791 [109} [180], among others. However, ours seems
the first attempt at a unified picture, from the highlights of the classical theory to
results in several variables and for manifold-valued maps. On the other hand, sev-
eral of the surveys mentioned above include discussions of certain finer topics of
approximation theory that we do not cover here, also for solutions of more general
elliptic partial differential equations. It is needless to say that the higher dimensional
approximation theory is much less developed and the problems tend to be consider-
ably more complex. It is also clear that further progress in many areas of complex
analysis and its applications hinges upon developing new and more powerful ap-
proximation techniques for holomorphic mappings.

Organization of the paper. In Sects. 2H4 we review the main achievements of the
classical approximation theory for functions on the complex plane C and on Rie-
mann surfaces. Our main goal is to identify those key ideas and principles which
may serve as guidelines when considering approximation problems in several vari-
ables and for manifold-valued maps. We begin in Sect. 2] with theorems of K. Weier-
strass, C. Runge, S. N. Mergelyan, and A. G. Vitushkin. In Sect. [3| we discuss ap-
proximation on closed unbounded subsets of C and of Riemann surfaces. There are
two main lines in the literature, one following the work of T. Carleman on approx-
imation in the fine topology, and another the work of N. U. Arakelian on uniform
approximation. In Sect. 4| we survey results on ¥ Mergelyan approximation of
smooth functions on Riemann surfaces. The remainder of the paper is devoted to
the higher dimensional theory. In Sect. [5|we recall the Oka-Weil approximation the-
orem on Stein manifolds and some generalizations; these are higher dimensional
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analogues of Runge’s theorem. In Sect. [6] we discuss Mergelyan and Carleman ap-
proximation of functions and closed forms on C" and on Stein manifolds. In Sect.
we look at applications of these and other techniques to local and global approxima-
tion problems of Runge, Mergelyan, Carleman, and Arakelian type for maps from
Stein manifolds to more general complex manifolds; these are especially interest-
ing when the target is an Oka manifold. Subsect. contains very recent results
on Mergelyan approximation of manifold-valued maps. In Sect. [§|we mention some
recent progress on weighted approximation in L? spaces.

Notation and terminology. We denote by N = {1,2,3,...} the natural numbers,
by Z the ring of integers, Z. = {0,1,2,...}, and by R and C the fields of real and
complex numbers, respectively. For any n € N we denote by R” the n-dimensional
real Euclidean space, and by C" the n-dimensional complex Euclidean space with
complex coordinates z = (z1,...,2,), Where z; = x; +iy; withx;,y; € Rand i = v/—1.
We denote the Euclidean norm by |z|*> = ¥, |z;|?. Given a € C and r > 0, we set
D(a,r) ={z€C:|z—a| <r} and D =D(0,1). Similarly, B" denotes the unit ball
in C" and B"(a, r) the ball centered at € C" of radius r. The corresponding balls
in R" are denoted B}, and Bf (a, 7).

Let X be a complex manifold. We denote by € (X ) and &'(X) the Fréchet algebras
of all continuous and holomorphic functions on X, respectively, endowed with the
compact-open topology. Given a compact set K in X, we denote by ¢'(K) the Ba-
nach algebra of all continuous complex valued functions on K with the supremum
norm, by &'(K) the set of all functions that are holomorphic in a neighborhood of K
(depending on the function), and by &'(K) the uniform closure of {f|x : f € O(K)}
in €(K). By 7/ (K) = €(K) N 0(K) we denote the set of all continuous functions
K — C which are holomorphic in the interior K of K. If € Z, U {o0} we let " (K)
denote the space of all functions on K which extend to r-times continuously differ-
entiable functions on X, and /" (K) = ¢"(K) N &(K). Given a complex manifold
Y, we use the analogous notation '(X,Y), O(K,Y), «/"(K,Y), etc., for the corre-
sponding classes of maps into Y. We have the inclusions

O(K,Y)C O(K,Y)C & (K,Y)CE(K,Y). ()
A compact set K in a complex manifold X is said to be &'(X)-convex if

K =Koy = {p X |f(p)] < max|f(x)| Vf € 6(X)}. @)

A compact &(C")-convex set K in C" is said to be polynomially convex. A compact
set K in a complex manifold X is said to be a Stein compact if it admits a basis of
open Stein neighborhoods in X.
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2 From Weierstrass and Runge to Mergelyan

In this and the following two sections we survey the main achievements of the
classical holomorphic approximation theory. More comprehensive surveys of this
subject are available in [25} 169} (70, [71} (72} {74} [76\ (78, [180], among other sources.

The approximation theory for holomorphic functions has its origin in two clas-
sical theorems from 1885. The first one, due to K. Weierstrass [[170]], concerns the
approximation of continuous functions on compact intervals in R by polynomials.

Theorem 1 (Weierstrass (1885), [170]). Suppose f is a continuous function on a
closed bounded interval [a,b] C R. For every € > 0 there exists a polynomial p such
that for all x € [a,b] we have |f(x) — p(x)| < €.

Proof. We use convolution with the Gaussian kernel. After extending f to a contin-
uous function on R with compact support, we consider the family of entire functions

fe(@)= % /Rﬂx)e‘“‘”z/gzdx, Z€C, £>0. 3)

As € — 0, we have that f; — f uniformly on R. Hence, the Taylor polynomials of
fe approximate f uniformly on compact intervals in R. If furthermore f is of class
€*, then by a change of variable u = x — z and placing the derivatives on f it follows
that we get convergence also in the €% norm. O

The paper by A. Pinkus [136] (2000) contains a more complete survey of Weier-
strass’s results and of his impact on the theory of holomorphic approximation. As
we shall see in Subsect. the idea of using convolutions with the Gaussian kernel
gives major approximation results also on certain classes of real submanifolds in
complex Euclidean space C" and, more generally, in Stein manifolds.

One line of generalizations of Weierstrass’s theorem was discovered by M. Stone
in 1937, [154L[155]]. The Stone-Weiestrass theorem says that, if X is a compact Haus-
dorff space and A is a subalgebra of the Banach algebra ¢ (X,R) which contains
a nonzero constant function, then A is dense in € (X,R) if and only if it sepa-
rates points. It follows in particular that any complex valued continuous function
on a compact set K C C can be uniformly approximated by polynomials in z and Z.
Stone’s theorem opened a major direction of research in Banach algebras.

Another line of generalizations concerns approximation of continuous functions
on curves in the complex plane by holomorphic polynomials and rational functions.
This led to Mergelyan and Carleman theorems discussed in the sequel.

However, we must first return to the year 1885. The second of the two classical
approximation theorems proved that year is due to C. Runge [144].

Theorem 2 (Runge (1885), [144]). Every holomorphic function on an open neigh-
borhood of a compact set K in C can be approximated uniformly on K by rational
Sfunctions without poles in K, and by holomorphic polynomials if C\ K is connected.
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The maximum principle shows that the condition that K does not separate the
plane is necessary for polynomial approximation on K.

Proof. The simplest proof of Runge’s theorem, and the one given in most textbooks
on the subject (see e.g. [143l p. 270]), goes as follows. Assume that f is a holo-
morphic function on an open set U C C containing K. Choose a smoothly bounded
domain D with K C D and D C U. By the Cauchy integral formula we have that

o= £y en

2miJin -z

Approximating the integral by Riemann sums provides uniform approximation of f
on K by linear combinations of functions a%z with poles a € C\ K. Assuming that
C\ K is connected, we can push the poles to infinity as follows. Pick a disc A C C
containing K. Since C\ K is connected, there is a path A : [0,1] — C\ K connecting
a=21(0) to a point b= A(1) € C\ A. Let § = inf{dist(A(¢),K) : t € [0,1]} > 0.
Choose points a = ag,ay,...,ay = b € A([0,1]) such that |a; —a;1| < 6 for j =
0,...,N—1.Forze Kand j=0,1,...,N — 1 we then have that

! 1 o (a1 —ay)

aj—z  (ajn—2)—(ajn—a;) Sl -2

where the geometric series converges uniformly on K. It follows by a finite induc-
tion that a%z is a uniform limit on K of polynomials in b%z. Since b € C\ A, the
function blz is a uniform limit on A of holomorphic polynomials in z and the proof
is complete. If C\ K is not connected, a modification of this argument gives uni-
form approximations of f by rational functions with poles in a given set A C C\ K

containing a point in every bounded connected component of C\ K.

Another proof uses the Cauchy-Green formula, also called the Pompeiu formula
for compactly supported function f € €4 (C):

f@) = %/C azf_(? dudv,  z€C, {=u+i. (4)

Here, 01 (&) = (f/d&)({). If f is holomorphic in an open set U C C containing
a compact set K, we choose a smooth function ) : C — [0, 1] which equals 1 on a
smaller neighborhood V of K and satisfies supp(x) C U. Then,

=L [ 2

f(z dudv, zeV.
b4 z—

Since the integrand is supported on supp(gx ) which is disjoint from K, approximat-
ing the integral by Riemann sums shows that f can be approximated uniformly on
K by rational functions with poles in C\ K, and the proof is concluded as before.
O
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We now digress for a moment to recall the main properties of the Cauchy-Green
operator in (@) which is used in many approximation results discussed in the sequel.

Given a compact set K C C and an integrable function g on K, we set

Tx(g)(z) = % s Zg(_gz,dudv, C=u+in ©)
Itis well known (see e.g. L. Ahlfors [1, Lemma 1, p. 51] or A. Boivin and P. Gauthier
[23, Lemma 1.5]) that for any g € LP(K), p > 2, Tx(g) is a bounded continuous
function on C that vanishes at infinity and satisfies the uniform Holder condition
with exponent @ = 1 —2/p; moreover, Tx: L (K) — ¢'*(C) is a continuous linear
operator. (A closely related operator is actually bounded from L?(C) to €' ~%/7(C)
without any support condition.) The key property of Tk is that it solves the non-
homogeneous Cauchy-Riemann equation, that is,

JITx(g) =g

holds in the sense of distributions, and in the classical sense on any open subset on
which g is of class ¢’!. In particular, Tx(g) is holomorphic on C \ K. The optimal
sup-norm estimate of Tx(g) for g € L(K) is obtained from Mergelyan’s estimate

/c ddv _ fazAreaK),  z€C, ©)

exlz=¢l —

which is sharp when K is the union of a closed disc centered at z and a compact
set of measure zero. (See S. N. Mergelyan [124] [125] or A. Browder [29, Lemma
3.1.1].) The related Ahlfors-Beurling estimate which is also sharp is that

Area(K)

Te(1)(@)] = 2

1 r dud
/ s , zeC.

E.CGKZ*C

Another excellent source for this topic is the book of K. Astala, T. Iwaniec and G.
Martin [10]; see in particular Sect. 4.3 therein.

Coming back to the topic of approximation, the situation becomes considerably
more delicate when the function f to be approximated is only continuous on K and
holomorphic in the interior K; that is, f € o/ (K). The corresponding approximation
problem for compact sets in C with connected complement was solved by S. N.
Mergelyan in 1951.

Theorem 3 (Mergelyan (1951), [123, (124} [125])). If K is a compact set in C with
connected complement, then every function in </ (K) can be approximated uniformly
on K by holomorphic polynomials.

Mergelyan’s theorem generalizes both Runge’s and Weierstrass’s theorem. It also
contains as special cases the theorems of J. L. Walsh [[168]] (1926) in which K is the
closure of a Jordan domain, F. Hartogs and A. Rosenthal [90] (1931) in which K has
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Lebesgue measure zero, M. Lavrentieff [107]] (1936) in which K is nowhere dense,
and M. V. Keldysh [99]] (1945) in which K is the closure of its interior.

In light of Runge’s theorem, the main new point in Mergelyan’s theorem is to
approximate functions in </ (K) by functions holomorphic in open neighborhoods
of K, that is, to show that

4 (K)= O(K).

If this holds, we say that K (or <7 (K)) enjoys the Mergelyan property. Hence,
Mergelyan’s theorem is essentially of local nature, where local now pertains to
neighborhoods of K. This aspect is emphasized further by Bishop’s localization
theorem, Theorem[6] and its converse, Theorem [14]

Some generalizations of Mergelyan’s theorem can be found in his papers [[124}
125]]. Subsequently to Mergelyan, another proof was given by E. Bishop in 1960,
[20], and yet another by L. Carleson in 1964, [32]]. Expositions are available in
many sources; see for instance D. Gaier [70, p. 97], T. W. Gamelin [72]], and W.
Rudin [143]]. We outline the proof and refer to the cited sources for the details.

Sketch of proof of Theorem [3| By Tietze’s extension theorem, everyf € <7 (K) ex-
tends to a continuous function with compact support on C. Fix a number 6 > 0.
Let @(5) denote the modulus of continuity of f. By convolving f with the function
As: C— Ry defined by As(z) =0 for |z] > 6 and

3 z[? ?
A5(Z)n_52<1|6|2> ) 0§|Z‘§87

we obtain a function f§ € %01 (C) with compact support such that

1050l <o) amd D)< 20 ee

and fs = f on K5 = {z € K : dist(z,C\ K) > 8}. By the Cauchy-Green formula (@),

fs(Z)Z%/MdudV, zeC.

c z—¢

Next, we cover the compact set X = supp(g fs) by finitely many open discs D; =
D(z;,28) (j=1,...,n) with centers z; € C\ K such that each D; contains a compact
Jordan arc E; C D;j\ K of diameter at least 28. (Such discs D; and arcs E; exist
because C\ K is connected.) The main point now is to approximate the Cauchy
kernel ﬁ forz € C\ E; and { € D; sufficiently well by a function of the form

Pi(z,8) = gj(2) + (£ —b))g;(2)*,

where g; € O(C\ E;) and b; € C. This is accomplished by Mergelyan’s lemma
which says that g; and b; can be chosen such that the inequalities
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B ’ _ 400062
2=¢| 2= ¢P
hold for all z € (C\Ej and { € D;. (See also [70, p. 104] or 143, Lemma 20.2].) Set

50
PEOI<% and [Pz 0) ™

X1:X051, Xj:Xﬂﬁj\(Xlu...UXj_1> for j=2,...,n.

The open set 2 = C\ J}_; E; clearly contains K. The function
0
/ J; 25 ,O)dudy
=7

is holomorphic in  (since every function P;(z, {) is holomorphic for z € £), and it
follows from (7) that |F5(z) — f5(z)] < 6000@(8) for all z € Q. As § — 0, we have
that ®(6) — 0 and hence F5 — f uniformly on K. O

We now consider approximation problems on Riemann surface. Fundamental
discoveries concerning function theory on open Riemann surfaces were made by H
Behnke and K. Stein [[17] in 1949. They proved the following extension of Runge’s
theorem to open Riemann surfaces (see [17, Theorem 6]); the case for X compact
was pointed out by H. L. Royden in 1967, [142, Theorem 10], and again by H
Koditz and S. Timmann in 1975 [102, Satz 1].

Theorem 4 (Runge’s theorem on Riemann surfaces; [17, 142} 102]). If K is a
compact set in a Riemann surface X, then every holomorphic function f on a neigh-
borhood of K can be approximated uniformly on K by meromorphic functions F on
X without poles in K, and by holomorphic functions on X if X \ K has no relatively
compact connected components.

In the papers of Royden [142] and K6ditz and Timmann [102]] the function f is
assumed to be meromorphic on a neighbourhood of K (with at most finitely many
poles on K), the approximating meromorphic function F on X has no poles on K
except those of f, and its poles in X \ K are located in a set E having one point in
each connected component of X \ K. Furthermore, Royden showed that F' can be
chosen to agree with f to a given finite order at a given finite set of points in K.

A relatively compact connected component of X \ K is called a hole of K. A com-
pact set without holes in an open Riemann surface X is also called a Runge compact
in X. The following is a corollary to Theorem ] and the maximum principle.

Corollary 1. Let X be an open Riemann surface.
(a) Holomorphic functions on X separate points, that is, for any pair of distinct
points p,q € X there exists f € O(X) such that f(p ) £ f(q).

(b) For every compact set K in X, its € (X )-convex hull Kﬁ (see (2)) is the union
of K and all holes of K in X, in particular, Kﬁ( x) IS compact.
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Conditions (a) and (b) in Corollary |l| were used in 1951 by K. Stein [152] to
introduce the class of Stein manifolds of any dimension. (The third of Stein’s axioms
is a consequence of these two.) Thus, open Riemann surfaces are the same thing as
1-dimensional Stein manifolds. Theoremd]is a special case of the Oka-Weil theorem
on Stein manifolds; see Sect. 3]

The proof of Runge’s theorem in the plane is based on Cauchy’s integral formula.
To prove Runge’s theorem on open Riemann surfaces, Behnke and Stein constructed
Cauchy type kernels, the so called elementary differentials; see [17, Theorem 3]
and Remark [T| below where additional references are given. More precisely, on any
open Riemann surface X there is a meromorphic I-form @ on X; x X, which is
holomorphic off the diagonal and which in any pair of local coordinates has an

expression
1
0(e.) = (o +hia0) )t ®
with & a holomorphic function. (Note that @ is a form only in the second variable {,
but its coefficient is a meromorphic function of both variables (z,{).) In particular,
® has simple poles with residues one along the diagonal of X x X. For any €'
smooth domain 2 € X and f € €' () one then obtains the Cauchy-Green formula

1

B 1
T 2mi

27

10 =50 [ £©00 -5 [ 310 a0 ©
9Q Q

By using this formula when f is holomorphic on an open neighborhood of the set

K in Theorem [4] one can approximate f by meromorphic functions with poles on

X \ K, and the rest of the argument (pushing the poles) is similar to the one in

Theorem 2

Note that, just as in the complex plane, if we consider (0, 1)-forms ¢« with com-
pact support in Q, we get that the mapping o — T (@), given by

1)) = 5 [ @) nol ) (10)

2w

is a bounded linear operator satisfying d(T'(a)) = c. This will be used below where
we give a simple proof of Bishop’s localization theorem.

A functional analytic proof of Theorem [] using Weyl’s lemma was given by B.
Malgrange [115]] in 1955; see also O. Forster’s monograph [51} Sect. 25].

Remark 1. H. Behnke and K. Stein constructed Cauchy type kernels on relatively
compact domains in any open Riemann surface [17, Theorem 3]; see also H. Behnke
and F. Sommer [16] p. 584]. The existence of globally defined Cauchy kernels (8)
was shown by S. Scheinberg [148] and P. M. Gauthier [75] in 1978-79. Their proof
uses the theorem of R. C. Gunning and R. Narasimhan [89] (1967) which says that
every open Riemann surface X admits a holomorphic immersion g : X — C. The
pull-back by g of the Cauchy kernel on C is a Cauchy kernel on X with the correct
behavior along the diagonal D = {(z,z) : z € X } (see (8)), but with additional poles
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if g is not injective. Since the diagonal D has a basis of Stein neighborhoods in
X x X and its complement X x X \ D is also Stein, one can remove the extra poles
by solving a Cousin problem. Furthermore, Gauthier and Scheinberg found Cauchy
kernels satisfying the symmetry condition F(p,q) = —F(q,p). O

Theorem [] implies the analogous approximation result for meromorphic func-
tions. Indeed, we may write a meromorphic function f on an open neighborhood
U C X of the compact set K as the quotient f = g/h of two holomorphic functions
(this follows from the Weierstrass interpolation theorem on open Riemann surfaces;
see [47,1169]) and apply the same result separately to g and /4. Since meromorphic
functions are precisely holomorphic maps to the Riemann sphere CP! = CU {0},
this extension of Theorem (4| has the following corollary.

Corollary 2. Let K be a compact set in an arbitrary Riemann surface X. Then, every
holomorphic map from a neighborhood of K to CP' may be approximated uniformly
on K by holomorphic maps X — CP'.

In 1958, E. Bishop [19]] proved the following extension of Mergelyan’s theorem.

Theorem 5 (Bishop-Mergelyan theorem; Bishop (1958), [19]). If K is a compact
set without holes in an open Riemann surface X, then every function in <7 (K) can
be approximated uniformly on K by functions in 0'(X).

More generally, if X is an arbitrary Riemann surface, p is a metric on X, and
there is a ¢ > 0 such that every hole of a compact subset K C X has p-diameter at
least c, then every function in <7 (K) is a uniform limit of meromorphic functions on
X with poles off K. This holds in particular if K has at most finitely many holes.

Bishop’s proof depends on investigation of measures on K annihilating the alge-
bra o7 (K). This approach was further developed by L. K. Kodama [[101] in 1965. In
1968, J. Garnett observed [73] p. 463] that Theorem5|can be reduced to Mergelyan’s
theorem on polynomial approximation (see Theorem [3)) by means of the following
localization theorem due to Bishop [19] (see also [[101, Theorem 5]).

Theorem 6 (Bishop’s localization theorem; (1958), [19]). Let K be a compact set
in a Riemann surface X and f € CK(E) If every point x € K has a compact neigh-
borhood Dy C X such that f|gnp, € O(KNDy), then f € O(K).

Let us first indicate how Theorems 3] 4] and [6]imply Theorem[5] We cover K by
open coordinate discs Uy, ...,Uy of diameter at most ¢ (the number in the second
part of Theorem [5} no condition is needed for the first part). Choose closed discs
DjCU,for j=1,...,N whose interiors still cover K. Then, U; \ (KN D;) is con-
nected. (Indeed, every relatively compact connected component of U; \ (K N D;) is
also a connected component of X \ D; of diameter < ¢, contradicting the assump-
tion.) Since U; is a planar set, Theorem implies &7 (KN D;) = O(KND;). Thus,
the hypothesis of Theorem@is satisfied, and hence &7 (K) = O'(K). Theoremthen
follows from Runge’s theorem (see Theorem [).
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Proof of Theorem @ The following simple proof, based on solving the d-equation,
was given by A. Sakai [146] in 1972. We may assume that f is continuous in a neigh-
borhood of K. Cover K by finitely many neighborhoods D; as in the theorem, such
that the family of open sets D ; is an open cover of K. Let x; be a partition of unity
with respect to this cover. Now by the assumption we obtain for any € > 0 functions
fi € €(Dj)NO(KND;) such that || fj — flloknp,) < € Set g := ¥, x;fj. Then
on some open neighborhood U of K we have that ||g — f||¢w) = O(€) and

(We have used that Y7 | dyx; =0 in a neighborhood of K.) Let € 65°(U) be a
cut-off function with 0 < y < 1 and ¥ = 1 near K. Then we have ||y ~§g||<g(v> =

O(e), and so T(x - dg) = O(€), where T is the Cauchy-Green operator (T0). Hence,
the function g — T'() - dg) is holomorphic on some open neighborhood of K and it
approximates f to a precision of order eon K. O

Remark 2. Sakai’s proof also applies to a compact set K in a higher dimensional
complex manifold, provided K admits a basis of Stein neighborhoods on which
one can solve the d-equation with uniform estimates with a constant independent
of the neighborhood. This holds for instance when K is the closure of a strongly
pseudoconvex domain; see Theorem [24]on p. ]

Remark 3. It was observed by K. Hoffman and explained by J. Garnett [73]] in 1968
that Bishop’s localization theorem in the plane is a simple consequence of the prop-
erties of the Cauchy transform. Given a function ¢ € %;°(C) with compact support
and a bounded continuous function f on C, we consider the Vitushkin localization
operator:

Ty (f)(2) = ;mﬂcﬂiz:f(z)aq&(c)mc
:f(z)¢(z)+% /C g(_ci‘;‘g(g)dudv.

(We used the Cauchy-Green formula (@).) From properties of the operator Tx (3]
we see that T (f) is a bounded continuous function on C vanishing at oo, it is holo-
morphic where f is holomorphic and in C\ supp(¢), and f — T (f) is holomorphic
in the interior of the level set {¢ = 1}. If f has compact support and {qu}[}’:l is a

partition of unity on supp(f), then f = le\.’:l T, (f)- Finally, it follows from (6) that

(1)

175 ()]l < codeor(8)][09 /L .o, (12)

where 0 > 0 is the radius of a disc containing the support of ¢, w¢(0) is the §-
modulus of continuity of f, and ¢ > 0 is a universal constant. (See T. Gamelin [72}
Lemma II.1.7] or D. Gaier [70, p. 114] for the details.)
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Suppose now that f: K — C satisfies the hypothesis of Theorem [6] By Tietze’s
theorem we may extend f to a continuous function with compact support on C.
Let Uj,...,Uy C C be a finite covering of supp(f) by bounded open sets such that,
setting K; = KNU j, we have f|k; € €(K;) for each j. Let ¢; € 45" (C) be a smooth
partition of unity on supp(f) with supp(¢;) C U;. By the hypothesis, given £ > 0
there is a holomorphic function #; € &(W;) on an open neighborhood of K; which
is uniformly €-close to f on K. Shrinking W; around K;, we may assume that /;
is 2e-close to f on W;. Choose a smooth function x;: C — [0,1] which equals
one on a neighborhood V; C W; of K; and has supp(y;) C W;. The function h =
xjhj+ (1—x;)f then equals /; on V; (hence is holomorphic there), it equals f on
C\ W, and is uniformly 2e-close to f on C. The function g; = Ty, (h;) € €(C)
is holomorphic on V; (since g; is holomorphic there) and on C\ supp(¢;). Since
the union of the latter two sets contains K, g; is holomorphic in a neighborhood of
K. Furthermore, g; approximates f;j = Tj, (f) in view of (I2). The sum Z’j\':l gjis

then holomorphic in a neighborhood of K and uniformly close to Z?’:l fi=fonC.
(Further details can be found in Gaier [70, pp. 114-118].)

By using the Cauchy type kernels in Remark [I] P. Gauthier [75] and S. Schein-
berg [148] adapted this approach to extend Bishop’s localization theorem to closed
(not necessarily compact) sets of essentially finite genus in any Riemann surface.
See also Sect.[3|and in particular Theorem T3]

Another proof of Mergelyan’s theorem on Riemann surfaces (Theorem|[5) can be
found in [98, Chapter 1.11]. It is based on a proof of Bishop’s localization theorem
(Theorem [6) which avoids the use of Cauchy type kernels on Riemann surfaces,
such as those given by Behnke and Stein in [17]. O

After Mergelyan proved his theorem on polynomial approximation and Bishop
extended it to open Riemann surfaces (Theorem [3), a major challenging problem
was to characterize the class of compact sets K in C, or in a Riemann surface X,
which enjoy the Mergelyan property <7 (K) = O'(K). In view of Runge’s theorem
(TheoremM), this is equivalent to approximation of functions in <7 (K) by meromor-
phic functions on X with poles off K, and by rational functions if X = C:

?

A (K) = Z(K). (13)
The study of this question led to powerful new methods in approximation the-
ory. There are examples of compact sets of Swiss cheese type (with a sequence
of holes of K clustering on K) for which Z(K) C </ (K); see D. Gaier [70, p. 110].
An early positive result is the theorem of F. Hartogs and A. Rosenthal [90] from
1931 which states that if K is a compact set in C with Lebesgue measure zero,
then €' (K) = Z(K). After partial results by S. N. Mergelyan [[124} [123]], E. Bishop
[19,120] and others, the problem was completely solved by A. G. Vitushkin in 1966,
[[L66L [167]. To state his theorem, we recall the notion of continuous capacity. Let M
be a subset of C. Denote by 93(M) the set of all continuous functions f on C with
Il < 1 which are holomorphic outside some compact subset K of M and whose

Laurent expansion at infinity is f(z) = al) 4 O(Ziz) . The continuous capacity of M

Z
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is defined by
a(M) =sup{lei1(f)]: f € R(M)}.

Theorem 7 (Vitushkin (1966/1967), [166, 167]]). Let K be a compact set in C.
Then, Z(K) = </ (K) if and only if a(D\ K) = a(D\ K) for every open disc D
in C.

Vitushkin’s proof relies on the localization operators (IT)) which he introduced
(see [167} Ch. 2, §3]). Theoremis a corollary of Vitushkin’s main result in [167]]
which provides a criterium for rational approximation of individual functions in
&/ (K). The most advanced form of Vitushkin-type results is due to Paramonov
[[134]. Major results on the behavior of the (continuous) capacity and estimates of
Cauchy integrals over curves were obtained by M. Mel’nikov [120 [122], X. Tolsa
[162,163], and Mel’nikov and Tolsa [121]].

3 Approximation on unbounded sets in Riemann surfaces

It seems that the first result concerning the approximation of functions on un-
bounded closed subsets of C by entire functions is the following generalization of
Weierstrass’s Theorem [T} due to T. Carleman [31]].

Theorem 8 (Carleman (1927), [31]]). Given continuous functions f: R — C and
€: R — (0,+00), there exists an entire function F € O (C) such that

|F(x)— f(x)| < &(x) forall xeR. (14)

This says that continuous functions on R can be approximated in the fine €
topology by restriction to R of entire functions on C. The proof amounts to induc-
tively applying Mergelyan’s theorem on polynomial approximation (Theorem 3).

Proof. Recall thatD = {z € C: |z] < 1}.For j € Z, = {0,1,...} set
Kj=jDU[-j-2,j+2], & =min{e(x):|x] < j+2}.

Note that €; > €;,1 > 0 for all j € Z. We construct a sequence of continuous
functions f; : (j+1/3)DUR — C satisfying the following conditions for all j € N:

(a;j) f;is holomorphic on (j+1/3)D,
(b)) fj(x) = f(x) for x € R with [x| > j+2/3, and
) Ifi—fial <277 'ej1onK; .

To construct fp, we pick a smooth function ) : R — [0, 1] such that x(x) =1 for
|x| <1/3 and x(x) = 0 for [x| > 2/3. Mergelyan’s theorem (see Theorem [3)) gives
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a holomorphic polynomial % such that, if we define f; to equal # on (1/3)D and
set fo(x) = xh(x)+ (1 —x)f(x) for |x| > 1/3, then fj satisfies conditions (ag) and
(bo), while condition (cg) is vacuous.

The inductive step (j — 1) — j is as follows. Mergelyan’s theorem (see Theorem
gives a holomorphic polynomial / satisfying |h — fj_| < 2_/'_18.,-,1 on K; .
Pick a smooth function x: R — [0,1] such that x(x) = 1 for |x| < j+1/3 and
x(x)=0for x| > j+2/3.Set fj=hon (j+1/3)Dand f; = yh+ (1 —)fj—1 on
R. It is easily verified that the sequence f; satisfies conditions (a;), (b;), and (c;). In
view of (b;) we have fy = fi =... = fy—1 on {|x| > k} for any k € N. From this and
(c) it follows that the sequence f; converges to an entire function F € &(C) such
that for every k € Z the following inequality holds on {x e R: k < |x| < k+1}:

oo

|F<x>—f<x>|<i}fj+1<x>—fj<x>|< Y 2% <y <e().

j=k—1

This proves Theorem[§] O

The above proof is easily adapted to show that every function f € €"(R) for
r € N can be approximated in the fine " (R) topology by restrictions to R of entire
functions, i.e., (T4) is replaced by the stronger condition on the derivatives:

IF® (x) — fO(x)| < e(x) forallxeRandk=0,1,...,r.

In 1973, L. Hoischen [93]] proved a similar result on " -Carleman approximation
on more general curves in the complex plane.

When trying to adapt the proof of Carleman’s theorem to more general closed
sets E C C without holes, a complication appears in the induction step since the
union of E with a closed disc may contain holes. Consider the following notion.

Definition 1. Let D be a domain in C. A closed subset E of D is a Carleman set
if each function in .7 (E) can be approximated in the fine 4 topology on E by
functions in &'(D). (More precisely, given f € o/ (E) and a continuous function
€: E — (0,+00), there exists F € €(D) such that |F(z) — f(z)| < &(z) forallz€ E.)

The following characterization of Carleman sets was given by A. A. Nersesyan
in 1971, [127,[128]]. Given a domain D C CP!, let V, (bD) denote the set of all points
having chordal (spherical) distance less than € from the boundary bD.

Theorem 9 (Nersesyan (1971/1972), [127,128]). A closed set E in a domain D C
CP! is a Carleman set if and only if it satisfies the following two conditions.

(a) For each € > 0 there exists a 0, with 0 < 8 < &, such that none of the components
of E intersects both Vs(bD) and D\ Ve (bD).

(b) For each € > 0 there is a 6 > 0 such that each point of the set (D\ E) UVs(bD)
can be connected to bD by an arc lying in (D\ E)UVg(bD).
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We now look at the related problem of uniform approximation of functions in the
space <7 (E) by holomorphic functions on D. This type of approximation was con-
sidered by N. U. Arakelian [6, [7, [8] who proved the following result characterizing
Arakelian sets.

Theorem 10 (Arakelian (1964), [6,(7,8]]). Let E be a closed set in a domain D C C.
The following two conditions are equivalent.

(a) Every function in </ (E) is a uniform limit of functions in O (D).

(b) The complement D* \ E of E in the one point compactification D* = DU {x} of
D is connected and locally connected.

When E is compact, condition (b) simply says that D\ E is connected, and in this
case, (a) is Mergelyan’s theorem. Note that local connectivity of D* \ E is a nontriv-
ial condition only at the point {*} = D*\ D. This condition has a more convenient
interpretation. For simplicity, we consider the case D = C. Given a closed set F' in
C, we denote by Hr the union of all holes of F, an open set in C. (Recall that a hole
of F is a bounded connected components of C\ F.)

Definition 2 (Bounded exhaustion hulls property). A closed set E in C with con-
nected complement has the bounded exhaustion hulls property (BEH) if the set
Hpg 4 is bounded (relatively compact) for every closed disc A in C.

It is well known and easily seen that the BEH property of a closed subset £ C C
is equivalent to CP' \ E being connected and locally connected at {eo} = CP!\ C.
Furthermore, this property may be tested on any sequence of closed discs (or more
general compact simply connected domains) exhausting C. For the corresponding
condition in higher dimensions, see Definition [6]on p.

We now present a simple proof of sufficiency of condition (b) for the case D =C
in Arakelian’s theorem, due to J.-P. Rosay and W. Rudin (1989), [140].

Proof of (b)=(a) in Theorem Since the set £ C C has the BEH property (see
Def. , we can find a sequence of closed discs A; C Ay C --- C J;—; A; = C such
that, setting H; = Hg 4, (the union of holes of £'U A;), we have that

A,’UH[CAO,‘_H, i=1,2,....

Set Eg = E and E; = EUA;UH, fori € N. Note that E; is a closed set with connected
complement in C, E; C Ei 1, U g Ei =C, and E\ Ay = E; \ Ai11.

Choose a function f = fy € &/(E) and a number € > 0. We shall inductively
construct a sequence f; € </ (E;) for i = 1,2,... such that |f; — fi_1| < 2 %€ on
E;_1; since the sets E; exhaust C, it follows that F' = lim;_, f; is an entire function
satisfying |F — f| < € on E = Ep. Let us explain the induction step (i — 1) — i.
Assume that f; | € @/ (E;_1). Pick a closed disc A such that A;UH; C A C Ao,-H ,and
a smooth function x: C — [0, 1] satisfying x = 1 on A and supp()) C A;+;. Note
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that E;UA = E;_; UA. Since the compact set E;_; N A; 11 has no holes, Mergelyan’s
Theorem 3| furnishes a holomorphic polynomial / on C satisfying

[fici—h| <277 'e on Ei_1NAy,

and | dud
- i1 (©) = RO 1o ()] -——

<2 le, zecC. (15)
T JEeE;_, z—¢]

Note that the integrand is supported on E;_ N (A;1; \ A), and hence the integral is
bounded uniformly on C by the supremum of the integrand (which may be as small
as desired by the choice of /) and the diameter of A;; ;. Let

- dudy

1
@ == [ Q) -mE) )T, zec
$€E;i z—=¢
and define the next function f;: E;UA — C by setting
fi=xh+(1=2)fi-1+g (16)

Note that g is continuous on E; UA, smooth on E;UA, it satisfies dg = (fi_ 1 —h)dx
on E;_1UA, and |g| < 27"'¢ in view of (T3). Since E;UA = E;_j UA, it follows
that f; is continuous on E; and d f; = (h— f;_;)dx + dg = 0 on E;. Furthermore, on
E;_y wehave f; = f;_1 + x(h— fi—1) + g and hence

\fi— fictl |zl Ih— fio1] + gl <27

This completes the induction step and hence proves (b)=-(a) in Theorem[I0] O

Comparing with the proof of Theorem (3, we see that it was now necessary to
solve a d-equation since the set E; | N (A;41 \ A), on which we glued the approxi-
mating polynomial / with f;_;, might have nonempty interior. This prevents us from
obtaining Carleman approximation in the setting of Theorem [T0] without additional
hypotheses on E (compare with Nersesyan’s Theorem [9). On the other hand, the
same proof yields the following special case of Nersesyan’s Theorem on Carleman
approximation which is of interest in many applications.

Corollary 3 (On Carleman approximation). Assume that E C C is a closed set
with connected complement satisfying the BEH property (see Definition [2). If there
is a disc A C C such that E\ A has empty interior, then every function in </ (E) can
be approximated in the fine €° topology by entire functions.

To prove Corollary [3 one follows the proof of Theorem [I0] choosing the first
disc A big enough such that £\ A; has empty interior. This allows us to define each
function f; (T6) in the sequence without the correction term g (i.e., g = 0).

The definition of the BEH property (see Definition[2)) extends naturally to closed
sets E in an arbitrary domain  C C. For such sets, an obvious modification of
proof of Theorem [10|and Corollary [3| provide approximation of functions in <7 (E)
by functions in &() in the uniform and fine topology on E, respectively.
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In 1976, A. Roth [141] proved several results on uniform and Carleman approxi-
mation of functions in <7 (E), where E is a closed set in a domain Q C C, by mero-
morphic functions on £ without poles on E. Her results are based on the technique
of fusing rational functions, given by the following lemma.

Lemma 1 (Roth (1976), [141])). Let K|, K> and K be compact sets in CP' with
KiNK, = &. Then there is a constant a = a(K1,K>) > 0 such that for any pair of
rational functions ri,ry with |r1(z) — r2(z)| < € (z € K) there is a rational function
r such that |r(z) —rj(z)| < a€ for z € KUK for j=1,2.

The proof of this lemma is fairly elementary. In the special case of holomorphic
functions, this amounts to the solution of a Cousin-I problem with bounds. As an
application, A. Roth proved the following result [[141, Theorem 1] on approximation
of functions in .27 (E) by meromorphic functions without poles on E.

Theorem 11 (Roth (1976), [141]]). Let Q be open in C, and let E C Q be a closed
subset of Q. A function f € o/ (E) may be uniformly approximated on E by functions
in () without poles on E if and only if f|x € Z(K) for every compact K C E.

The paper [141] of A. Roth also contains results on tangential and Carleman
approximation by meromorphic functions on closed subsets of planar domains.

The following result [141, Theorem 2] was proved by A. A. Nersesyan [128] for
Q = C; this extends Vitushkin’s theorem (Theorem[7) to closed subsets of C.

Theorem 12 (Nersesyan (1972), [128]; Roth (1976), [141]). Let E C Q2 be as in
Theorem |11} A necessary and sufficient condition that every function in </ (E) can
be approximated uniformly on E by meromorphic functions on 2 with poles off E
is that #(ENK) = o/ (ENK) holds for every closed disc K C Q.

The results presented above have been generalized to open Riemann surfaces
to a certain extent, although the theory does not seem complete. In 1975, P. M.
Gauthier and W. Hengartner [[77] gave the following necessary condition for uniform
approximation. (As before, X* denotes the one point compactification of X.)

Theorem 13. Let E be a closed subset of a Riemann surface X. If every function in
O(E) is a uniform limit of functions in O(X), then X*\ E is connected and locally
connected, i.e., E is an Arakelian set.

However, an example in [[77]] shows that the converse does not hold in general. In
particular, Arakelian’s Theorem[I0|cannot be fully generalized to Riemann surfaces.
Further examples to this effect can be found in [25| p. 120].

The situation is rather different for harmonic functions: if E is a closed Arakelian
set in an open Riemann surface X then every continuous function on E which is
harmonic in the interior £ can be approximated uniformly on E by entire harmonic
functions on X (see T. Bagby and P. M. Gauthier [11, Corollary 2.5.2]).
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In 1986, A. Boivin [23] extended Nersesyan’s Theorem [9] to a characterization
of sets of holomorphic Carleman approximation in open Riemann surfaces, and he
provided a sufficient condition on sets of meromorphic Carleman approximation.

For Carleman approximation of harmonic functions, we refer to T. Bagby and
P. M. Gauthier [11, Theorem 3.2.3]. Furthermore, in [26]], A. Boivin, P. Gauthier
and P. Paramonov established new Roth, Arakelian and Carleman type theorems
for solutions of a large class of elliptic partial differential operators L with constant
complex coefficients.

We return once more to Bishop’s localization theorem (see Theorem[6). We have
already mentioned (cf. Remark that in the late 1970’s, P. M. Gauthier [[75] and
S. Scheinberg [148] constructed on any open Riemann surface X a meromorphic
kernel F(p,q) such that F(p,q) = —F (g, p) and the only singularities of F are sim-
ple poles with residues +1 on the diagonal. With this kernel in hand, they extended
Bishop’s localization theorem to closed sets of essentially finite genus in any Rie-
mann surface. (See also [146, 24]].) The most precise results in this direction were
obtained by S. Scheinberg [149] in 1979. Under certain restrictions on the Riemann
surface X and the closed set E C X, he completely described those sets P C X \ E
such that every function in < (E) may be approximated uniformly on E by functions
meromorphic on X whose poles lie in P. His theorems provide an elegant synthesis
of all previously known results of this type and a summary of localization results.

The following converse to Bishop’s localization theorem on an arbitrary Riemann
surface was proved by A. Boivin and B. Jiang [27] in 2004. Recall that a closed
parametric disc in a Riemann surface X is the inverse image D = ¢~ !(A) of a
closed disc A C ¢(U) C C, where (U, ¢) is a holomorphic chart on X.

Theorem 14 (Boivin and Jiang (2004), Theorem 1 in [27]). Let E be a closed

subset of a Riemann surface X. If o (E) = O'(E), then </ (END) = 0'(E N D) holds
for every closed parametric disc D C X.

Their proof relies on Vitushkin localization operators (T1]), adapted to Riemann
surfaces by P. Gauthier [75] and S. Scheinberg [[149] by using the Cauchy kernels
mentioned above. (See also Remark([T])

Note that Theorem [[4] generalizes one of the implications in Theorem [I12]to Rie-
mann surfaces. A result of this kind does not seem available for compact sets in
higher dimensional complex manifolds. We shall discuss this question again in con-
nection with the Mergelyan approximation problem for manifold-valued maps (see
Subsect. in particular Definition [§]and Remark [9).

The following is an immediate corollary to Theorem[I4]and Bishop’s localization

theorem for closed sets in Riemann surfaces [[75,1149]. It provides an optimal version
of Vitushkin’s approximation theorem (see Theorem (/) on Riemann surfaces.

Theorem 15 (Boivin and Jiang (2004), Theorem 2 in [27]]). Let E be a closed sub-
set of a Riemann surface X, and assume either that E is weakly of infinite genus (this
holds in particular if E is compact) or E = &. Then, the following are equivalent:
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1. Every function in </ (E) is a uniform limit of meromorphic functions on X with
poles off E.

2. For every closed parametric disc D C X we have </ (END) = O(END).

3. For every point x € X there exists a closed parametric disc D, centred at x such

that o/ (ENDy) = O(ENDy).

4 Mergelyan’s theorem for ¢ functions on Riemann surfaces

In applications, one is often faced with the approximation problem for functions
of class €” (r € N) on compact or closed sets in a Riemann surface. Such problems
arise not only in complex analysis (for instance, in constructions of closed complex
curves in complex manifolds, see [44]], or in constructions of proper holomorphic
embeddings of open Riemann surfaces into C2, see [66 67 and [68] Chap. 9]), but
also in related areas such as the theory of minimal surfaces in Euclidean spaces R”
(see the recent survey [3]), the theory of holomorphic Legendrian curves in complex
contact manifolds (see [12,4]), and others. In most geometric constructions it suffices
to consider compact sets of the following type.

Definition 3 (Admissible sets in Riemann surfaces). A compact set S in a Rie-
mann surface X is admissible if it is of the form § = K UM, where K is a finite
union of pairwise disjoint compact domains with piecewise €' boundaries in X
and M =S\ K is a union of finitely many pairwise disjoint smooth Jordan arcs and
closed Jordan curves meeting K only in their endpoints (or not at all) and such that
their intersections with the boundary bK of K are transverse.

Clearly, the complement X \ S of an admissible set has at most finitely many
connected components, and hence Theorem [5]applies.

A function f: § = KUM — C on an admissibe set is said to be of class €”(S)
if flx € €"(K) (this means that it is of class €”(K) and all its partial derivatives
of order < r extend continuously to K) and f|y € €”(M). Whitney’s jet-extension
theorem (see Theorem [46) shows that any f € 7" (S) extends to a function f €
¢ (X) which is d-flat to order r on S, meaning that

lim D" (df)(x) = 0. a7

x—S

Here, D* denotes the total derivative of order k (the collection of all partial deriva-
tives of order < k). We define the " (S) norm of f as the maximum of derivatives
of f up to order r at points z € §, where for points z € M \ K we consider only the
tangential derivatives. (This equals the r-jet norm on S of a d-flat extension of f.)
We have the following approximation result for functions of class .&/” on admis-

sible sets in Riemann surfaces. Corollary 9] in Subsection gives an analogous
result for manifold-valued maps.
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Theorem 16 (¢ approximation on admissible sets in Riemann surfaces). I S is
an admissible set in a Riemann surface X, then every function f € o/"(S) (r € N)
can be approximated in the €' (S)-norm by meromorphic functions on X, and by
holomorphic functions if S has no holes.

Proof. We give a proof by induction on r, reducing it to €° approximation. The
result can also be proved by the method in the proof of Theorems [24] and 25| below.

Pick an open neighborhood 2 C X of S such that there is a deformation re-
traction of @ onto S. (It follows in particular that S has no holes in .) It suf-
fices to show that any function f € 27"(S) can be approximated in € (S) by func-
tions holomorphic on £2; the conclusion then follows from Runge’s theorem (The-
orem E]) and the Cauchy estimates. We may assume that S (and hence Q) is con-
nected. There are smooth closed oriented Jordan curves Cy,...,C; C S generating
the first homology group H,(S,Z) = H{(2,7) = Z' such that C = J!_,C; is a
compact Runge set in Q. Let 0 be a nowhere vanishing holomorphic 1-form on
Q. (Such 0 exists by the Oka-Grauert principle, see [68, Theorem 5.3.1]. Further-
more, by the Gunning-Narasimhan theorem [89] there exists a holomorphic function
&: Q — C without critical points, and we may take 6 = d&.) Consider the period
map P = (Py,...,P): €(C) — C! given by

P,.(h):/he, he%(C), i=1,....1.
Gi

It is elementary to find continuous functions Ay, ...,h;: C — Csuch that Pi(hj) = §; ;
(Kronecker’s delta). By Mergelyan’s theorem (Theorem|[3)) we can approximate each
h; uniformly on C by a holomorphic function g; € &'(Q). Assuming that the approx-
imations are close enough, the / x [ matrix A with the entries P;(g;) is invertible. Re-
placing the vector g = (gi,...,8)" by A~'g we obtain P;(g;) = & ;. Fix an integer
r € Z. Consider the function ®@: &7"(§) x § x C! — C defined by

]
®(h,x,t) = h(x) + _thjgj(x)’
J=

where h € &/"(S), x € S, and t = (¢1,...,1;) € C. Then, P(®(h,-,t)) = P(h) +
Zi’:ltjp(gj), and hence

dP(P(h,- 1)

=P(g) =8  ij=1,...1.
7 . (8j) =6i; i, ]

This period domination condition implies, in view of the implicit function theorem,
that for every hy € /" (S) the equation P(P(h,-,t)) = P(hp) can be solved on t =
t(h) for all h € &/7(S) near ho, with t(hg) = P(hy).

We can now prove the theorem by induction on r € Z.. By Theorem 5] the result
holds for r = 0. Assume that r € N and the theorem holds for r — 1. Pick f € &/"(S).
The function f'(x) := df(x)/0(x) (x € S) then belongs to /"~ !(S). (At a point
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x € §\ K we understand df(x) as the C-linear extension to T.X of the differen-
tial of f|y.) Note that P(f") = (fci df)j = 0 € C!. By the induction hypothesis,

we can approximate f’ in €~ !(S) by holomorphic functions & € (). If the ap-
proximation is close enough, there is a t = ¢(h) € C! near P(f") = 0 such that the
holomorphic function /2 := ®(h, - ,t) on Q satisfies P(h) = 0. Fix a point py € S and
define f(p) = |, . h for p € Q. Since the holomorphic 1-form 76 has vanishing
period, the integral is independent of the choice of a path of integration. If p € §
then the path may be chosen to lie in S, and hence f approximates f in € (S). This
completes the induction step and therefore proves the theorem. 0O

The following optimal approximation result for smooth functions on compact
sets in C was proved by J. Verdera in 1986, [163].

Theorem 17 (Verdera (1986), [165])). Let K be a compact set in C, and let f be a
compactly supported function in €"(C), r € N, such that d f/dZ vanishes on K to
order r — 1 (see ). Then, f can be approximated in €"(C) by functions which
are holomorphic in neighborhoods of K.

Theorem [17| shows that the obstacles to rational approximation of functions in
4/ (K) in Vitushkin’s theorem (see Theorem [7) are no longer present when consid-
ering rational approximation of ¢ functions which are d-flat of order r for r > 0.
Results in the same direction, concerning rational approximation on compact sets in
C in Lipschitz and Holder norms, were obtained by A. G. O’Farrell during 1977-79,
[129, (130} [131].

Verdera’s proof of Theorem |17|is somewhat simpler for » > 2 than for r = 1. In
the case r > 2, he follows Vitushkin’s scheme for rational approximation, using in
particular the localization operators (T1)); here is the outline. Fix a number 8 > 0.
Choose a covering of C by a countable family of discs A; of radius § such that every
point z € C is contained in at most 21 discs. Also, let ¢; € 4;°(C) be a smooth func-
tion with values in [0, 1], with compact support contained in A, such that }, i9i=1
and |[D*¢;| < CS* for some absolute constant C > 0. Set

§)—f(z) 99;(¢)
-z Pl4

Then, f; is holomorphic on C\ supp(¢;), f; = 0 if supp(f) NA; = @, and f =
Y ; fj (a finite sum). Let g = Z} fj where the sum is over those indices j for which
AANK=Gandh=f—-g= ):/; f; is the sum over the remaining j’s. Thus, g is
holomorphic in a neighborhood of K, and Verdera shows that the ¢ (C) norm of &
goes to zero as & — 0. The analytic details are considerable, especially for » = 1.

£1@) =Ty, () (&) = % /(C il dudv, z€C.

In conclusion, we mention that many of the results on holomorphic approxima-
tion, presented in this and the previous two sections, have been generalized to solu-
tions of more general elliptic differential equations in various Banach space norms;
see in particular J. Verdera [164], P. Paramonov and J. Verdera [133], A. Boivin, P.
Gauthier and P. Paramonov [26], and P. Gauthier and P. Paramonov [74].
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5 The Oka-Weil theorem and its generalizations

The analogue of Runge’s theorem (see Theorems [2] and ) on Stein manifolds
and Stein spaces is the following theorem due to K. Oka [132] and A. Weil [171].
All complex spaces are assumed to be reduced.

Theorem 18 (The Oka-Weil theorem). If X is a Stein space and K is a compact
O (X)-convex subset of X, then every holomorphic function in an open neighborhood
of K can be approximated uniformly on K by functions in O (X).

Proof. Two proofs of this result are available in the literature. The original one, due
to K. Oka and A. Weil, proceeds as follows. A compact &'(X)-convex subset K in a
Stein space X admits a basis of open Stein neighborhoods of the form

P={xeX:|h@)|<1,...|h)|<1}

with hy,...,hy € O0(X). We may assume that the function f € &(K) to be approx-
imated is holomorphic on P. By adding more functions if necessary, we can ensure
that the map h = (hy,...,hy): X — CN embeds P onto a closed complex subvariety
A = h(P) of the unit polydisc DY C C¥. Hence, there is a function g € '(A) such
that goh = f on P. By the Oka-Cartan extension theorem [68, Corollary 2.6.3], g
extends to a holomorphic function G on DV. Expanding G into a power series and
precomposing its Taylor polynomials by £ gives a sequence of holomorphic func-
tions on X converging to f uniformly on K.

Another approach uses the method of L. Hérmander for solving the d-equation
with L*-estimates (see [94} 96]). We consider the case X = C”; the general case
reduces to this one by standard methods of Oka-Cartan theory. Assume that f is
a holomorphic function in a neighborhood U C C" of K. Choose a pair of neigh-
borhoods W € V € U of K and a smooth function x: C" — [0, 1] such that y =1
on V and supp(x) C U. By choosing W D K small enough, there is a nonnegative
plurisubharmonic function p > 0 on C” that vanishes on W and satisfies p > ¢ > 0
on U \ V. Note that the smooth (0, 1)-form

a=d(xf)=fox=Y odz
=

is supported in U \ V. Hormander’s theory for the d-complex (see [96, Theorem
4.4.2]) furnishes for any ¢ > 0 a smooth function 4, on C”" satisfying

s

oh =0  and B L —
' o (1+z2)?

e*fpdlg/ Y |2 PdA.  (18)
¢ i3

(Here, dA denotes the Lebesgue measure on C".) As t — oo, the right hand side
approaches zero since p > ¢ > 0 on supp(@) C U \ V. Since p|w = 0, it follows that
limy 0 || A || 2 w) = 0. The interior elliptic estimates (see [65, Lemma 3.2]) imply
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that i | — 0 in €7 (K) for every fixed r € Z.. The functions
fi=xf—-h:C"—C

are then entire and converge to f uniformly on K as t — +oco. 0O

We also have the following parametric version of the Cartan-Oka-Weil theorem
which is useful in applications (see [68, Theorem 2.8.4]).

Theorem 19 (Cartan-Oka-Weil theorem with parameters). Let X be a Stein
space. Assume that K is an 0(X)-convex subset of X, X' is a closed complex sub-
variety of X, and Py C P are compact Hausdorff spaces. Let f: PxX — C be a
continuous function such that

(a) for every p € P, f(p,-): X — C is holomorphic in a neighborhood of K (in-
dependent of p) and f(p,- )|y is holomorphic, and

(b) f(p,-) is holomorphic on X for every p € Py.

Then there exists for every € > 0 a continuous function F : P x X — C satisfying the
following conditions:

(i) F, =F(p,-) is holomorphic on X for all p € P,
(i) |F—fl<eonPxK, and
(ifi) F = f on (Byx X)U (P x X').

The same result holds for sections of any holomorphic vector bundle over X.

The proof can be obtained by any of the two schemes outlined above. For the
second one, note that there is a linear solution operator to the g-problem @]) and
hence continuous dependence on the parameter comes for free. One needs to include
the interpolation condition into the scheme to take care of the interpolation condition
(iii). We refer to 68, Theorem 2.8.4] for the details.

A similar approximation theorem holds for sections of coherent analytic sheaves
over Stein spaces (see e.g. H. Grauert and R. Remmert [85, p. 170]).

The extension of the Oka-Weil theorem to maps X — Y from a Stein space X to
more general complex manifolds Y is the subject of Oka theory. A complex man-
ifold Y for which the analogue of Theorem |19 holds in the absence of topological
obstructions is called an Oka manifold. We discuss this topic in Subsect.

6 Mergelyan’s theorem in higher dimensions

As we have seen in Sects. [2H4] the Mergelyan approximation theory in the com-
plex plane and on Riemann surfaces was a highly developed subject around mid 20th
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century. Around the same time, it became clear that the situation is much more com-
plicated in higher dimensions. For example, in 1955 J. Wermer [[173]] constructed an
arc in C* which fails to have the Mergelyan property. This suggests that, in several
variables, one has to be much more restrictive about the sets on which one considers
Mergelyan type approximation problems.

There are two lines of investigations in the literature: approximation on sub-
manifolds of C" of various degrees of smoothness, and approximation on closures
of bounded pseudoconvex domains. In neither category the problem is completely
understood, and even with these restrictions, the situation is substantially more com-
plicated than in dimension one. For example, R. Basener (1973), [14] (generalizing
a result of B. Cole (1968), [39]]) showed that Bishop’s peak point criterium does
not suffice even for smooth polynomially convex submanifolds of C". Even more
surprisingly, it was shown by K. Diederich and J. E. Fornass in 1976 [42] that there
exist bounded pseudoconvex domains with smooth boundaries in C? on which the
Mergelyan property fails. The picture for curves is more complete; see G. Stolzen-
berg [153], H. Alexander [3]], and P. Gauthier and E. Zeron [80].

In this section we outline the developments starting around the 1960’s, give

proofs in some detail in the cases of totally real manifolds and strongly pseudo-
convex domains, and provide some new results on combinations of such sets.

Definition 4. Let (X,.J) be a complex manifold, and let M C X be a %' submanifold.

(a) M is totally real at a point p € M if T,M NJT,M = {0}. If M is totally real at all
points, we say that M is a totally real submanifold of X.

(b) M is a stratified totally real submanifold of X if M = Ule M;, with M; C M+
locally closed sets, such that M; and M, \ M; are totally real submanifolds.

We now introduce suitable types of sets for Mergelyan approximation. The fol-
lowing notion is a generalization of the one for Riemann surfaces in Definition
Recall that a compact set S in a complex manifold X is a Stein compact if S admits
a basis of open Stein neighborhoods in X.

Definition 5 (Admissible sets). Let S be a compact set in a complex manifold X.

(a) S is admissible if it is of the form S = KUM, where S and K are Stein compacts
and M = S\ K is a totally real submanifold of X (possibly with boundary).

(b) S is stratified admissible if instead M = U§:1 M, is a stratified totally real sub-
manifold such that S; = KUM; is compact forevery i = 1,...,1[.

(c) An admissible set S = K UM is strongly admissible if, in addition to the con-
ditions in (a), K is the closure of a strongly pseudoconvex Stein domain, not
necessarily connected.

Remark 4. We emphasize that, in the definition of an admissible set, it is the de-
composition of S into the union K UM that matters, so one might think of them as
pairs (K, M) with the indicated properties. We will show (see Lemma [2)) that if in
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(a) only the set S is assumed to be a Stein compact (and M is totally real), then
K is nevertheless automatically a Stein compact. It follows that if S=KUM is a
stratified admissible set and M = |JI*.; M; is a totally real stratification, then the set
Si = KUM; is a stratified admissible set for every i (see Corollary ). O

Remark 5. We wish to compare the class of admissible sets with those considered
by L. Hormander and J. Wermer [97]] and F. Forstneri¢ [54} Sect. 3], [68} Sects. 3.7—
3.8]. A compact set S in a complex manifold X is said to be holomorphically convex
if it admits a Stein neighborhood © C X such that S is &'(£2)-convex. Clearly, such
S is a Stein compact, but the converse is false in general. Let us call a compact set
S = KUM an HW set (for Hormander and Wermer) if S is holomorphically convex
and M = S\ K is a totally real submanifold of X. In the cited works, approximation
results similar to those presented here are proved on HW sets. Clearly, every HW
set is admissible. By combining the techniques in the proof of Proposition [2] and
Theorem [20] one can prove the following partial converse.

Proposition 1. If S = K UM is an admissible set in complex manifold X and U C X
is a neighborhood of K, there exists a Stein neighborhood 2 of S such that

h(S) :=Sp)\S C U.

Thus, taking §' = §ﬁ(9), K' = KUI(S) and M' = M\ h(S), we see that §’ =
K' UM’ is an HW set with K’ C U. Thus, every admissible set can be approximated
from the outside by HW sets, enlarging K only slightly.

It was shown by L. Hormander and J. Wermer [97] (see also [68, Theorem 3.7.1])
that if § = KUM is an HW set and §' = K UM’ is another compact set, with M’ a
totally real submanifold, such that SNU = §' NU holds for some open neighborhood
of K, then §' is also admissible (i.e., any such §' is a Stein compact). In view of the
above proposition, the same holds true for admissible sets, i.e., this class is stable
under changes of the totally real part which are fixed near K. O

We will consider two types of approximations in higher dimensions. On admis-
sible sets S = K UM we will consider Runge-Mergelyan approximation, i.e., we
assume that the object we want to approximate (function, form, map, etc.) is holo-
morphic on a neighborhood of K and continuous or smooth on M. On strongly
admissible sets we will consider true Mergelyan approximation, assuming that the
object to be approximated is of class 7" (S) for some r € Z .

6.1 Approximation on totally real submanifolds and admissible sets

In this section we present an optimal %*-approximation result on totally real sub-
manifolds. With essentially no extra effort we get approximation results on stratified
totally real manifolds and on admissible sets (see Theorems [20] and 21).
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There is a long history on approximation on totally real submanifolds, starting
with J. Wermer [[173] on curves and R. O. Wells [[L72] on real analytic manifolds.
The first general result on approximation on totally real manifolds with various de-
grees of smoothness is due to L. Hormander and J. Wermer [97]. Their work is based
on L?-methods for solving the d-equation, and the passage from L? to €*-estimates
led to a gap between the order m of smoothness of the manifold M on which the ap-
proximation takes place, and the order k of the norm of the Banach space ¢*(M) in
which the approximation takes place. Subsequently, several authors worked on de-
creasing the gap between m and k, introducing more precise integral kernel methods
for solving d. The optimal result with m = k was eventually obtained by M. Range
and Y.-T. Siu [139]. Subsequent improvements were made by F. Forstneri¢, E. Lgw
and N. @vrelid [63] in 2001. They developed Henkin-type kernels adapted to this
situation and obtained optimal results on approximation of d-flat functions in tubes
around totally real manifolds by holomorphic functions. In 2009, B. Berndtsson [18§]]
used L?-theory to give a new approach to uniform approximation by holomorphic
functions on compact zero sets of strongly plurisubharmonic functions. A novel
byproduct of his method is that, in the case of polynomial approximation, one gets
a bound on the degree of the approximating polynomial in terms of the closeness of
the approximation.

We will not go into the details of the L? or the integral kernel approaches, but
will instead present a method based on convolution with the Gaussian kernel which
originates in the proof of Weierstrass’s Theorem [I] on approximating continuous
functions on R by holomorphic polynomials. This approach is perhaps the most
elementary one and is particularly well suited for proving Runge-Mergelyan type
approximation results with optimal regularity on (strongly) admissible sets. It seems
that the first modern application of this method was made in 1981 by S. Baouendi
and F. Treves [[12] to obtain local approximation of Cauchy-Riemann (CR) functions
on CR submanifolds. The use of this method on totally real manifolds was developed
further by P. Manne [[118]] in 1993 to obtain Carleman approximation on totally real
submanifolds (see also [119]).

We define the bilinear form (-,-) on C" by

(z,w) = Zziwi, 2 =(z2) = Zz,z (19)
i=1 i

We consider first the real subspace R” of C". Recall that

n
/ R / T gy -y = ( / e d¢> _
n n R

It follows that s e 1€ gx = e'7"/2 | s0 the family of functions 7"/ 2g=ne /e
is an approximate identity on R". Given f € 6 (R"), consider the entire functions
1

fe(z) =m"? /R" g—nf(x)ef(xfzy/ezdx, z€C" £>0.
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(See (3) for n = 1.) It is straightforward to verify that fz — f uniformly on R”, and
by a change of variables u = z — x we get convergence also in €* norm.

It is remarkable that the same procedure gives local approximation in the €*
norm on any totally real submanifold of class %*. Recall that By C R" is the unit
ball and B, (€) = B}, for any € > 0.

Proposition 2. Let y : B, — R" be a map of class €* (k € N) with y(0) = (dy)o =
0, and set ¢(x) = x+iy(x) € C". Then there exists a number 0 < 6 < 1 such that
the following holds. Let N C By, be a closed set, and let M = ¢ (B (8§) NN) C C”
and bM = ¢(bB (8) NN) C C". Given f € €o(M), there exists a family of entire
Sunctions fe € O(C"), € > 0, such that the following hold as € — 0:

(@) fe — f uniformly on M, and
(b) fe — O uniformly on U = {z € C" : dist(z,bM) < n} for some 1 > 0.

Moreover; if N is a €*-smooth submanifold of By and f € ‘5&‘ (M), then the approx-
imation in (a) may be achieved in the €*-norm on M.

Remark 6. This proposition is local. However, Condition (b) and Cartan’s Theorem
B makes it very simple to globalize the approximation in the case that M is a totally
real piece of an admissible set (see Theorem [20]below). O

Proof of Proposition Since functions on N extend to By, in the appropriate classes,
it is enough to prove the proposition in the case N = By,

Note that ¢'(x) = I +1iy’(x). We will need (see Hormander [93] p. 85]) that if A
is a symmetric n X n matrix with positive definite real part, then

/ ef(Au,u>du _ 7-["/2 (det A)*l/z. 20)

We shall use this with the matrix A(x) = ¢'(x)” ¢’(x) whose real part equals
RA(x) =1 — v/'(x)Ty/(x). Since y'(0) = 0, there is a number 0 < & < 1 such
that RA(x) > 0 is positive definite for all x € Bf;(dp), and y is Lipschitz-c¢ with
o < 1 on Bj(8). By using a smooth cut-off function, we extend y to R” such that
supp(y) C Bj, without changing its values on Bf (dp). (This does not affect the
lemma.) We will show that the lemma holds for any number § with 0 < § < &.

Set M = ¢(B%(8)) and My = ¢(B%(8)), so M C M. Given f € G5 (M), set

fg(z) = ﬁ‘/1"4f‘(‘,v)e*(W*Z)z/ezcivv7 z E C}’l’ (21)

where dw = dw; ...dw,.

We begin by showing that condition (b) holds by inspecting the integral kernel.
Writing z=x+1iy € C" and w = u+1iv = C", we have that

(w2 _ =P —a—u?,

—(w=2) |=e

|e
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For a fixed w =u+iv, let [, = {z =x+iy € C": (y —v)> < (x—u)?}. On [,
the function e~("=2°/¢* clearly converges to zero as € — 0. Since the map Y is
Lipschitz-o¢ with a < 1 on B} (&), we see that for every w € My we have that
Mo\ {w} C I,. Hence, there exists and open neighborhood U C C" of bM with
U C I, for all w € supp(f). This establishes (b).

Let us now prove (a). Since the function x — f(¢(x)) is supported in B}, (5), we
can extend the product of it with any other function on Bf;, () to all of R” by letting
it vanish outside Bf (8). Fix a point zo = ¢(xo) € M with xy € B} (5). Using the
notation (T9), we have that

fe(z0) = a2 M 871”f(W)e_(w_ZO)z/e2 dw
—m 2 [ o)) e (OO et (1) d
Rn
_ n.fn/Z/ f(¢(x0+Eu))e*(u+i(l//(x0+£u)*‘l’(x0>)/€)2 det¢/(x0+8u)du.
Rn

(We applied the change of variable x = xo + €u.) The Lipschitz condition on y gives

|e—(u+i(W(XO+8u)—W<Xo))/8)2| < o (1=a)lu?

for all xo € B (8) and 0 < € < 8 — 8. The dominated convergence theorem implies

li felo) =72 [ f(p(ro))e (¢ 60 et (o) di
£—0 R
! /R Flzo)e (9 0) 00 et o (x0) du
= f(z0)-

The last line follows from (20) applied with the matrix A = ¢’(x)” ¢’ (xo), noting
also that detA = det@’(x)?. The estimates are clearly independent of xo € B (),
and hence of zg € M, so the convergence f; — f is uniform on M.

To get convergence in the %% norm, one replaces partial differentiation of the
kernel in (ZI)) with respect to z by partial differentiation of f with respect to w (see
P. Manne [118| p. 524] for the details). O

We now globalize Proposition to obtain the approximation of ¢ functions on
totally real manifolds of class ©* and on (stratified) admissible sets.

Theorem 20. Let S = K UM be an admissible set in a complex manifold X (see
Definition [3), with M a totally real submanifold (possibly with boundary) of class
&*. Then for any f € €*(S) N O(K) there exists a sequence f; € O(S) such that

fim, 17 = fllgr(sy =0

Proof. We begin by considering the case when supp(f) is contained in the to-
tally real manifold M = S\ K, that is, supp(f) N K = &. We cover the compact set
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supp(f) C M\ K by finitely many open domains (coordinate balls) My, ..., M,, C M
such that Propositionholds for each M; and U7, M; C M\ K. Let x; € CE(M;)
be a partition of unity on a neighborhood of supp(f), so f =Y. ; x;f. Clearly, it suf-
fices to prove the theorem separately for each x;f, so we assume without loss of
generality that f is compactly supported in M.

Let U C X be a neighborhood of bM; satisfying condition (b) in Proposition [2|
Let B C X be an open set with M| C Band let A C X be an open set containing S\ M},
such that ANB C U. Let 2 C X be a Stein neighborhood of § with 2 C AUB, and
set Q4 :=QNAand Qp = QNB. Considerthemap I' : (Q4) D O () — O(24N
Qp) defined by (f4, f8) — fa — fB. Then I is surjective by Cartan’s Theorem B, and
so by the open mapping theorem, I" is an open mapping with respect to the Fréchet
topologies on the respective spaces. Let now f¢ be a family as in Proposition [2}
Then fz — 0 on 24 NQ2p, so there is a sequence Fz = (fae, fBe) € O(24) S O (2p)
converging to zero in the Fréchet topology, with I"(F¢) = f¢. Pick a sequence £; — 0,
and set fj := f¢; + fpe; on Q2p and fj := fs ¢; on £4. The conclusion now follows
by restricting f; to any domain Q' with S C Q" € Q.

It remains to consider the general case when the support of f intersects K. To this
end, we note that what we have proved so far gives the following useful lemma.

Lemma 2. If'S = KUM is a Stein compact in a complex manifold X, if S\ K is totally
real, and U C X is an open set containing K, then there exists a Stein neighborhood
Q C X of S such that Ky (o) C U. In particular, K is a Stein compact.

Proof. For each point p € M\ K there is a disc M, C M \ K around p on which
Proposition[Zholds. As we have just shown, we may use Theorem[20]to approximate
a continuous function which is zero near K and one at the point p, and so there exists
a holomorphic function f, € &(S) such that |f,| is as small as desired on K and
|fp| > 1/2 on a neighborhood of p. By taking the sum p =} ; |fpj\2 over finitely
many such functions, we get a plurisubharmonic function p > 0 on a neighborhood
V of § which is > 1 on a neighborhood W of the compact set M \ U and is close to
0 on a neighborhood of K. Note that S C U UW. By choosing a Stein neighborhood
€ of S such that @ C (UUW) NV, it follows that Ky(o) CU. O

We now conclude the proof of Theorem Assume that the function f € €*(S)
to be approximated is holomorphic in an open set U O K. Choose a Stein neigh-
borhood €2 of S as in Lemma uch that Ko := Eﬁ(g) C U. Pick an 0/(Q)-convex
compact set K; C U containing Kj in its interior. Choose a smooth cut-off function
X supported on K; such that ¥ = 1 on a neighborhood Kj. By the Oka-Weil theorem
(see Theorem there is a sequence g; € 0(£) such that g; — f uniformly on K;
as j — oo. Then, we clearly have that

fi=xgi+(0=0)f=gi+(1—x)(f—gj))—[f asj—e

in €%(S). As g; € 0(Q), it remains to approximate the functions (1 —x)(f —g,) €
€*(S) whose support does not intersect Ko O K, so we have our reduction. [
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For approximation on stratified admissible sets, we need the following.

Corollary 4. Let S = KUM be a stratified admissible set, with a totally real strati-
fication M = Ule M;. Then S; := KUM, is a Stein compact (and hence a stratified
admissible set) for eachi=1,...,1—1.

Proof. Note that the top stratum M:=M \ M,_1 is a totally real submanifold and
S =S,_1UM is an admissible set. Lemma implies that S;_; is a Stein compact.
The result now follows by a finite downward inductionon /. O

Theorem 21. If S = K UM is a stratified admissible set in a complex manifold X,
then for any f € € (S) N O(K) there exists a sequence f; € O(S) such that

lim || — f
Joreo

W(S) = O

Proof. By assumption there is a stratification M = Uf: | M; with My and M \ M;
totally real manifolds for i = 1,...,] — 1. Let My = @. It suffices to apply Theorem
successively with K; = KUM; and S; = K;UM;1; (i=0,...,[—1). O

Remark 7. It is not possible in general to obtain €*-approximation on stratified to-
tally real manifolds M, even if M is itself €*-smooth. Suppose for instance that
M C C" is a €'-smooth submanifold which is a Stein compact, and which is to-
tally real except at a point p € M. Then, M has an obvious stratification by totally
real manifolds, but it is clearly impossible to achieve %! -approximation at the point
p due to the Cauchy-Riemann equations. However, one sees immediately that one
may achieve €*-approximation on compact subsets of each M; \M;.

Theoremlﬂ] holds in the more general case when S = KUM is a Stein compact
with M = ;| M; a stratified totally real set, meaning that M; and each difference
M;\M;_, (i=2,...,]) is a locally closed totally real set. We refer to P. Manne
[117,1118] and to E. Lgw and E. F. Wold [[113]] for these extensions. O

A further generalization of Theorem [20]is provided by Theorem [34]in Sect.
we state it there as it concerns manifold-valued maps.

Although holomorphically convex smooth submanifolds of C" do not in general
admit Mergelyan approximation, E. L. Stout [[156]] gave the following general result
in the real analytic setting, also allowing for varieties.

Theorem 22 (E. L. Stout (2006), [156]). Let X be a Stein space. If M CXisa
compact real analytic subvariety such that M = spec O'(M), then € (M) = O(M).

Recall that M = spec ¢(M) means that any continuous character on the algebra
O(M) may be represented by a unique point evaluation on M. An example is if M
is a countable intersection of Stein domains. We will not give a proof of the full
theorem here, but we will use Theorem@ together with some fundamental results
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due to K. Diederich and J. E. Fornass [43] and E. Bishop [21], to give a relatively
short proof under the stronger assumption that M is a Stein compact.

Proof of Theorem [22] under the assumption that M is a Stein compact. Without
loss of generality we may assume that M C C". It was proved by K. Diederich
and J.-E. Fornass [43]] that M does not contain a nontrivial analytic disc. Now, M
has a stratification M = [J_; M; such that each difference V; = My \ M; is a real
analytic submanifold. We claim that every V; is totally real outside a real analytic
submanifold V; of positive codimension. If not, there is an open subset U C V; such
that U is a CR-manifold, and according to Bishop [21]] one may attach families of
holomorphic discs to U shrinking towards any given point p € U. By the assumption
about holomorphic convexity, the discs will eventually be contained in U, but this
contradicts the result of Diederich and Fornass [43]. This argument may be used
repeatedly to refine the initial stratification of M into a stratification by totally real
submanifolds, and hence the result follows from Theorem[21} O

6.2 Approximation on strongly pseudoconvex domains and on
strongly admissible sets

As we have seen, proofs of the Mergelyan theorem in one complex variable de-
pend heavily on integral representations of holomorphic or d-flat functions. The
single most important reason why the one-dimensional proofs work so well is that
the Cauchy-Green kernel (@) provides a solution to the inhomogeneous d-equation
which is uniformly bounded on all of C in terms of sup-norm of the data and the area
of its support (see (6)). This allows uniform approximation of functions in .27 (K) on
any compact set K C C with not too rough boundary by functions in &'(K) (see Vi-
tushkin’s Theorem[7). Nothing like that holds in several variables, and the question
of uniform approximability is highly sensitive to the shape of the boundary even for
smoothly bounded domains.

The idea of developing holomorphic integral kernels for domains in C”* with com-
parable properties to those of the Cauchy kernel in one variable was promoted by H.
Grauert already around 1960; however, it took almost a decade to be realized. The
first such constructions were given in 1969 by G. M. Henkin [92] and E. Ramirez
de Arellano [138] for the class of strongly pseudoconvex domains. These kernels
provide solution operators for the d-equation which are bounded in the €* norms
and improve the regularity by 1/2. We state here a special case of their results for
(0, 1)-forms, but in a more precise form which can be found in the works by 1. Lieb
and M. Range [112, Theorem 1], I. Lieb and J. Michel [111], and [68, Theorem
2.7.3]. A brief historical review of the kernel method is given in [65} pp. 392-393].

Given a domain 2 C C”, we denote by ‘5(61)(5) the space of all differential
(0,1)-forms of class €% on Q.
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Theorem 23. If Q is a bounded strongly pseudoconvex Stein domain with boundary
of class €* for some k € {3, 3,..}in “a complex manifold X, there exists a bounded
linear operator T : ‘5(%11) () — €°(Q) satisfying the following properties:

() If f € 60, (Q)NE, (2) and I f =0, then (T f) = f.
) If f e %&(ﬁ)ﬂ%&l(ﬂ)forsome re{l,...k} then

ITf

GL12(@) <Crollf “ @) [=0,1,..,r
Moreover; the constants C; o may be chosen uniformly for all domains sufficiently
€* close to Q.

The kernel method led to a variety of applications to function theory on strongly
pseudoconvex domains. In particular, G. Henkin (1969) [92], N. Kerzman (1971)
[100], and I. Lieb (1969) [110] proved the Mergelyan property for strongly pseudo-
convex domains with sufficiently smooth boundary, and J. E. Fornass (1976) [48]
improved this to domains with %2 boundary. Subsequently, J. E. Fornzss and A.
Nagel (1977) [49] showed that the Mergelyan property holds in the presence of
transverse holomorphic vector fields near the set of weakly pseudoconvex bound-
ary points (the so called degeneracy set); this holds in particular for any bounded
pseudoconvex domain with real analytic boundary in C2. F. Beatrous and M. Range
(1980) [15] proved for holomorphically convex domains 2 € C" with ¢’ bound-
aries that a function f € /() can be uniformly approximated by functions in
0(Q) if it can be approximated on a neighborhood of the degeneracy set. This re-
sult appeared earlier in the thesis of F. Beatrous (1978).

On the other hand, K. Diederich and J. E. Fornass (1976) [42]] found an example
of a € smooth pseudoconvex domain  C C? for which the Mergelyan property
fails. Their example is based on the presence of a Levi-flat hypersurface in b2 hav-
ing an annular leaf with infinitesimally nontrivial holonomy. This phenomenon was
further explored by D. Barrett [[13]] who showed in 1992 that the Bergman projection
on certain Diederich-Fornass worm domains does not preserve smoothness as mea-
sured by Sobolev norms. In 1996, M. Christ [37]] obtained a substantially stronger
result to the effect that the Bergman projection on such domains £ does not even
preserve €°(Q2); this provided the first example of smoothly bounded pseudocon-
vex domains in C" on which the Bell-Ligocka Condition R fails.

In 2008, F. Forstneri¢ and C. Laurent-Thiebaut proved the Mergelyan prop-
erty for smoothly bounded pseudoconvex domains 2 € C" whose degeneracy
set consisting of weakly pseudoconvex boundary points A C bQ is of the form
A={zeM:p(z) <0}, where p is a strongly plurisubharmonic function in a neigh-
borhood of A, M C C" is a Levi-flat hypersurface whose Levi foliation is defined
by a closed 1-form, and A is the closure of its relative interior in M (see [64, Theo-
rem 1.9]). The paper [64] provides several sufficient conditions for a foliation to be
defined by a closed 1-form. This condition implies in particular that every leaf of
M is topologically closed and has trivial holonomy map. On the other hand, in the
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worm hypersurface of Diederich and Fornass [42] the foliation contains a leaf with
nontrivial holonomy to which other leaves spirally approach. In [64] it was shown
under the same hypotheses that the d-Neumann operator on £ is regular. See E.
Straube and M. Sucheston [[158 [159] for related results.

We begin with the proof of the Mergelyan property on strongly pseudoconvex
domains, taking for granted the existence of bounded solution operators for the d-
equation in Theorem[23] The proof we present here is similar to Sakai’s proof [146]
discussed already in the proof of Theorem[6] (see Remark [2).

Theorem 24. Let X be a Stein manifold, and let 2 C X be a relatively com-
pact strongly pseudoconvex domain of class €* for k € {2,3,...}. Then for any
feCHQ)NO(Q) (k € Zy) there exists a sequence of functions f,, € O(Q) such
that imy, e || fin — f

(gk (5) == O

Proof. Let p € €%(U) be a defining function for £ in an open set U D Q, so Q =
{p <0} and dp # 0 on bQ = {p =0}. For small r > 0, set &, = {p <t} C U and
Q, = {p <t}. We cover bQ2 by finitely many pairs of open sets W; C V;, j = 1,...1,
with flows ¢;,(z) of holomorphic vector fields defined on V;, such that

0j(W;N&y) C Q forall smallz > 0. (22)

Such vector fields are obtained easily in local coordinates, using constant vector
fields pointing into 2 with a suitable scaling. Set Wy = £, and let { Xj}i'zo be a
smooth partition of unity with respect to the cover {Wj}lj:O. Choose mg € N such
that Q ,,,, C U§:0 W and (22) holds for all 0 <t < 1/my. Note that the functions
X, have bounded H(Q, /mo) norms. By Whitney’s theorem (see Theorem@ we

may assume that f is extended to a €*-smooth function on £, /mo- FOr any integer
m > mg we set

Uno=, Upj=Q,,NW; for j=1,..,1, (23)

fm,(]:f on Um70:Qa fmj(z):f(¢jl/m(z))7 ZeUmJa ]:laal (24)

Consider the function

1
8m = Xjfm,jecgk(gl/m)'
=0

=
From the definition of the functions f;,, ; it follows that

||fm’j -f

%”"(U,,,'j) = (D(l/m), .]: 17"'ala (25)

where ®(1/m) — 0 as m — oo (here w(1/m) is proportional to the modulus of
continuity of the top derivative of f), and hence ||g, — f/| 4« @) = o(1/m).

We now estimate the 4’*-norm of dg,,. Since ):lj:O ax i =0, we have that
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l

J— [ J— J—
agm = me,ja)(j = Z(fmj _f)aX/a
j=0

Jj=0

and it follows from (Z3) that ||dg,,

(@, = ©(1/m).
Aj explained above, there are bounded linear operators T, : ﬁ%,l)(ﬁl m) =
K(Q, /m)» With bounds independent of m > mq and satisfying d7T,(«) = o for

every d-closed (0, 1)-form o on Q). Setting fo = gm — T, (dgm) € O(L /) we
get that || f, — f @) = ®(1/m), and this completes the proof. O

The next result gives €*-approximation on strongly admissible sets.

Theorem 25. Let X be a complex manifold. Assume that Q € X is a strongly pseu-
doconvex Stein domain of class €* for k € {2,3,...}, and that S= QUM C X is a
strongly admissible set. Given f € € (S) .o/ (Q) there is a sequence f; € O(S) such
that limj_s. || f;j — f ¢(s) = 0. Furthermore, if M is a totally real manifold of class
¢* and f € €5 (S), we may choose f; € O(S) such that lim;_.. || f; — f

gk<s> - 0

Proof. We follow the proof of Theorem but cover also M with the W;’s. By the
theorem of Whitney and Glaeser (see Theorem [47|in the Appendix and the remark
following it), we may extend T,,(dg,,) to €* functions &, on some neighborhood of
S, converging to 0 in the ¥*-norm. Hence, f;, := g,y — Ay is holomorphic on Q; /m
and f,, — f in €*(2) as m — oo, and the result follows from Theorem[20| O

6.3 Mergelyan approximation in L*-spaces

In his thesis from 2015, S. Gubkin [88] investigated Mergelyan approximation in
L? spaces of holomorphic functions on pseudoconvex domains in C”:

H*(Q)=0(Q)NL*(Q).

The following theorem generalizes both his main results [88, Theorems 4.2.2 and
4.3.3]; in the first one the domain is assumed to have €*°-smooth boundary, and in
the second one it is assumed to admit a € plurisubharmonic defining function. We
only assume that the closure of the domain is a Stein compact.

Theorem 26. Assume that X is a Stein manifold and € X is a relatively com-
pact pseudoconvex domain with €' boundary whose closure Q is _a Stein com-
pact. Then for any f € H*(Q) there exists a sequence f; € O(Q) such that

lim;j e || fj = fll12(0) = O

Proof. As in the proof of Theorem we find an open cover {Wj}i-zo of Q, Jmy for
some mg € N such that (22) holds. (This only requires that b2 is of class €’'.) Let
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{ Xj}lj=o be a smooth partition of unity subordinate to {Wj}§'=0~ Given an integer

m > mg we define the cover {U,,, j}lj:() and the functions (f;, 1)5'20 by @23) and (24),
respectively. Consider the function

!
8m = Z Xjfmj € LZ('QI/m)'
=0

Fix 8 > 0. Since | f||;2(q) < o, there exists a compact subset K C £2 such that

1/l 22\k) < 0. (26)
Choose a compact set K’ C Q such that
K Usupp(xo) C K'. 27

Note that g,, — f in sup-norm on K’ as m — co. Furthermore, and imply
;.1 /m(Un j\K") C Q\ K for all big enough m, and hence (24) and (26) give

lfm.ill 2w, \kry <28 forall mbig enoughandall j=1,...,1. (28)

(The factor 2 comes from a change of variable; note that ¢;, — Id as r — 0.) Since
this holds for every § > 0, we see that lim . [|gm — f|[12(q) = 0.

Next, we need to estimate dg,, on £, /m- We have that

l

J— l J— J—
agm = me,ja)(j = Z(fm,j_f)nga
=0

Jj=0

where the second expression holds on Q. It follows that lim,, .. ||dgu|| ) =0.
On Q\ K’ we have in view of that dg,, = Zgzl fnj 9> and hence (28) gives

||§8m||L2(91/m\1</) <God

for some constant Cy > 0 depending only on the partition of unity {);}. Since § >0

was arbitrary, it follows that 1im,, e || g HLZ(QI/m) —0.

Set 0, = dgm, and let Q' be a pseudoconvex domain with Q € Q' C Q, /m- BY
Hormander, there exists a constant C > 0, independent of m and the choice of Q'
such that there exists a solution £, to the equation dh,, = o, with ||A,|] @) <
C-[0tmll 2(qr)- Setting fiu = gm — hi we get that limy,seo || fin — fll12(0) = 0. O

Remark 8. A simple example of a pseudoconvex domain on which the L?> Mergelyan
property fails is the Hartogs triangle H = {(z,w) € C?: |w| < |z| < 1}. The holomor-
phic function f(z,w) = w/z on H is bounded by one, and it cannot be approximated
in any natural sense by holomorphic functions in neighborhoods of H since its re-
striction to horizontal slices w = const has winding number —1. Note that H is
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not a Stein compact. One can also see that the L?> Mergelyan property fails on the
Diederich-Fornass worm domain [42f]. O

We shall consider further topics in L?-approximation theory in Sect.

6.4 Carleman approximation in several variables

Carleman approximation on the totally real affine subspace M = R" C C" was
proved by S. Scheinberg [[147] in 1976. Such spaces are obviously polynomially
convex, and, although less obviously so, they satisfy the following condition (com-
pare with Definition[2)). For any compact set C C C" we set

h(C):=C\C

Definition 6. A closed set M C C" has the bounded exhaustion hulls property if for
any polynomially convex compact set K C C" there exists R > 0 such that for any
compact set L C M we have that

h(KUL) C B"(0,R). (29)

Clearly, it suffices to test this condition on any increasing sequence of compact
sets K; increasing to C". This notion extends in an obvious way to closed sets in an
arbitrary complex manifold X, replacing polynomial hulls by &'(X)-convex hulls.
For closed sets M in C, this notion is equivalent to the one in Definition [2] and to
the condition that CPP! \ M is locally connected at infinity. (This is precisely the
condition under which Arakelian’s Theorem [I0]holds.)

To see that M = R" has bounded exhaustion hulls in C", we consider compact
sets of the form

K={zeC":|xj|<r |yj|<r j=1,..n}.

Let us first look at a point = X +1iy € C" \ R" with |%;| > (y/n+ 1)r for some j.
Consider the pluriharmonic polynomial

f2)=-R(z—%)?) = Zn‘i(y,2 —(x —ii)z), zeC"

A simple calculation shows that f(z) < 0 holds for any point z € K,,, and we clearly
have f <0 on R" and f(Z) = () > 0. This shows that

(K. UR") C {z€C": |xj| < (Vn+1)r, j=1,..,n}.

Clearly we also have h(K,UR") C {z€ C": |y;| <r, j=1,...,n}, and 29) follows.
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By using Theorem [20)it is easy to prove the following result, which by the ar-
gument just given implies Scheinberg’s result in [[147]. Fix a norm on the jet-space
_Z¥(X), and denote it by |- \%km. Recall that an unbounded closed set M in a Stein
manifold X is called &'(X)-convex if M is exhausted by an increasing sequence of
compact &' (X)-convex sets.

Theorem 27 (P. E. Manne (1993), [117]). Let X be a Stein manifold. If M C X is a
closed totally real submanifold of class €* that is holomorphically convex and has
bounded exhaustion hulls, then M admits €*-Carleman approximation by entire
functions.

Proof. For simplicity of exposition we give the proof in the case X = C". Since
M has bounded exhaustion hulls, there exists a normal exhaustion {K;} jcn of C"
by polynomially convex compact sets such that K; UM is polynomially convex for
each j € N. Choose a sequence m; € N such that m; < mj; | and K; C B"(0,m;) for
each j. Set M; = M NB"*(0,m;), and choose a function x; € €;°(B"(0,m;11)) with
xj = 1 near B"(0,m;). To prove the theorem we proceed by induction, making the
induction hypothesis that we have found f; € €*(M) N 0(K;UM,;) such that

\fi—f

It will be clear from the induction step how to achieve this for j = 1. Theorems [20]
andfurnish a sequence gj, € O(Kj11 UM 5) such that

Fk(x) <8(x)/2, xeM.

”gj.m - fj GK(KjUM ;1) — 0 asm — oo.

It follows that fj 1 = gjm—+ (1 — xj+1)(fj — &jm) will reproduce the induction hy-
pothesis for sufficiently large m, and we may furthermore achieve ||f;1 — fjx; <
27/, 1t follows that f ; converges uniformly on compacts in X to an entire function
approximating f to the desired precision. O

Prior to Manne’s result, H. Alexander [5] generalized Carleman’s theorem [31]] to
smooth unbounded curves in C" in 1979. By a fundamental work of G. Stolzenberg
[153]], such a curve is always polynomially convex and has bounded exhaustion
hulls. In 2002 P. M. Gauthier and E. Zeron [80] improved Alexander’s result to
include locally rectifiable curves with trivial topology.

The situation is rather different for higher dimensional totally real manifolds.
In 2009, E. F. Wold [[177]] gave an example of a € smooth totally real manifold
M C C3 which is polynomially convex, but fails to have bounded exhaustion hulls.
In 2011, P. E. Manne, N. @vrelid and E. F. Wold [119] showed that a totally real
submanifold M C C" admits %! Carleman approximation only if M is has bounded
exhaustion hulls. Motivated by the problem of proving that the product of two to-
tally real Carleman continua is again a Carleman continuum, B. Magnusson and E.
F. Wold [114] gave in 2016 a very simple proof that a closed set admits € Car-
leman approximation only if it has bounded exhaustion hulls. Hence, we have the
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following characterization of closed totally real submanifolds which admit Carle-
man approximation.

Theorem 28. Let M be a closed totally real submanifold of class €* in a Stein
manifold X. Then, M admits €*-Carleman approximation by entire functions if and
only if M is O(X)-convex and has bounded exhaustion hulls.

On the other hand, for any closed totally real submanifold M in a Stein manifold
there always exists some Stein open neighborhood 2 of M with respect to which M
admits Carleman approximation, see P. Manne [[118]].

Problem 1. Let E C C" be a closed polynomially convex subset with the bounded
exhaustion hulls property (see Definition [6).

(a) Suppose that k € Z, and f € €*(C") is holomorphic in £ and d-flat to order
k along E. Is f uniformly approximable on E by entire functions? A positive
answer in dimension n = 1 is given by Arakelian’s Theorem[I0}

(b) Suppose further that any f as in part (a) is approximable uniformly on every
compact K C E by entire functions. Does it follow that E is an Arakelian set?

7 Approximation of manifold-valued maps

We now apply results of the previous sections to approximation problems of
Runge, Mergelyan and Carleman type for maps to complex manifolds more general
than Euclidean spaces. Such problems arise naturally in applications of complex
analysis to geometry, dynamics and other fields. With the exception of Runge’s the-
orem which leads to Oka theory and the concept of Oka manifold (see Subsect. [7.1),
this area is fairly unexplored and offers interesting problems.

The most natural generalization of Runge’s theorem to manifold-valued maps
pertains to maps from Stein manifolds (and Stein spaces) to Oka manifolds; see
Theorem This class of manifolds was introduced in 2009 F. Forstneri¢ [59] af-
ter having proved that all natural Oka properties that had been considered in the
literature, which a given complex manifold ¥ might or might not have, are pair-
wise equivalent. (See also [106].) The simplest one, which is commonly used as
the definition of the class of Oka manifolds, is given by Definition [/| below. Since
a comprehensive account of this subject is available in the monograph [68] and the
introductory surveys [61}63]], we only give a brief outline in Subsect. focusing
on the approximation theorem in line with the topic of this survey.

In Subsect. we consider the Mergelyan approximation problem for maps
K — Y from a Stein compact K in a complex manifold X to another manifold Y.
Assuming that the map is of class <7 (K,Y), the main question is whether it is ap-
proximable uniformly on K by maps holomorphic in open neighborhoods of K.
(The remaining question of approximability by entire maps X — Y is the subject of
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Oka theory discussed in Subsect. ) If this holds for every f € &7 (K,Y), we say
that the space <7 (K,Y) enjoys the Mergelyan property. Thanks to a Stein neighbor-
hood theorem due to E. Poletsky (see Theorem [32)), it is possible to show for many
classes of Stein compacts K that the Mergelyan property for functions on K implies
the Mergelyan property for maps K — Y to an arbitrary complex manifold Y.

In Subsect. we present some recent results on Carleman and Arakelian type
approximation of manifold-valued maps.

7.1 Runge theorem for maps from Stein spaces to Oka manifolds

Oka theory concerns the existence, approximation, and interpolation results for
holomorphic maps from Stein manifolds and, more generally, Stein spaces, to com-
plex manifolds. To avoid topological obstructions one considers globally defined
continuous or smooth maps, and the main question is whether they can be deformed
to holomorphic maps, often with additional approximation and interpolation condi-
tions. Thus, Oka theory may be understood as the theory of homotopy principle in
complex analysis, a point of view emphasised in the monographs [86, 68].

The classical aspect of Oka theory is known as the Oka-Grauert theory. It orig-
inates in K. Oka’s paper [[133] from 1939 where he proved that a holomorphic line
bundle £ — X over a Stein manifold X is holomorphically trivial if it is topologically
trivial; the converse is obvious. This is equivalent to the problem of constructing a
holomorphic section X — E without zeros, granted a continuous section without
zeros. (Oka only considered the case when X is a domain of holomorphy in C"
since the notion of a Stein manifold was introduced only in 1951 [152]]; however,
the same proof applies to Stein manifolds and, more generally, to Stein spaces.) It
follows that holomorphic line bundles E; — X, E» — X over a Stein manifold are
holomorphically equivalent if they are topologically equivalent; it suffices to apply
Oka’s theorem to the line bundle £ ' ® E;. In particular, any holomorphic line bun-
dle over an open Riemann surface X is holomorphically trivial. A cohomological
proof of this result is obtained by applying the long exact sequence of cohomology
groups to the exponential sheaf sequence 0 — Z — Ox — Oy — 0, where 0% is
the sheaf of nonvanishing holomorphic functions and the map Ox — 0% is given by
f = e?™ (see e.g. [68] Sect. 5.2]).

In 1958, Oka’s theorem was extended by H. Grauert [83] to much more general
fibre bundles with complex Lie group fibres over Stein spaces; see also H. Cartan
[33] for an exposition. Grauert’s results apply in particular to holomorphic vector
bundles of arbitrary rank over Stein spaces and show that their holomorphic classi-
fication agrees with the topological classification. The cohomological point of view
is still possible by considering nonabelian cohomology groups with values in a Lie
group. Surveys of Oka-Grauert theory can be found in the paper [[LO8]] by J. Leiterer
and in the monograph [68] by F. Forstneric.
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The main ingredient in the proof of Grauert’s theorem is a parametric version
of the Oka-Weil approximation theorem for maps from Stein manifolds to complex
homogeneous manifolds. More precisely, given a compact &' (X )-convex set K in a
Stein space X and a continuous map f: X — Y to a complex homogeneous manifold
Y such that f is holomorphic in an open neighborhood of K, it is possible to deform
f by a homotopy f;: X — Y (¢ € [0,1]) to a holomorphic map f; such that every
map f; in the homotopy is holomorphic in a neighborhood of K and close to the
initial map f = fo on K. Analogous results hold for families of maps f,: X — Y
depending continuously on a parameter p in a compact Hausdorff space P, where
the homotopy is fixed for values of p € P in a closed subset Py of P for which the
map f,: X — Y is holomorphic on all on X. In other words, Theoremholds with
the target C replaced by any complex homogeneous manifold Y, provided that all
maps f,: X =Y (p € P) in the family are defined and continuous on all of X. This
point of view on Grauert’s theorem is explained in [68} Sects. 5.3 and 8.2].

After some advances during 1960’s, most notably those of O. Forster and K. J.
Ramspott 53] 52], a major extension of the Oka-Grauert theory was made by M.
Gromov [87] in 1989. He showed in particular that the existence of a dominating
holomorphic spray on a complex manifold Y implies all forms of the h-principle,
also called the Oka principle in this context, for holomorphic maps from any Stein
manifold to Y. The subject was brought into an axiomatic form by F. Forstneri¢ who
introduced the class of Oka manifolds (see [55157,159,160] and the monograph [68]]).

Definition 7. A complex manifold Y is an Oka manifold if every holomorphic map
K — Y from a neighborhood of any compact convex set K C C”" for any n € N can
be approximated uniformly on K by entire maps C" — Y.

The following version of the Oka-Weil for maps from Stein spaces to Oka mani-
folds is a special case of [68 Theorem 5.4.4].

Theorem 29 (Runge theorem for maps to Oka manifolds). Assume that X is
a Stein space and Y is an Oka manifold. Let dist denote a Riemannian distance
Sfunction on Y. Given a compact O(X)-convex subset K of X and a continuous
map f: X — Y which is holomorphic in a neighborhood of K, there exists for
every € > 0 a homotopy of continuous maps f;: X — Y (¢t € [0,1]) such that
fo = f, for every t the map f; is holomorphic on a neighborhood of K and satis-
fies sup, g dist(f;(x), f(x)) < &, and the map fi is holomorphic on X.

A complex manifold ¥ which satisfies the conclusion of Theorem [29] for every
triple (X, K, f) is said to satisfy the basic Oka property with approximation (see [68|
p- 258]). A more general version of this result (see [68, Theorem 5.4.4]) includes the
parametric case, as well as interpolation (or jet interpolation) on a closed complex
subvariety X, of X provided all maps f,: X =Y (p € P) in a given continuous com-
pact family are holomorphic on Xjp, or in a neighborhood of Xy when considering
jet interpolation. Since a compact convex set in C" is &(C")-convex, the condition
that Y be an Oka manifold is clearly necessary in Theorem 29
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The class of Oka manifolds contains all complex homogeneous manifolds, but
also many nonhomogeneous ones. For example, if the tangent bundle 7Y of a com-
plex manifold Y is pointwise generated by C-complete holomorphic vector fields on
Y (such a manifold is called flexible [9]]), then Y is an Oka manifold [68| Proposition
5.6.22]. For examples and properties of Oka manifolds, see [68, Chaps. 5-7].

Recently, two new characterizations of the class of Oka manifolds have been
found by Y. Kusakabe. In his first paper [104], Kusakabe showed that a complex
manifold Y is Oka if (and only if) for any Stein manifold X, the mapping space
0(X,Y) is C-connected. In his second paper [[105], he showed that Y is Oka if (and
only if) Y satisfies Gromov’s Condition Ell; [87]. This condition means that for
every holomorphic map f : X — Y there exists a dominating holomorphic spray
F :X x CN — Y with F(-,0) = f, where the domination property means that for
any fixed x € X the differential of the map F(x,-) : CN — Y is surjective at 0 € CV.
Kusakabe’s second result implies that a complex manifold Y is Oka if and only if
every point yg € Y has a Zariski open Oka neighbourhood [[105, Theorem 1.4].

In another recent direction, L. Studer proved a homotopy theorem for Oka prop-
erty and extended its validity to Oka pairs of sheaves [160], generalizing the work
of Forster and Ramspott [53].

Theorem [29| has a partial analogue in the algebraic category, concerning maps
from affine algebraic varieties to algebraically subelliptic manifolds. For the defi-
nition of the latter class, see [68 Definition 5.6.13(e)]. The following result is [68]
Theorem 6.15.1]; the original reference is [56, Theorem 3.1].

Theorem 30. Assume that X is an affine algebraic variety, Y is an algebraically
subelliptic manifold, and fy: X — Y is a (regular) algebraic map. Given a compact
O (X)-convex subset K of X, an open set U C X containing K, and a homotopy
fi: U =Y of holomorphic maps (t € [0, 1)), there exists for every € > 0 an algebraic
map F: X X C =Y such that F(-,0) = fy and

sup  dist(F(x,1), fi(x)) < €.
x€K, t€[0,1]

In particular, a holomorphic map X — Y which is homotopic to an algebraic map
can be approximated uniformly on compacts in X by algebraic maps X — Y.

Simple examples show that Theorem [30| does not hold in the absolute form, i.e.,
there are examples of holomorphic maps which are not homotopic to algebraic maps
(see [68} Examples 6.15.7 and 6.15.8]).

By [68l Proposition 6.4.5], the class of algebraically subelliptic manifolds con-
tains all algebraic manifolds which are Zariski locally affine (such manifolds are
said to be of Class Ay, see [68, Definition 6.4.4]), and all complements of closed
algebraic subvarieties of codimension at least two in such manifolds. In particular,
every complex Grassmanian is algebraically subelliptic, so Theorem [30]includes as
a special case the result of W. Kucharz [[103|, Theorem 1] from 1995. Another paper
on this topic is due to J. Bochnak and W. Kucharz [22].
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In conclusion, we mention another interesting Runge type approximation theo-
rem of a rather different type, due to A. Gournay [82]. A smooth almost complex
manifold (M,J) is said to satisfy the double tangent property if through almost ev-
ery point p € M and almost every 2-jet of J-holomorphic discs at p, there exists a
J-holomorphic map u: CP' — M having this jet as its second jet at 0 € CP!.

Theorem 31 (A. Gournay (2012), [82]). Let (M,J) be a compact almost complex
manifold satisfying the double tangent property and let R be a compact Riemann sur-
face. Then, for every open set U C R and every compact K C U, every J-holomorphic
map u: U — M which continuously extends to R can be approximated uniformly on
K by J-holomorphic maps from R to M.

7.2 Mergelyan theorem for manifold-valued maps

In this section, we consider the question for which compact sets K in a complex
manifold X does the approximability of functions in &/"(K) (r € Z..) by functions
in 0(K) imply the analogous result for maps to an arbitrary complex manifold Y.
Such approximation problems arise naturally in many applications.

Recall that <7 (K,Y) denotes the set of all continuous maps K — ¥ which are
holomorphic in K, and that if » € N then 7" (K, Y ) is the set of all maps f € .« (K,Y)
which admit a €” extension to an open neighborhood of K in X. We say that the
mapping space <7 (K,Y) has the Mergelyan property if

O(K.Y)=(K,)Y),

that is, every continuous map K — Y that is holomorphic in the interior K is a
uniform limit of maps that are holomorphic in open neighborhoods of K in X.

Lemma 3. Assume that X is a complex manifold and K C X is a compact set sat-
isfying O(K) = o/ (K). Let Y be a complex manifold, and let f € </ (K,Y). Then
f € O(K,Y) if one of the following conditions hold:

(a) The image f(K) C Y has a Stein neighborhood in'Y .
(b) The graph Gy = {(x, f(x)) : x € K} has a Stein neighborhood in X x Y.

Proof. We will give a proof of (b); the proof of (a) is essentially the same. As-
sume that V C X x Y is a Stein neighbourhood of G;. By the Remmert-Bishop-
Narasimhan theorem (see [68, Theorem 2.4.1]) there is a biholomorphic map
¢:V — X C CN onto a closed complex submanifold of a Euclidean space. By the
Docquier-Grauert theorem (see [68, Theorem 3.3.3]) there is a neighborhood Q2 C
CN of X and a holomorphic retraction p: Q — X. Assuming that &(K) = </ (K),
we can approximate the map ¢ o f: K — X C CV as closely as desired uniformly
on K by a holomorphic map G: U — 2 C CV from an open neighborhood U C X
of K. The map g = pryo¢ ' opoG:U — Y then approximates f on K. [
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Given a compact set K in a complex manifold X and a complex manifold Y, let
Eloc (K ) Y)

denote the set of all continuous maps f: K — Y which are locally approximable by
holomorphic maps, in the sense that every point x € K has an open neighborhood
U C X such that f|g~g € O(KNU). Clearly,

O(K,Y)C O(K,Y) C O\c(K,Y) C (K,Y).

When Y = C, we simply write 0(K) C O(K) C O1o.(K) C o7 (K). We say that the
space < (K,Y) has the local Mergelyan property if

Oloc(K,Y) = (K,Y). (30)
The following theorem was proved by E. Poletsky [137, Theorem 3.1].

Theorem 32 (Poletsky (2013), [137]). Let K be a Stein compact in a complex man-
ifold X, and let Y be a complex manifold. For every f € O1o.(K,Y), the graph of f
on K is a Stein compact in X X Y. In particular, if «/ (K,Y) has the local Mergelyan
property B0), then the graph of every map f € o7 (K,Y) is a Stein compactin X x Y.

Poletsky’s proof uses the technique of fusing plurisubharmonic functions. Rough-
ly speaking, we approximate a collection of plurisubharmonic functions p;: U; —+ R
on open sets U; C X X Y covering the graph of f by a plurisubharmonic function p
on U = |;Uj, in the sense that the sup norm ||p — p; ||y, for each j is estimated in
terms of max; ; ||p; — pjl|u;nvu; and a certain positive constant which depends on a
strongly plurisubharmonic function 7 in a Stein open neighborhood of K in X. This
fusing procedure is rather similar to the proof of Y.-T. Siu’s theorem [151]] given by
J.-P. Demailly [41] and Coltoiu [40]. (Demailly’s proof can also be found in [68]
Sect. 3.2].) The functions p; alluded to above are of the form |f;(x) — y|?, where
(x,y) is a local holomorphic coordinate on U; = V; x W; with V; C X and W; C Y,
and fj € 0(U;,Y) is a holomorphic map which approximates f on U; N K. (Such
local approximations exist by the hypothesis of the theorem.) By this technique,
one finds strongly plurisubharmonic exhaustion functions on arbitrarily small open
neighborhoods of the graph of f in X x Y; by Grauert’s theorem [84] such neigh-
borhoods are Stein.

In the special case when the set K in Theorem |32]is the closure of a relatively
compact strongly pseudoconvex Stein domain, the existence of a Stein neighbor-
hood basis of the graph of any map f € o/ (K,Y) was first proved by F. Forstneri¢
[58] in 2007. His proof uses the method of gluing holomorphic sprays.

Theorem |32|and Lemma (3| give the following corollary.

Corollary 5. Let K be a Stein compact in a complex manifold X. If </ (K) = O(K),
then O1oc(K,Y) = O(K,Y) holds for any complex manifold Y.
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Proof. Note that O(K,Y) C O)oc(K,Y). Assume now that f € 0,c(K,Y). By Theo-
rem[32] the graph of f on K admits an open Stein neighborhood in X x Y. Assuming
that o/ (K) = O(K), Lemmab) shows that f € O(K,Y). O

In light of Theorem [32]and Corollary [3] it is natural to ask when does the space
o7 (K,Y) enjoy the local Mergelyan property (30). To this end, we introduce the
following property of a compact set in a complex manifold.

Definition 8. A compact set K in a complex manifold X enjoys the strong local
Mergelyan property if for every point x € K and neighborhood x € U C X there is a

neighborhood x € V C U such that &/ (KNV) = O(KNV).

Remark 9. Clearly, the strong local Mergelyan property of K implies the local
Mergelyan property .27 (K) = O,c(K) of the algebra .27 (K). However, the former
property is ostensibly stronger since it asks for approximability of functions defined
on small neighborhoods of points in K, and not only of functions in &7 (K). If K has
empty interior, we have o/ (K) = €' (K) and the two properties are equivalent by the
Tietze extension theorem for continuous functions. Theorem [[4] due to A. Boivin
and B. Jiang [27, Theorem 1] shows that, for a compact set K in a Riemann surface,
the Mergelyan property <7 (K) = ¢/(K) implies the strong local Mergelyan property
of K. We do not know whether the same holds for compact sets in higher dimen-
sional manifolds. It is obvious that every compact set with boundary of class %! in
any complex manifold has the strong local Mergelyan property. Note also that the
strong local Mergelyan property for functions implies the same property for maps
to an arbitrary complex manifold Y, for the simple reason that locally any map has
range in a local chart of ¥ which is biholomorphic to an open subset of a Euclidean
space. This is the main use of this property in the present paper. 0O

Problem 2. Let K be a compact set in a complex manifold X.

1. Does <7 (K) = O)oc(K) imply the strong local Mergelyan property of K?

2. Does &7 (K) = O(K) imply the strong local Mergelyan property of K?
We have the following corollary to Theorem

Corollary 6. Let K be a compact set in a complex manifold X.

(@) If K has the strong local Mergelyan property (see Definition E’]) then of (K,Y) =
O10c(K,Y) holds for every complex manifold Y .

(b) If K is a Stein compact with the strong local Mergelyan property and <7 (K) =

O(K), then o (K,Y) = O(K,Y) holds for every complex manifold Y.
(¢) If K is a Stein compact with €' boundary such that </ (K) = O(K), then

o (K,Y) = O(K,Y) holds for every complex manifold Y.
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Proof. (a) Let f € o/ (K,Y). Every point x € K has an open neighborhood U, C X
such that f(KNUy) is contained in a coordinate chart W C Y biholomorphic to an
open subset of C", n=dimY . Since K is assumed to have the strong local Mergelyan
property, there exists a compact relative neighborhood K, C K NU of the point x in
K such that f|x, € O(K,,W). (See Remark ) This means that f € @joc(K,Y),
thereby proving (a). In case (b), Corollary |5| implies @,c(K,Y) = O(K,Y), and
together with part (a) we get o7 (K,Y) = O(K,Y). In case (c), the set K clearly has
the strong local Mergelyan property, so the conclusion follows from (b). O

The following case concerning compact sets in Riemann surfaces may be of par-
ticular interest (see [62, Theorem 1.4]).

Corollary 7. If K is a compact set in a Riemann surface X such that « (K) = 0'(K),

then o/ (K,Y) = O(K,Y) holds for any complex manifold Y. This holds in particular
if X \ K has no relatively compact connected components.

Proof. Note that any compact set in a Riemann surface is a Stein compact (since
every open Riemann surface is Stein according to H. Behnke and K. Stein [17]]).
According to Theorem the hypothesis .7 (K) = ¢/(K) implies that K has the
strong local Mergelyan property, so the result follows from Corollary [6]

In the special case when X \ K has no relatively compact connected components,
we can give a simple proof as follows. By Theorem [5| every function f € <7 (K)
is a uniform limit on K of functions in &(X), hence </ (K) = O'(K). Fix a point
x € K and let U C X be a coordinate neighborhood of x with a biholomorphic map
¢: U — D C C. Pick a number 0 < r < 1. The compact set K’ = KN ¢~ (D)
does not have any holes in U. (Indeed, any such would also be a hole of K in X,
contradicting the hypothesis.) By Theorem it follows that .7 (K') = O(K’). This
shows that K enjoys the strong local Mergelyan property, and hence the conclusion
follows from Corollary[6] O

The following consequence of Corollary[7]and of the Oka principle (see Theorem
[29) has been observed recently in [62] Theorem 1.2].

Corollary 8 (Mergelyan theorem for maps from Riemann surfaces to Oka man-
ifolds). If K is a compact set without holes in an open Riemann surface X and Y is
an Oka manifold, then every continuous map f: X — Y which is holomorphic in K
can be approximated uniformly on K by holomorphic maps X — Y homotopic to f.

It was shown by J. Winkelmann [175] in 1998 that Mergelyan’s theorem also
holds for maps from compact sets in C to the domain C?\ R?; this result is not
covered by Corollary [8] His proof can be adapted to give the analogous result for
maps from any open Riemann surface to C*\ R

Remark 10. The following claim was stated by E. Poletsky [137, Corollary 4.4]:

(*) If K is a Stein compact in a complex manifold X and </ (K) has the Mergelyan
property, then &/ (K,Y) has the Mergelyan property for any complex manifold Y .
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The proof in [137]] tacitly assumes that under the assumptions of the corollary
the space <7 (K,Y) has the local Mergelyan property, but no explanation for this
is given. Corollaries [6] and [7] above provide several sufficient conditions for this to
hold. We do not know whether (¥) is true for every Stein compact in a complex
manifold of dimension > 1; compare with Remark [9]on p.F6] O

Corollary 9. If S = KUM is a strongly admissible set in a complex manifold X (see
Definition , then </ (S,Y) = O(S,Y) holds for any complex manifold Y. Further-
more, for each r € N, every map f € &/"(8,Y) is a €"(S,Y) limit of maps U — Y
holomorphic in open neighborhoods U C X of S.

Proof. Ttis clear from the definition of a strongly admissible set that for every point
x € S and neighborhood x € U C X there is a smaller neighborhood Uy € U of x such
that the set So = Uy N S is also strongly admissible. By Theorem [25| we have that
2 (S) = 0(S), and also <7 (So) = €(Sp) for any Sy as above. This means that S has
the strong local Mergelyan property. The conclusion now follows from Corollary [6]

A similar argument applies to maps of class /" (S,Y) forany r € N. O

In the special case when the strongly admissible set K = S is the closure of a
relatively compact strongly pseudoconvex domain, Corollary [9] was proved by F.
Forstneric [158]] in 2007. His proof is different from those above which rely on Polet-
sky’s Theorem[32] Instead it uses the method of gluing sprays, which is essentially a
nonlinear version of the d-problem. In the same paper, Forstneri¢ showed that many
natural mapping spaces K — Y carry the structure of a Banach, Hilbert of Fréchet
manifold (see [58, Theorem 1.1] and also [68, Theorem 8.13.1]). The following
special case of the cited result is relevant to the present discussion.

Theorem 33. Let K be a compact strongly pseudoconvex domain with €* boundary
in a Stein manifold X. Then, for every r € Z and any complex manifold Y the space
A" (K,Y) carries the structure of an infinite dimensional Banach manifold.

Further and more precise approximation results for maps from compact strongly
pseudoconvex domains to Oka manifolds were obtained by B. Drinovec Drnovsek
and F. Forstneric in [45]].

The proof of Theorem [20]in Subsect.[6.1]is easily generalized to give the follow-
ing approximation result for sections of holomorphic submersions over admissible
sets in complex spaces. This plays a major role in the constructions in Oka theory
(in particular, in the proof of [68, Theorem 5.4.4]).

Theorem 34. Assume that X and Z are complex spaces, n: Z — X is a holomorphic
submersion, and X' is a closed complex subvariety of X containing its singular locus
Xsing. Let S = KUM be an admissible set in X (see Definition , where M C X \ X’
is a compact totally real submanifold of class €* for some k € N. Given an open set
U C X containing K and a section f: UUM — Z|yupm such that f|y is holomorphic
and f|y € €*(M), there exist for every s € N a sequence of open sets V; D S in X
and holomorphic sections f;: Vi — Zlv, (j € N) such that f; agrees with f to order

s along X' NV for each j € N, and limj_e. fj|s = f|s in the €*(S)-topology.
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A version of this result, with some loss of derivatives on the totally real subman-
ifold M (due to the use of Hérmander’s L? method) and without the interpolation
condition, is S5, Theorem 3.1]. (A proof also appears in [68, Theorem 3.8.1].) The
case when Z = X x C (i.e., for functions) and without loss of derivatives was proved
earlier by P. Manne [117] by using the convolution method (see Proposition 2] in
Subsect. [6.1). The general case is obtained from the special case for functions by
following [|68| proof of Theorem 3.8.1], noting also that the interpolation condition
on the subvariety X’ is easily achieved by a standard application of the Oka-Cartan
theory. As always in results of this type, one begins by showing that the graph of the
section admits a Stein neighborhood in Z; see [68, Lemma 3.8.3].

Another case of interest is when K is a compact set with empty interior, so
o (K) = € (K). The following result is due to E. L. Stout [157]].

Theorem 35. If K is a compact set in a complex space X such that € (K) = O(K)
(hence K = &), then € (K,Y) = O(K,Y) holds for any complex manifold Y .

Unlike in the previous results, the set K in Theorem @ need not be a Stein
compact. Special cases of Stout’s theorem were obtained earlier by D. Chakrabarti
(2007, 2008) [34,135]] who also obtained uniform approximation of continuous maps
on arcs by pseudoholomorphic curves in almost complex manifolds.

Proof. Choose a smooth embedding ¢ : Y < R™ for some m € N. Considering R"”
as the real subspace of C”, the graph Z = {(y,¢(y)) : y€Y} CY xR" C Y x C"
is a totally real submanifold of ¥ x C™, so it has an open Stein neighborhood £
inY xC™. Let &: Y x C™ — Y denote the projection onto the first factor. Given a
continuous map f: K — Y, the hypothesis of the theorem together with Lemma 3]
imply that the continuous map K 3 x — F(x) = (f(x),9(f(x))) € £ can be approx-
imated by holomorphic maps G: U — £ in open neighborhoods U C X of K. The
map g =toG: U — Y then approximates f on K. 0O

7.3 Carleman and Arakelian theorems for manifold-valued maps

In Sect. 3] and Subsect. [6.4] we have considered Carleman and Arakelian type
approximation in one and several variables, respectively. In this section, we present
some applications and extensions of these results to manifold-valued maps.

The following result has been proved recently by B. Chenoweth.

Theorem 36 (Chenoweth (2019), [36]). Let X be a Stein manifold and Y be an Oka
manifold. If K C X is a compact O (X)-convex subset and M C X is a closed totally
real submanifold of class €" (r € N) with bounded exhaustion hulls (see Definition
[6) such that K UM is €(X)-convex, then for any k € {0,1,...,r} the set KUM
admits €*-Carleman approximation of maps f € €*(X,Y) which are holomorphic
on a neighborhood of K.
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This is proved by inductively applying Mergelyan’s theorem for admissible sets
(see Theorem [34), together with the Oka principle for maps from Stein manifolds
to Oka manifolds (see [68, Theorem 5.4.4] which is a more precise version of The-
orem [29) above). These two methods are intertwined at every step of the induction
procedure. In view of Theorem 28] characterizing totally real submanifolds admit-
ting Carleman approximation, the conditions in the theorem are optimal.

Carleman type approximation theorems have also been proved for some spe-
cial classes of maps such as embeddings and automorphisms. Typically, proofs of
such results combine methods of approximation theory with those from the An-
dersén-Lempert theory concerning holomorphic automorphisms of complex Eu-
clidean spaces and, more generally, of Stein manifolds with the density property.
Space limitation do not allow us to present this theory here; instead, we refer the
reader to the recent survey in [68, Chapter 4].

We have already seen that Arakelian type approximation on closed sets with
unbounded interior is considerably more difficult than Carleman approximation. In
fact, we are not aware of a single result of this type on subsets of C" for n > 1.
However, the following extension of the classical one variable Arakelian’s theorem
(see Theorem[I0) was proved by F. Forstneri¢ [62] in 2019.

Theorem 37. If E is an Arakelian set in a domain X C C and Y is a compact com-
plex homogeneous manifold, then every continuous map X — Y which is holomor-
phic in E can be approximated uniformly on E by holomorphic maps X — Y.

The scheme of proof in [62] follows the proof of Theorem[I0} but with improve-
ments from Oka theory which are needed in the nonlinear setting. The proof does not
apply to general Oka manifolds, not even to noncompact homogeneous manifolds.
Note that the approximation problems of Arakelian type for maps to noncompact
manifolds may crucially depend on the choice of the metrics on both spaces.

8 Weighted Approximation in L spaces

All approximation results considered so far were in one of the €* topologies on
the respective sets. We now present some results of a rather different kind, concern-
ing approximation and density in weighted L? spaces of holomorphic functions.

Let 2 be a domain in C”, and let ¢ be a plurisubharmonic function on Q. We
denote by L*(£2,e~?) the space of measurable functions which are square integrable
with respect to the measure e ?dA, where dA is the Lebesgue measure:

1713 = [ 17e 0an <

By H?(2,e~?) we denote the space of holomorphic functions on £ with finite ¢-
norm:
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HY(Q,e70) = {fe0(Q):]|fls <}

Note that if ¢; < ¢, then H?(Q,e %) C H*(2,e %) and the inclusion map is
continuous, in fact, norm decreasing.

Letz = (z1,...,2,) be coordinates on C" and |z|> = Y |z:|>. Let ¢y < ¢ < -
and ¢ be plurisubharmonic functions on C" with ¢; — ¢ pointwise as j — oo. Set

vj=0;+log(1+z*),  w=¢+log(l+]z]).

Assume in addition that [, e~?'dA < o for every compact set K C C". The follow-
ing theorem was proved by B. A. Taylor in 1971; see [161, Theorem 1.1].

Theorem 38. (Assumptions as above.) For every f € H*(C",e™?) there is a se-
quence fj € H*(C",e™ Vi) such that || f; — flly — 0 as j — o.

This result was improved in a recent paper by J. E. Fornass and J. Wu [50].

Theorem 39. Let ¢ < ¢ < --- and ¢ be plurisubharmonic functions on C" such
that §; — ¢ pointwise. For any € > 0, let §; = ¢; + €log(1 + |z|*) and ¢ = ¢ +
glog(1+ |z[?). Then U7, H*(C",e %) is dense in H*(C",e™?).

Question 1. Let ¢; < ¢ < --- and ¢ be plurisubharmonic functions on Q C C" such
that ¢; — ¢. Is U;":le(.Q,e"?f) dense in H*(Q,e7?)? O

Recently, J. E. Fornass and J. Wu [[179]] solved this problem in the case of Q2 =C.

Theorem 40. If ¢ < ¢ < --- and ¢ are subharmonic functions on C such that
0; — ¢ a.e as j— oo, then U;-c':le((C,e"pf) is dense in H*(C,e™?).

This problem has a rich history in dimension one. Here one considers more gen-
eral weights w which are positive measurable functions on a domain Q C C, and
one defines for 1 < p < o the weighted LP-space of holomorphic functions:

HP(Q,w) = {f €0(Q): /Q f|PwdA < oo}.

The so called completeness problem is whether polynomials in H” (Q,w) are dense.
There are two lines of investigation. One is about finding sufficient conditions on
the domain and the weight in order for the polynomials to be dense in the weighted
Hilbert space. Another one is to look at specific types of domains and ask the same
question for the weight function. These questions go back to T. Carleman [30] who
proved in 1923 that if €2 is a Jordan domain and w = 1, then holomorphic polyno-
mials are dense in H>(Q) = L*(2) N &(Q). Carleman’s result was extended by O.
J. Farrell and A. I. Markusevic to Carathéodory domains (see [46, [126]). It is well
known that this property need not hold for non-Carathéodory regions. The book by
D. Gaier [70] (see in particular Chapter 1, Section 3) contains further results about
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L? polynomials approximation on some simply connected domains in the plane.
For weight functions other than the identity, L. I. Hedberg proved in 1965 [91] that
polynomials are dense when € is a Carathéodory domain, the weight function is
continuous, and it satisfies some technical condition near the boundary. For certain
non-Carathéodory domains, the weighted polynomial approximation is usually con-
sidered under the assumption that the weight w is essentially bounded and satisfies
some additional conditions. For a more complete description of the history of this
problem and many related references, see the survey by J. E. Brennan [28]].

By using Hormander’s L? estimate for the d-operator, B. A. Taylor [161]] proved
the following result which can be seen as a major breakthrough for general weighted
approximation. (See also D. Wohlgelernter [[176].)

Theorem 41 (B. A. Taylor (1971), Theorem 2 in [161]). If ¢ is a convex function
on C" such that the space H*(C",e~?) contains all polynomials, then polynomials
are dense in H*(Q,e™9).

In 1976 N. Sibony [150] generalized Taylor’s result as follows. Given a domain
Q C C", we denote by dg(z) the Euclidean distance of a point z € Q to C"\ Q.
Write 80(z) = (1 +z>)~!/% and

8a(z) =min{dq(z),6(z)}, z€Q.

Theorem 42 (N. Sibony (1976), [150]). If Q is an open convex domain in C" and
¢ is a convex function on Q satisfying

supe*¢(z)6§k(1) < oo, keN,
€eQ

then polynomials are dense in HP (Q,e™?) for all 1 < p < oo,

In the same paper, Sibony also proved the analogous result for homogeneous
plurisubharmonic weights.

Theorem 43 (N. Sibony (1976), [150]]). Let ¢ be a plurisubharmonic function on
C" which is complex homogeneous of order p > 0, that is, ¢ (uz) = |u|P ¢ (2) for all
u € Cand z € C". Then, polynomials are dense in H*(Q,e~%).

It is well known that every convex function is plurisubharmonic, but the converse
is not true. In view of Theorem 1] it is therefore natural to ask the following ques-
tion. Let ¢ be a plurisubharmonic function on a Runge domain 2 C C". Suppose
that the restrictions of polynomials to £ belong to H*(£2,e~?). Does it follow that
polynomials are dense in H*(2,e~?)? Recently, S. Biard, J. E. Fornass and J. Wu
[[L78]] found a counterexample in the plane.

Theorem 44. There is a subharmonic function ¢ on C such that all polynomials
belong to H*(C,e~?), but polynomials are not dense in H>(C,e~?).
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They also proved the following positive result under additional conditions.

Theorem 45. Let ¢ be plurisubharmonic on a neighborhood of Q c C", and sup-
pose that Q is bounded, uniformly H-convex and polynomially convex. If H*(Q,e~?)
contains all polynomials, then polynomials are dense in H2(9,6_¢).

Recall that a compact set K C C" is said to be uniformly H-convex if there exist a
sequence €; > 0 converging to 0, a constant ¢ > 1, and a sequence of pseudoconvex
domains D; C C" such that K C D; and

Sjgdist(K,Cn\Dj)SC&‘j, j=12,....

This terminology is due to E. M. Cirka [38] who showed that uniform H-convexity
implies a Mergelyan-like approximation property for holomorphic functions; how-
ever, the condition was used in L? approximation results already by L. Hsrmander
and J. Wermer [97]] in 1968 (see Remark[3). A related notion is that of a strong Stein
neighborhood basis (which holds in particular for strongly hyperconvex domains);
we refer to the paper by S. Sahutoglu [[145]. It seems an open problem whether any
of these conditions for the closure K = D of a smoothly bounded pseudoconvex
domain D € C" implies the Mergelyan property for the algebra <7 (K).

9 Appendix: Whitney’s Extension Theorem

Given a closed set K in a smooth manifold X, the notation f € ¥™(K) means that
f is the restriction to K of a function in " (X).

Theorem 46 (Whitney (1934), [174]). Let Q C R” be a domain, and assume that
there exists a constant ¢ > 1 such that any two points x,y €  can be joined by a
curve in Q of length less than c|x —y|. If f € € () is such that all its partial
derivatives of order m extend continuously to Q, then f € €™(Q).

In fact, a much stronger extension theorem was proved by Whitney. To state it,
we need to introduce some notation and terminology.

Let K C R" be a compact set, and fix m € N. A collection f = (fy) of functions
fa € €(K), where ¢ = (0u1,...,0) € Z', is a multiindex with [a| = oy +-- -+ 0, <
m, is called an m-jet on K. Let _#"(K) denote the vector space of m-jets on K. Set

[1£llmx = max sup|fo(x)[-

la|<m xek

An m-jet f = (fo) € #Z™(K) is said to be a Whitney function of class €™ on K if

fa= Y f"‘gi(”<x—y>ﬁ+o<x—y|m'“>
|B|<m—|a|
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holds for all o € Z} with [a| < m and all x,y € K. We denote by _# (K) the space
of all Whitney functions of class 4™ on K.

Theorem 47 (Whitney [174], Glaeser [81]). Let K be a compact set in R". Given
f € _Z™(K), there exists f € €™ (R") such that #™(f)|x = f if and only if f is
a Whitney function of class €™, that is, f € #,}(K). Furthermore, there exists a
linear extension operator A : ¢, (K) — €"(R") such that Z"A(f)|x = f for
each f € 7)) (K), and for every compact set L C R" with K C L there is a constant
C > 0 depending only on K,L,m,n such that

HA(f)|m,L§C||f||m.K7 fE///@(K) (31)

A proof of Whitney’s theorem, including the extensions and simplifications due
to Glaeser [81], can be found in the monograph by Malgrange [116, Theorem 3.2
and Complement 3.5].

Remark 11. An inspection of the proof in [L16] shows that, if the set K in Theorem
is the closure of a domain £ & R” with ¢™-smooth boundary, then there are
extension operators for all domains sufficiently close to Q2 with the same bound in
(31). Furthermore, if ; is a sequence of domains such that 2; — Q in € topology

as j — oo, we may fix a domain £ containing € and smooth maps ¢; : 2 — R" such
that ¢;(Q;) = Q and ¢; — Id in the €”"-normon Q. 0O
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