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1 Introduction

The notion of a measure is a natural generalization of well-known geometrical
notions: the length of an interval, the area of a plane figure or the area of a
body in the space. Usually, if the boundary of a figure or a body is nice, then
its area or volume can be calculated by the Riemann integral.

1.1 Question. For each n € N does there exist a measure p, which assigns
to every subset E C R™ its measure ji,,(E) € [0, 00]?

The answer to this question is trivial since we do not have any require-
ments upon u,. What about if we require that pu,, also satisfies the following
restrictions:

(i) If K =[0,1) x ---[0,1) is the unit cube in R™, then u,(K) = 1.

(ii) If FF C R™is obtained from E C R™ after a finite number of translations,
rotations and reflections, then p(F) = u(E).

(iii) If Ey, Es, ... is a finite or an infinite sequence of pairwise disjoint sets in

R™, then
,u( U En) = ZM(EH>'
n=1 n=1

Unfortunately such a map pu, does not even exist in the case when n = 1.
This will be proved later under the assumption of the axiom of choice. Since
the first two requirements seem very reasonable, it makes sense to relax the
third requirement. However, the additivity for countably additive families
of disjoint sets guarantees the validity of very simple and important limit
theorems. If one really wants to require that the third condition holds only for
finite families of pairwise disjoint sets, then such mapping does not exist for
all n > 3. This is a simple consequence of the famous Banach-Tarski paradox
from 1924.

1.2 Banach-Tarski paradox. Let n > 3. Suppose that U and V are open
and bounded subsets of R". There exists k € N, sets E,..., Ex, F1,..., Fy in
R™ which satisfy

(i) EyU---UE,=U and E; N E; = 0 whenever i # j;
(i) FRU---UF, =V and F; N F; = 0 whenever i # j:

(iii) For eachi=1,...,k the set F; is obtained from E; after a finite number
of translations, rotations and reflections.



Chapter 1. Introduction

The sets F; and F; are bizarre. We cannot visualize them as they are
obtained by the axiom of choice. One cam apply Banach-Tarski paradox to
prove that an additive measure p,, with the requirements from above does not
exist for n > 3. Indeed, first note that the Banach-Tarski paradox yields that
tn(U) = p, (V) for all nonempty open and bounded subsets of R".

Consider the sets U = (0,1) x -+ x (0,1) and V = (=1,1) x --- x (=1, 1).
Then p,(U) = pn (V). If we take K = [0,1) x --- x [0,1), by assumption we
have u,,(K) =1 so that by monotonicity of p, we have u,(U) = p, (V) < o0.
If W is an nonempty open subset of V' \ U, then u(V) > w(UUW) = pu(U) +
p(W) yields pu(W) # 0. This contradicts the conclusion of the Banach-Tarski
paradox.

The conclusion of the story from above is that focusing on measures that
are defined on every subset is sometimes not fruitful. Instead we will focus on
measures which are defined on a sufficiently big class of subsets.



2 Measures

2.1 o-algebras

Let X be a nonempty set. A family A of subsets of X is said to be a o-algebra
if the following three conditions are satisfied:

(i) X € A;
(i) if A € A, then A° € A as well;
(iii) for a countable family (A4,) C A the union |J)~, A, is in A.
The sets of A are called measurable sets and the pair (X, .A) is called
measurable space. If in the definition of o-algebra we replace (iii) with

(iii") for a finite family A;,..., Ay € A the union Ufz:l A, isin A,

we obtain the definition of an algebra.
2.1.1 REMARK
(i) Since X € A, 0 = X° € A
(ii) Every o-algebra is also an algebra.

(iii) The DeMorgan law implies that the countable intersection of members
of a given g-algebra again belongs to the o-algebra.

2.1.2 EXAMPLE Let X be a nonempty set.

(i) The family {0, X'} is a o-algebra which is contained in every o-algebra
on X. This o-algebra is called trivial

(ii) The power o-algebra P(X) is a o-algebra on X that contains every
o-algebra on X.

(iii) The family A of all subsets A of X for which A or A¢ is countable is a
o-algebra on X. It is easy to see A # P(X) if X is uncountable.

2.1.3 PROPOSITION Let B be a family of subsets of a nonempty set X. Then
the intersection of all o-algebras on X which contains B is the smallest o-
algebra which contains B.

Proof. Let C be the family of all g-algebras on X which contain B. Then C
is nonempty since P(X) € C. Let A be the intersection of all members of C.
Then A is a c-algebra and B C A. That A is the smallest o-algebra which
contains B is obvious by the definition. m
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Chapter 2. Measures

The o-algebra from Proposition is called the o-algebra generated by
B and is denoted by o(B).

Borel Sets

Let (X, 7) be a topological space. By Propositionthere exists the smallest
o-algebra on X which contains all open sets of X. This o-algebra is called the
Borel g-algebra on X and is denoted by B(X). Since each o-algebra is closed
under taking complements, it is obvious that Borel o-algebra is also generated
by the family of all closed subsets of X. Since every o-algebra is closed under
taking countable intersections and unions, a countable intersection of open
sets is an element of B(X). Such sets are called Gs-sets. Also, the countable
union of closed sets are again in B(X). This sets are called F,-sets.

2.1.4 EXAMPLE Since [a,b) = |J7 [a,b — 1], we see that [a,b) is a F,-set.

n=1

Also, since [a,b) = (77, (a — 1,b), the set [a,b) is also a Gs-set.

n=1
2.1.5 PrOPOSITION B(R) is generated by each of the following:
(i) the open intervals: & = {(a,b) : a < b},
(ii) the closed intervals: & = {[a,b] : a < b},
) the half-open intervals: E3 = {(a,b] a < b} or E4{[a,b) : a < b},
(iv) the open rays: E = {(a,00)} or & = {(—o0,b)},
(v) the closed rays: E; = {[a,00)} or & = {(—o0, b]},
Proof. All sets in &; for i = 1,...,8 are Borel sets, so that o(&;) C B(R). Since

each open set in R is a countable union of sets in £ we conclude (&) = B(R).
Since (a,b) = |~ [a + d,,b — &,] for an appropriate sequence (9,,), we

n=1

conclude (&) = B(R). The reader should complete the proof.

(iii

]

2.2 Positive Measures

Examples of positive measures are the length of subsets of R, the area of sets
in the plane R? or the volume of bodies in the space R3. We will generalize this
notion to arbitrary measurable spaces.

Positive measure or just a measure on a measurable space (X, .A) is a
set function u: A — [0, 00] which satisfies the following:

(i) u(0) =0;

(ii) For every sequence of pairwise disjoint sets (A4,) in A we have

u(QAn) = g:lu(fln)-
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The triple (X, A, p) is called a space with measure. The condition (ii)
is called countable additivity or o-additivity. If for each k € N in (ii) we
take Apy1 = Appo = -+ = 0, we obtain

k k
n=1 n=1
This condition is called finite additivity.

2.2.1 EXAMPLE Let X be a nonempty set.
(i) Pick z € X. The set function ¢,: P(X) — [0,00) defined as

1, z€ A
0x(A) = { 0, otherwise

is a positive measure which is called the Dirac measure.

(ii) The set function p: P(X) — [0, 00| defined as

|A|, A is finite

oo, otherwise

) = {

is a positive measure on P(X). This measure is called the counting
measure.

(iii) Suppose X is uncountable and A is the o-algebra of all sets which are
either countable or their complement is countable. Then the set function
p: A — [0, 00] defined as

0, A is countable
n(A) _{ 1, otherwise

is again a positive measure on A.

(iv) Suppose X is infinite. Then the set function p: P(X) — [0, o0] defined

as
0, A is finite
u(A) = { 00, otherwise

is finitely additive which is not countably additive.

Suppose (X, A, ) is a space with measure. A measure p is called finite
if u(X) < oo. If X can be written as a countable union of sets with finite
measure, then p is said to be o-finzite.

2.2.2 LEMMA If p: A — [0,00] is a finitely additive function on an algebra
A, then u(A) < p(B) for all sets in A with A C B.

Proof. Write B = AU (B \ A). Then u(B) = u(A) + n(B\ A) > u(4). O
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Every measure is subadditive.

2.2.3 PROPOSITION Let (X, A, ) be a space with measure. Then for every
sequence (A,) in A we have

u(n@lfln> < gu(fl

Proof. Define By := A; and By, = A \ (A1 U--- U Ag_q) for each k > 1.
Since the sets (B,), are pairwise disjoint and for each k € N U {oo} we have
Ur_, A, = U, B, we conclude

M(GA) =M(Q3n) _ gu(Bn) < gum )
O

2.2.4 PROPOSITION A finitely additive set function p: A — [0,00] on a mea-
surable space (X, .A) is a measure iff for each increasing sequence (A,) of sets

m A we have .
n=1

Proof. Suppose first p is a measure. Denote by A the union of sets A;, As, . . ..
Define By = Ay and B,, = A, \ A,_1 for n > 1. The sets (B,) are pairwise
disjoint and their union is A. Since p is a measure, we have

= Zu(Bk) — T}LIQOZM(B;C)

w(Ay) + hm Z,u (Ap \ Apq) = hm p(Ay).

=2

This works only if measures of sets A,, are finite. If some set A, has infinite
measure, then by monotonicity of the measure both sides from the proposition
are infinite and we have an equality.

For the converse, let (A,) be a sequence of pairwise disjoint measurable
sets. Denote B, = A;U---UA,. Since p is finitely additive, we have u(B,,) =
> o1 1(Ay). Since (B,,) is increasing with union J)~ | A,, we have

M(GAn)—llmuBk —hmz,u iu(A
n=1 n=1

10
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2.2.5 COROLLARY Let (X, A, u) be a space with measure and let (A,) be a
decreasing sequence in A with u(A;) < co. Then

u( N An) = lim p(A,).
n=1

Proof. Since (A,,) is decreasing, the sequence (A; \ A,) is an increasing se-
quence in A and it satisfies

Al\flen:Alﬂ<flen)c:A1ﬂ(GA;):G(Al\An).

n=1 n=1

Since p(A;) < oo, by Proposition we have

(ﬂA)—uAl — lim p(Ay).

The conclusion of corollary now immediately follows. n

2.2.6 EXAMPLE Let p be the counting measure on (N, P(N)). Define A,, :=
{k: k> n}. Then u(A,) = co while the intersection A := (72, A, = 0 and
so u(A) = 0.

2.2.7 ExAMPLE Later on we will see that there exists a measure m defined on
a Borel o-algebra B(R) which coincides with the usual length on all intervals
of R.

The generalized Cantor set C' is a set that is obtained with the following
procedure.

Pick 0 < ay < 1. Take the interval Iy = [0, 1] and delete the open middle
interval centered at % whose length is oy - m(Iy). The resulting set is denoted
by I;. Pick 0 < ap < 1 and from each interval in I; delete the open middle
interval with center at its midpoint and length %&gm(h). The total length of
deleted intervals is ag - m([;). The resulting set is denoted by I. On the
n-th step we choose 0 < «a,, < 1 and from each interval in I,,_; We delete the
open middle interval centered at its midpoint with the length apm(l,_1).
The resulting set is denoted by I,,. The total length of deleted intervals is

o0

an - m(I,—1). The set () I, is called the generalized Cantor set. By the

n=1
construction we have m([,) = (1 — ay,)m(I,,—1) and so
m(l,)=1—aq) - (1 —ay).

By Corollary we have

o0

m(C) = lim m(I,) = [T - e

If we take a,, = %, we get the regular Cantor set whose Lebesgue measure is

3
Zero.

11



Chapter 2. Measures

2.2.8 PROPOSITION The generalized Cantor set C' is a metrizable, compact,
nowhere dense, totally disconnected space without isolated points. The Lebesgue
o0

measure of C'is [] (1 — ay).

n=1
2.2.9 COROLLARY The generalized Cantor set has a positive measure iff the
o
series Y , converges.

n=1

2.3 Completion of a Space with Measure

A space with measure (X, .4, i) is said to be complete whenever p(A) =0
and B C A imply B € A. The sets with measure zero are said to be p-null.
The collection of all sets with measure zero is denoted by N.

2.3.1 LEMMA Let (X, A, 1) be a space with measure. Given a sequence (Ny,) C
N, the set |J,— | N, is again in N.

Every measure space can be completed.

2.3.2 THEOREM Let (X, A, 1) be a space with measure. Let A be the set of
all B C X of the form B= AU S with A€ A and S C N for some N € N.
Then A is a o-algebra on X and the set function fi: A — [0,00] defined as
1(B) := u(A) is a positive measure on (X, A).

The space with measure (XA, i) is called the completion of the space
with measure (X, A, p).

Proof. Since X = X U(), we have X € A. If B=AUS € A for some A € A
and S C N for some N € N, then

(AUS) = AN S = AN (NCUN\S) = (AN N¢) U (A°N N N S°)

where (A°NN¢) € Aand A°NN e N.
Pick a sequence (B,) in A. Then for each n € N there exist A, € A,
N, € N and S, C N,, with B, = A, U S,,. Then

Us.=J4a.ulSs.
n=1 n=1 n=1
and since | J°~ | N,, € N, we have | >~ B, € A.
Define 1i: A — [0,00] as @(B) := p(A). If B = A; US; = Ay U S, where
S; C Ny and Sy C N, for some Ay, Ay € A and Ny, N, € N, then
A(B1) = (A1) < p(Az U Np) < p(Ag) = 11(Ba).

12



2.3. Completion of a Space with Measure

By symmetry we also have 7i(Bs) < fi(B1), so that we have an equality. Ob-
viously we have (@) = 0. If (B,) C A are pairwise disjoint, then (A4,) C A
are pairwise disjoint, from where it follows

n(GB) =n(QAn) _ gumn) _ gnwn»

Suppose fi(N) = 0 and pick S € N. Then S = (U S implies S € A, so
that the space with measure (X, A, 1) is complete. H

As we already mentioned, later will see that there exists a unique measure
m defined on the Borel o-algebra B(R) which satisfies m([a, b]) = b—a for each
interval [a, b]. This measure is tnvariant under translation which means
m(A+ x) = m(A) for each x € R and each Borel set A C R. The cardinality
of B(R) is continuum ¢. The Cantor set C' is a closed set with measure zero.
It is well-known that the cardinality of the Cantor set is ¢. If (R, B(R),m) is
complete, then every subset of C' would be a Borel set, so that the cardinality
of B(R) is at least 2°. Hence, (R, B(R),m) is not complete. Its completion
is (R, L(R),m) where L(R) is called the Lebesgue c-alegbra on R and its
members are called Lebesgue measurable sets. Hence, a set B is Lebesgue
measurable whenever there exists a Borel set A € B(R), a Borel set N with
m(N)=0and S C N such that B=AUS.

2.3.3 THEOREM The cardinality of the Lebesgue o-algebra L(R) is 2°.

Proof. We already proved that the cardinality of £(R) is at least 2. On the
other hand L£(R) C P(R), so that the cardinality of £(R) is also smaller than
or equal to 2°. Hence |L(R)| = 2°. O

The following example shows that there is no translation invariant measure
defined on P(R) such that on intervals it coincides with the usual length.

2.3.4 EXAMPLE On the set of all real numbers R we introduce the relation
~asx ~yiff z —y € Q. It is easy to see that ~ is equivalence relation
on R. The equivalence classes are the elements of the quotient group R/Q.
In each equivalence class x + Q where z € [—1,1] choose an element from
(x+Q)N[—1,1] and let S be the set of all chosen elements. This can be made
by Axiom of choice.

Denote Q; = Q N [—2,2]. The family of sets F := {r+ 5 : r € Q} are
disjoint and since for each = € [—1, 1] there exists y € S such that ¢ :=x—y €
Q and |¢| < |z| + |y| < 2, the union of the family F contains [—1,1]. For
q € [—2,2] we have ¢+ .S C [—3, 3]. If the set .S would be measurable for some
translation invariant measure which coincides with the length on the intervals,
then we would have

2= 1) <u( Ul 5) =S uta+5) <6

SN NS
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Chapter 2. Measures

Translation invariance would yield p(q + S) = 0 for each ¢ € Q; which is a
contradiction.

Solovay [?] proved in 1964 that without the axiom of choice one cannot
construct a non-Lebesgue measurable set. Even if one adds the countable
version of the axiom of choice to the Zermelo-Frankel ZF axioms it is not
possible to construct a non-Lebesgue measurable set. To be precise, recall
first that the relation R on a nonempty set X is said to be entire whenever
for any x € X there is y € X with xRy. On the set X we say to have an
azxiom of dependent choice DC whenever for any entire relation R there
exists a sequence (z,) in X such that z,, Rz,1. It turns out that DC implies
the axiom of countable choice. Solovay’s model satisfies ZF+DC and
every subset of reals is Lebesgue measurable.

2.4 Quter Measure

An outer measure on a set X is a set function ¢: P(X) — [0,00] which
satisfies the following

(1) ¢(0) = 0;
(ii) ((A) < ((B) whenever A C B;

(iii) C(U An) < > C(A,) for any sequence of sets (A,,) in X.
n=1 n=1
The following proposition tells how to generate outer measures.

2.4.1 PROPOSITION Let S be a family of subsets of a nonempty set X. Sup-
pose 0, X € S and let i: S — [0, 00] be a set function with u(0) = 0. Then the
set function p*: P(X) — [0, 00| defined as

p*(Y) := inf { Z,u(Aj) : (A;) € S is a cover for Y}

Jj=1
1S an outer measure.

Proof. Obviously p*(0) = (@) = 0. Suppose Y C Z. Since each cover for Z
is also a cover for Y, we have p*(Y) < pu*(2).

Pick (Y,,) C P(X). If u*(Y,) = oo for some n € N, then countable subad-
ditivity follows from monotonicity of p*. Suppose now p*(Y,) < oo for each

n € N and pick an arbitrary e > 0. For each n € N find a countable cover
(A, ), for Y, such that

€

D p(Ang) < (Vo) + o
j=1

14



2.4. Outer Measure

Since the countable family (A, ;),,; covers Y :=J | Y, we have

) S DD i Ang) £ DY) + 57) = Do (V) e

n=1 j=1
Since € > 0 was chosen arbitrarily, we have p*(Y) <> > 1*(Y,). O

Carathéodory’s theorem will tell us how outer measures on X induce pos-
itive measures on o-algebras.
Let ¢ be an outer measure on X. A set A C X is said to be (-measurable
if
(V) =¢(ANY) +((A°NY)

for every subset Y of X. The family of all (-measurable subsets of X is denoted
by ‘AC‘

2.4.2 REMARK Since every outer measure is countably subadditive, the in-
equality

(V) <¢(ANY)+¢(A°NY)
holds for all subsets A and Y of X. Therefore, to prove that a given set A is
(-measurable it suffices to prove

(V) = ¢(ANY) +((A°NY) (2.1)

for each subset Y of X. Since the latter inequality holds whenever ((Y') = oo,
we conclude that a set A C X is (-measurable iff (2.1)) holds for all subsets
Y C X with {(YV) < oc.

2.4.3 CARATHEODORY’S THEOREM If( is an outer measure on X, the family
A¢ is a o-algebra on X, the restriction (|4, is a measure and (X, A¢,(la,.) is
a complete space with measure.

Proof. We first prove that A, is an algebra on X. Since X°NY = § and
X NY =Y, we immediately conclude X € A;. Also, since the requirement
that a set A is (-measurable is symmetric in A and A°, we conclude that A,
is closed under taking complements.
Choose A, B € A;. We will prove AU B € A;. Pick any Y C X. We need
to prove
C((AUB)NY) +C((AUB) NY) < ((Y).

Since AU B = AU (BN A°) the left-hand side can be written as
C((AU(BNAY))NY)+ (B NA°NY).
Since ( is subadditive, the latter expression is less than or equal to

CANY)+(BNANY)+((B°NA°NY).

15



Chapter 2. Measures

Since B € A¢, we have ((BNA°NY)+((B°NA°NY) = ((A°NY) and since
A€ A, we have

C(AUB)NY) +C((AUBI NY) < CANY) +((A°NY) = ().

Since A, is an algebra on X, every countable union of sets from A, can
be written as a union of sequence of pairwise disjoint sets A; € A¢. Define
B =2, Aj. If we prove B € A and ((B) = > 77, ((A ) then A is a
o-algebra on X and (|4, is a measure on A¢.

For each n € N define B, = [Jj_, 4;. Since A, € A¢ for each Y C X we
have

C(YNB,) =C¢(YNB,)NA,)+ (Y NB,) N AS)
=((YNA,)+YNB,4).

By easy induction we obtain

n

C(Y N By) =) (Y NA). (2.2)

j=1

By taking Y = B, we conclude ( is finitely additive on A¢. Since B, € A
and ( is monotone, for each Y C X we have

C(Y) = C(Y N B) + (Y N BY) > (Y N B,) +((Y N B)

= Zn:g(Y NA;)+ (Y NnBY.

j=1

Letting n — oo and applying o-subadditivity of { we conclude

i (YNA)+<¢YNBY)>¢YNB)+ (Y NB

which proves B € A¢. If we take Y = B, in (2.2) and apply ((B) > ((B,) we

conclude .
B) > ((A;)
j=1

Letting n — oo and applying o-subadditivity we conclude ¢(B) = > 72| ((4;).
The only thing left to prove is completeness: Suppose N € A, with ((N) =
0 and A C N. Pick Y C X. Since ¢ is monotone, we have ((ANY) =0, so
that
(V) S CANY) +C(ANY) = (AN Y) < C(Y).

16



2.5. Measures on Algebras

2.5 Measures on Algebras

A measure on an algebra A is a set function u: A — [0, 0o] which satisfies

(i) p(@) = 0;
(i) p(U 2y An) = >0 u(A,) for every sequence of disjoint sets (A,) in A
whose union [ J77 ; A, belongs to A.

Formally it can happen that the union J)~, A, does not belong to A.
Every measure on an algebra can be extended to an outer measure.

2.5.1 THEOREM Let pu be a measure on an algebra A on some set X. For
Y C X we define

p (V) = inf { ip(An) : (A,) € A is a cover for Y}.

Then u* is an outer measure on X and p*(A) = u(A) for each A € A.

Proof. By Proposition ¥ is an outer measure on X. Since the countable
family {4, 0,0, ...} covers A € A, by definition we have u*(A) < p(A)+u(0)+
pu(@) 4+ -+ = p(A). For the reverse inequality pick any sequence (4,) in A
which covers A. Define By = AN A; and B, = AN (A, \ (A U---UA, 1))
for n > 1. Since u is a measure on the algebra A we conclude

o0

p(A) =" pu(Bn) <Y p(Ay).

Since (A,) was an arbitrary cover for A with elements in A, by definition we
have p(A) < u*(A). O

Let pp be a measure on an algebra 4 on some set X. Then py induces
an outer measure ;5 on X. By Carathéodory’s theorem the family A,,. of all
po-measurable sets is a o-algebra and p = | A, Is a complete measure on

0

Aps.

2.5.2 THEOREM Let jig, A, p and A,: be as before.
(i) We have A C A,z

(ii) If v is any extension of the measure o, then for any A € A,x we have

V(A) < u(A).
(iii) If p(A) < oo, then v(A) = u(A).
(iv) If po is o-finite, then i is the only extension of yio on the o-algebra Ay

17
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Proof. (i) Let A € A. To prove A € A, it suffices to prove
BA(ANY) + (AT OY) < pi(Y)

for any subset Y C X with u$(Y) < co. Pick € > 0 and a cover (A,,) C A for
Y such that

ZMO ) < oY) + e

Since (A4,NA) and (AnﬂAc) are coverings for (YNA) and (YNA®), respectively,
we have

pa(Y VA <> (A, N A) i (Y NAY) <> pg(A, N AY).
n=1 n=1

By summing the inequalities and using the fact that ug is a measure on the
algebra A we obtain

pa(Y 0 A) + (VN A) <3 io(An 1 A) + 3 oA, 1 AY)

n=1 n=1

—ZMO ) < (V) + e

(ii) Pick another measure v on A,: with v|4 = p. Pick A € A,:. Then for
any countable cover (A,) C A of A we have

A< u(A) =3 oA

This implies v(A) < pi(A) = p(A).
(iii) Suppose A € A, satisfies j1(A) < oo. Pick € > 0 and find a countable
cover (A,) C Ay for A with

ZMO ) < po(A) + €.

Denote by B the set | J -, A,. Then

o) = tim v(U.) = jim () -

j=1 7=1

Since p is a measure, we conclude
w(B\ A) = }: ) <e

18
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H(A) < p(B) = v(B) = v(A) + v(B\ A) < v(A) + u(B\ A) < v(A) +e.

This yields p(A) < v(A).

(iv) If po is o-finite, then X can be written as a countable union of pairwise
disjoint sets X,, € A with po(X,) < co. Then for any set A € A,: we have
n(ANX,) < oo, so that

v(A) = Z v(ANX,) = Z (AN X,) = p(A).

n=1

2.6 Semi-algebras and Semi-measures

Lebesgue measure on R will be constructed from the length of the intervals.
There is a problem since the family of all intervals of R is not even an algebra
on R. Let S(R) C P(R) be the family which contains (), all half-open intervals
of the form [a, b) and all intervals of the form (—oo, b) and [a, o0) for a,b € R.
This family is not an algebra, yet it is a semi-algebra with respect to the
following definition.
A semi-algebra on a set X is a family S C P(X) which satisfies

(i) 0 es;

(ii) if A,B e S, then ANB € S;

(iii) if A € S, then A° can be written as a union of finitely many disjoint sets

from S.

A semi-measure on a semi-algebra S is a set function u: § — [0, 0]
which satisfies

(i) p(@) =0;
(i) if Aq,..., A, € S are pairwise disjoint and their union is in S, then
u(A) = >0 1(A;)-
(iii) for any sequence (A,,) of pairwise disjoint sets in S with union A in A
we have u(A) <> u(A,).

2.6.1 EXAMPLE On the semi-algebra S(R) we define the set function u: S —
[0, 00] as follows:

u(la,b)) i=b—a(b>a), u((—o0,b)) = o0 = p(la, ), p(®) = 0.

Then p is a semi-measure on S(R).
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2.6.2 PROPOSITION If S is a semi-algebra on a set X, then the set A of all
finite unions of pairwise disjoint elements from S is an algebra on X which
contains S.

Proof. Since ) € S, we have S C A and, in particular, () € A.

We need to show that A is closed under taking complements and finite
unions. By de Morgan’s law A is an algebra iff it is closed under taking
complements and finite intersections. Suppose A = Ji_; 4; and B = J;_, B;
with (A;) and (B,) pairwise disjoint in S, respectively. Then

on- (0o

i=1j=1

is a finite union of pairwise disjoint sets from S. To see that A¢ € A, note
first that each A can be written as a finite union of pairwise disjoint sets from
S, so that AS € A. Since A is closed under taking finite intersections, we

conclude A° = (., AS € A. O

It is obvious that A is the algebra generated by S. Also, now it is clear
that A contains all finite unions of sets from S.

2.6.3 THEOREM Let S be a semi-algebra on X, p a semi-measure on S and
A the algebra generated by S. If for each finite family A1, ..., A, of pairwise
disjoint sets in S we define

ﬁ< CJlAj) = iM(Aj%

then 1 is a measure on A which extends p.

Proof. First we need to prove that g is well-defined. Suppose A € A can be
written as A = |J;_, A; = UZ:l B; where (A;) and (B;) are pairwise disjoint,
respectively. Since B; = (J,_,(B; N 4;) and p is a semi-measure on S, we
conclude

D ou(B)=>> BN A).
j=1 j=1 i=1

Similarly one can see
D oulA) =) (BN A,
i=1 i=1 j=1

This proves pi is well-defined. It is also clear that p extends pu.
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The function g is obviously finitely-additive and therefore monotone. Pick

a family (A,) of pairwise disjoint sets in A and suppose their union A :=
U~ A, isin A. Since |J_, A; C A for each n € N, we have

gﬁ(&') = ﬁ(iLZJIAZ-) < 7i(A).

Letting n — oo we obtain
> H(A) < Ti(A).
i=1

To prove the converse inequality, each A; can be written as a finite union
A; = |J; Bi; of pairwise disjoint sets B;; € S. Since A € A, A can be also
written as a finite union A = J, C), of pairwise disjoint sets C € S. Since
Cr N B;j €S, since

C, = J(Cn By)
2%
is a countable union of elements of S and since y is a semi-measure, we conclude
1(Cy) < ZM(Ck N Byj).
i3
Since
A= (UBM) N (U0k> =J@nBy)

is a finite disjoint union of sets from S, we have i(A;) = >, , 1(Cy.N By;) from
where it follows

A(A) =) u(Cy) < ZZM(Ck NBy) = Zﬁ(Aj)~

2.7 Lebesgue-Stieltjes Measures

Let X be a topological space and B(X) the Borel o-algebra on X. Any measure
defined on B(X) is called the Borel measure on X.

Suppose p is a Borel measure on R. If p is finite we can define its dis-
tribution function F: R — R by F(z) = u((co,x)). These functions are
important in Probability theory since distributions of random variables are
given by them.
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2.7.1 PROPOSITION Let p be a Borel measure on R which is finite on all
bounded Borel sets. Then the function F,,: R — R given by

p([0,z)) : x>0
F.(z) = 0 s x=0
—p([z,0)) 3 <0

is increasing and left-continuous.
(i) If a < b then p([a,b)) = F,,(b) — F,(a).
(ii) If p is finite, then F = F,, + p((—00,0)).

Proof. Since p is monotone, the function F), is increasing. Suppose now that
(z,) is an increasing sequence of positive real numbers with limit = > 0. We
need to prove lim F),(z,) = F,(z). To see this, note

n—oo

Fule) = n(0.0) = Ji0.2)) = lim u(0.2,) = Jim (o).
el n—oo n—oo

(i) We consider only the case 0 < a < b and leave the remaining cases for
the reader.

p(la; 0)) = p((0,0) \ [0, a)) = p([0,6)) = ([0, @) = Fu(b) = Fpu(a).
(ii) is again left for the reader. O

By Proposition every Borel measure on R which is finite on bounded
Borel sets gives an increasing left-continuous function F), such that p([a,b)) =
F,(b) — F,.(a). Do increasing left-continuous functions f: R — R induce Borel
measures on R which are finite on bounded Borel sets? This is the essence of
the construction of the Lebesgue-Stieltjes measures.

Let f: R — R be a (non-strictly) increasing left continuous function. Since
f is monotone, the limits

f(=00) := lim f(x) and f(o0) := lim f(x)

T——00 T—00

exist in R. On a semi-algebra S(R) we define a function pf by

pr(0) =0
pr(la, b)) = f(b) = fa)  (a<b, ab€eR)
p1y((—00,0)) = f(b) — f(—o0)
piy([a, 00)) = f(o0) = f(a)

2.7.2 THEOREM The function ju = piy is a semi-measure on S(R).
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Proof. By definition we have p() = 0. Let [a,b) be a finite union of pair-
wise disjoint intervals from S(R). This intervals are of the form [a;,b;). We
enumerate them as

a=a<b=ay<by=a3<...<b, =0

Then

n n

ula,b) = f(0) = fla) = D _((F(by) = flay)) = Y ulla.by)).

n=1 j=1

If the interval is infinite, i.e., of the form [a, 00) or (—o0, b), we argue similarly
as above.

Suppose an interval I from S(R) is a union of a sequence of pairwise disjoint
intervals from (S, R). Suppose first that I = [a,b) for some a < b and [a,b) =
Ujzilay,b;). Fix e > 0. Since f is left continuous, there exist ¢ < b and ¢; < a;
for y =1,2,... such that

€

fO>f0) =5 and o) > fla) - 5

for all j =1,2,.... Then the compact interval [a, ¢] is contained in the union
of open intervals (c;, b;), so that a finite union actually covers [a, ¢|. The point
a is contained in one of the (c¢;,b;). By reenumerating assume a € (c1,by). If
by > ¢, then [a,c] C (¢1,b). If by < ¢, then after reenumerating by € (¢, by).
If by > ¢, then [a, ] C (c1,b1) U (c2,b). Otherwise, again after reenumerating
by € (cs3,b3). After finitely many steps we find ¢; such that ¢; < a, ¢; < bj_; <
bj for 7 =2,...,n and ¢ < b,. Then

D (F(by) = Fag)) 2 3(F () = Flay)) = D (F(by) — Fe) — 5

=~ )+ () = flegia)) + F0) = 5

> —f(a)+ J(0) = 5 = [(b) - f(a) — e

The fourth inequality followed from monotonicity of f since ¢jy1 < bj, ¢1 < a
and ¢ < by,. Since € > 0 was arbitrary, we have > 7% | u([aj, b;)) > f(b)— f(a) =
p(la, ).

Now pick an interval of the form [a,00) and assume [a,00) = [d/,00) U
5o laj, bj). Then the desired inequality follows from the identity

=1

p([a, 00)) = p(la’, 00)) + Z p(lay; by))-
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Suppose now [a,00) = |J;Z,[a;,b;) and pick n large enough. Then [a,n) =
Uj2[aj, min{n, b;}) so that f(n)— f(a) < 377, f(b;) — f(a;). Now let n — oo
to get f(00) — f(a) < 3272, f(b;) — f(ay). O

By Theorem every increasing left-continuous function determines a
semi-measure p; on the semi-algebra S(R). By Theorem this semi-
measure can be uniquely extended to the measure (we denote it again by)
pg on the algebra A generated by S(R). By Theorem the measure ji;
on A can be uniquely extended to the complete measure (we denote it again
by) py to the o-algebra A, by Caratheédory’s theorem. This obtained mea-
sure uy is called the Lebesgue-Stieltjes measure associated with f. Since
S(R) € A,,, we first conclude B(R) € A,, and since A,, is complete we
conclude L(R) C A,,.

The most important case of a Lebesgue-Stieltjes measure is obtained by
taking f(x) = z. The Lebesgue-Stieltjes measure associated to f is called the
Lebesgue measure on R and is denoted by m.

2.7.3 COROLLARY For each A € L(R) and z € R we have m(x + A) = m(A)
and m(xA) = |x|/m(A).

Proof. Since the length on S(R) is invariant under translation, we have m(x +
A) =m(A) forallz € Rand A € S(R). Hence, the semi-measure m, defined as
my(A) :== m(z+A) agrees with the semi-measure m on S(R). By uniqueness of
the extensions from semi-algebra to the algebra, and finally to the o-algebra
by Carathéodory’s theorem we have m(x + A) = m(A) for all x € R and
A e L(R).

To prove m(xA) = |x|m(A), note first that for sets in S(R) the equality
holds. Hence, the semi-measure m, defined as m,(A) = m(zA) agrees on S(R)
with the semi-measure m/ defined as m,(A) = |x|m(A). Now proceed as in
the first part of the proof. O

Fix a Lebesgue-Stieltjes measure 11y induced by some increasing left-conti-
nuous function f on R. Let A, be the domain of yy and let A be the algebra
generated by S(R). Then for each A € A, we have

pr(A) = inf {Z pr(Ay) o (A,) € Ais a cover for A} :
n=1

The sets A,, are finite disjoint unions of members of S(R). Since each of the
sets of the form [a,00) and (—oo,b) can be written as a countable disjoint
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union of the sets of the form [a, b), we have

pif(A) = inf {Z pif([an, bn)) = AC U[ambn)}
= inf{Z(f(bn) — flaz)): AC U[ambn)}

From now on when we say p is a Lebesgue-Stieltjes measure we will implic-
itly think that p = py for some increasing left-continuous function f: R — R.
Half-open intervals can be replaced by open ones.

2.7.4 PROPOSITION Let 1 be a Lebesgue-Stieltjes measure. For each set A €
A, we have

j(A) = inf {Z(N((am ba)): AC U(ambn)} :

Proof. Denote the right hand-side as v(A). Suppose A C |J~,(ay,b,). Each
interval (ay, b,) is a countable disjoint union of the family of intervals [a,, ., bp.m)
and so

n(A) < Z pl[@nm, bom)) = Z”((ambn))

and so u(A) < v(A). For the converse, pick ¢ > 0 and find intervals [a,, b,)
such that A C )~ [an, bs) and Y0 p([an, b)) < p(A) + €. Since f is left-
continuous, for each n € N there exists 9,, > 0 such that

€

F(a,) — F(a, —d,) < o

Then A C |J)~, (an — 0n, by,) and

Z”((an — 0n,bn)) < ZN([am bn)) +€ < pu(A) + 2e.

This proves v(A) < p(A). O
As an application of Proposition [2.7.4 one can quickly show that for any
Lebesgue-Stieltjes measure p and any A € L(R) we have
u(A) =inf{u(U): ACU and U C R is open}. (2.3)
As an application of the last equality one can show (with more work) that
p(A) =sup{u(K): K C Aand K CR is compact}. (2.4)

Borel measures that enjoy are called outer regular. Borel measures
that enjoy are called outer regular. Borel measures which are simulta-
neously inner and outer regular are called regular measures. Hence, every
Lebesgue-Stieltjes measure is regular.

25



Chapter 2. Measures

26



3 Measurable Functions

3.1 Measurable Maps

Let (X,.A) and (Y, B) be measurable spaces. A map f: X — Y is measurable
if f~1(B) € A for each B € B. We say that f is (A, B)-measurable.

3.1.1 ExaMPLE Constant maps are always measurable. Indeed, suppose
f: X — Y is a map that maps everything to a point yo. If B € B is any
measurable set, then f~'(B) is either X or () which are both contained in
every o-algebra on X.

3.1.2 LEMMA The composite of measurable maps is measurable.

Proof. Suppose f: (X, A) — (Y,B) and g: (Y,B) — (Z,C) are measurable.
Pick any C € C. Then

(go f)7H(C) = fg7'(C))
implies (go f)7'(C) € A. O

3.1.3 PROPOSITION Let (X, A) and (Y, B) be measurable spaces and f: X —
Y a map. Suppose B = o(F). Then f is measurable iff f~1(F) € A for each
FerF,

Proof. Let £ = {B C Y : fYB) € A}. We claim that £ is a o-algebra.
Obviously Y € €. Also f~Y(E¢) = f~}(F)¢ implies E¢ € £ whenever E € £.

If (E,) C €&, then
! ( U E) =JrlE)eA
n=1 n=1
implies |J;~, E, € &, so that £ is a o-algebra. Since F C &, by definition
B =0o(F) C £ Hence, for each B € B we have f~!(B) € A.
The converse implication is clear. O

3.1.4 COROLLARY Let (X, A) be a measurable space andY a topological space.
Amap f: X =Y is(A,B(Y)) measurable iff f~1(U) € A for each open subset
UCY.

3.1.5 COROLLARY FKEvery continuous map f: X — Y between topological
spaces 1s measurable with respect to Borel o-algebras on X and Y .
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If X and Y are topological spaces, measurable maps with respect to Borel
o-algebras are called Borel maps. The following proposition follows from
the fact that the sets within the statements generate B(R).

3.1.6 PROPOSITION Let (X, A) be a measurable space. For a given function
f: X — R the following statements are equivalent:

(1) is (A, B(R))-measurable.

“Y((—o00,a)) € A for each a € R or f~'((a,)) € A for each a € R.
“Y((—o00,a]) € A for each a € R or f~!([a,0)) € A for each a € R.
“a,b)) € A for all a,b € R or f~((a,b]) € A for all a,b € R.
([a,b]) € A for all a,b e R

Also the composite of two Borel maps is always a Borel map.

The Extended Real Line
The extended real line R := [~00, 0] = RU{—00, 00} is equipped with the
topology such that
e on R it is the usual Eucliedean topology;
e fundamental system of neighborhoods of co are half rays (a, o], (a € R);

e fundamental system of neighborhoods of —oo are half rays [—oo, a), (a €

R);
It is easy to see that z,, — oo in R iff lim z,, = oo in the sense of Analysis
n—oo
1 course.

By the definition of topology on R, we see that the usual Euclidean topology
on R is precisely the relative topology on R induced by the topology of R.
What is the connection between B(R) and B(R)? The answer to this question
is provided by the following lemma.

3.1.7 PROPOSITION Let X be a topological space and Y its subspace with the
relative topology. Then

BY)={AnY: AeB(X)}.
Proof. 1t is easy to see that the set
B:={ANnY: AeB(X)}

is a o-algebra on Y. Since B contains all open sets of Y, we conclude B(Y') C B.

To prove the converse statement, consider the inclusion ¢: Y < X. Then
¢ is continuous and hence Borel measurable. If A € B(X), then ANY =
~1(A) € B(Y'). This proves B C B(Y) and the proof is finished. O
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3.1.8 THEOREM Consider the extended real line R.

(i) Borel sets of R are precisely the ones that are of the form AU B where
A is Borel in R and B C {—o00, 00}.

(ii) If (X,.A) is a measure space and f: X — R is a function, then f is
measurable iff f~'([—o0,a)) € A for each a € Q iff f~!([~o0,a]) € A
for each a € R.

Proof. (i) Denote B = {AUB: A € B(R)and B C {—o0,00}}. It is easy
to see that B is o-algebra on R which contains all open sets of R. Hence,
B(R) C B.

For the converse, take a set E € B. Since B(R) C B(R) we have ENR €
B(R). Since singletons {oco} and {—oc} are closed in R, the set E is Borel in
R.

(i) is left for the reader. O

For the purpose of this course we define 0- oo =000 = 0.

3.1.9 COROLLARY If f: X — R is measurable, then for each A € R the
function X\ - f is measurable.

Proof. If A = 0, then A\f = 0 is measurable. If A > 0, then for each a € R we
have
(M) ([=o0.a)) = {z € R: (Af)(2) € [~o0,a]}
={z €R: f(z) € [~00,§]} = f([~0,5])

which is a measurable set by Theorem [3.1.8] Similarly one can tackle the
problem when A < 0. O]

3.1.10 EXAMPLE For a subset A of X let x4 be the characteristic function
of A. For a € R we have

X, a>1
Xa' ([~o0,a]) =4 A% 0<a<1
0, a<0

Hence, x4 is measurable iff A is measurable.

3.2 Product o-algebras

Let (X1,.4;) and (X3, A2) be measurable spaces. A subset of the cartesian
product X = X; x X, of the form A; x A, where A; € A; is called a mea-
surable rectangle. The product o-algebra A; ® A, on X is the o-algebra
on X generated by all measurable rectangles.
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3.2.1 LEMMA Let (X, A) and (Y, B) be measurable spaces.

(i) The product o-algebra A@ B on X XY is the coarsest o-algebra with the
property that the projection maps are measurable.

(i) If A and B are generated by € and F, respectively, then A ® B is gen-

erated by
G={AxY: A&} U{X xB: BeF}.

Proof. (i) Suppose ¢;: X xY — X and ¢2: X x Y — Y are measurable with
respect to some o-algebra C on X x Y . Then for any measurable set A € A
and B € B the set

ANB=(AxY)N(X xB)=¢(A)Ng ' (B)

is measurable. Hence, C contains all measurable rectangles which implies A ®
BCC.

(ii) Obviously we have o(G) C A ® B. On the other hand, the collection
{AC X : ¢;'(A) € 0(G)} is a o-algebra which contains £. Hence, A C {A C
X : ¢;*(A) € 6(G)}. This means that for any A € A we have A x Y € o(G).
Similarly, X x B € ¢(G) for each B € B. Finally, A® B € 0(G). O

In the following result we consider the relationship between Borel o-algebra
on the product of topological spaces and the product of two Borel g-algebras.

3.2.2 PROPOSITION Let X and Y be topological spaces. The space X XY 1is
equipped with the product topology. Then

(i) B(X)@B(Y)CB(X xY).

(i) If X and Y are second countable, then B(X)® B(Y) =B(X xY).

(iii) If X andY are separable metric spaces, then B(X)®@B(Y) = B(X xY).

Proof. (i) Denote by C the o-algebra generated by the family
F={UxY:Uerx}U{X xV:Vermn}

By Lemma we have B(X) ® B(Y) = C. Since sets in F are open, (i)
follows.

(ii) By (i) it suffices to prove B(X x Y) C B(X) ® B(Y'). By definition of
Borel g-algebra it suffices to prove B(X) ® B(Y') contains all open sets of the
product topology. The set of all open rectangles forms a basis for the product
topology on X x Y. Since X and Y are second countable, so it is X x Y.
Hence, each open set in X x Y isin B(X) ® B(Y).

(iii) Separable metric spaces are second countable. ]

3.2.3 EXAMPLE The inclusion in Proposition can be proper. Consider
X to be a discrete topological space with cardinality greater than continuum.

30



3.2. Product o-algebras

Since X x X is Hausdorff, the diagonal A of X x X is closed and hence
Borel in X x X. However, a nontrivial proof which we omit shows that A ¢
B(X)® B(X).

If we have three measurable spaces (X, .A), (Y, B) and (Z,C), then one can
first consider (X x Y, A® B) and then (X xY) x Z,(A® B) ®C). It can be
checked that (A ® B) ® C is generated by the family

{(AxB)xC: Ae A, Be B, C e(}.
More generally, we have the following result.

3.2.4 PROPOSITION Let (X, A;) be measurable spaces fori=1,...,n. Then
the product o-algebra is an associative operation; all iterated product o-algebras

are equal and we denote it by @Q A;. It is generated by the set of all measurable
i=1
rectangles

{A1X"'XAnZ AiGAifOTizl,...7n}.

By induction one can prove the following:

3.2.5 COROLLARY Forn € N we have B(R") = @ B(R).
j=1

Having in mind that R? ~ C via the map (x,y) — z + iy we can identify
them as topological spaces. The preceding corollary yields the following useful
fact.

3.2.6 COrROLLARY We have B(C) = B(R x R) = B(R) ® B(R).
Now we turn our attention to measurable maps into the product space.

3.2.7 PROPOSITION Let (Y;,BB;) (i = 1,2) be measurable spaces and let B;®Bs
be the product o-algebra on Yy xYs. If (X, A) is a measurable space and f: X —
Y any map, then f is measurable iff the components q o f and ¢y o f are
measurable.

Proof. 1f f is measurable, then also ¢; o f and ¢, o f are measurable since they
are composites of measurable maps.

For the converse, assume ¢; o f and ¢p o f are measurable. Denote C =
{BCY1xYy: f7(B) C A}. Since C is a g-algebra by Proposition [3.1.3] it
suffices to prove that C contains all measurable rectangles and therefore the
product o-algebra. Suppose B = By X By where By € By and By € B,. Then

f'B)={xcA: f(x)eBy={x€A: fi(r) € By and fy(z) € By}
= [ (BN f31(B:) € A.
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3.2.8 COROLLARY Let (X, A) be a measurable space and Y € {R,C, [0, c0]}.
If f,g: X — 'Y are measurable, so are f + g and f - g.

Proof. Define the map F: X — Y x Y by F(z) := (f(x),g(z)). Since f,g
are measurable, Proposition implies F' is measurable. Since the sum
s: (a,b) — a+ b and the product p: (a,b) — a-b are continuous and so Borel
measurable, f+¢ = soF and f-g = poF are measurable by Lemma[3.1.2] [

3.2.9 COROLLARY Linear combinations of measurable functions with values
in either C or R are again measurable.

3.2.10 PROPOSITION Suppose Y, and Ys are second countable topological spa-
ces and (X, A) a measurable space. The map f: X — Y1 X Y3 is Borel mea-
surable iff f; = p; o f are Borel measurable.

Proof. 1If f is Borel measurable, then p; o f as a composite of Borel measurable
maps is again Borel measurable.

For the converse, assume f; and fy are Borel measurable. Then the map
fis (A, B(Y1) ® B(Y>))-measurable by Proposition [3.2.7 Now apply Proposi-
tion [3.2.2) to get B(Y; x Ya) = B(Y1) @ B(Y>). O
3.2.11 COROLLARY Let f: X — C be any map. If A is a o-algebra on X,
then f is measurable iff Re f: X — R and Im f: X — R are measurable.

3.3 Sequence of Measurable Functions

Given a sequence (a,) C [—00, oo] we can form a new sequence a,, := Supys.,, Gx.
Then (a,) is decreasing but not strictly decreasing. Hence, it has a limit in
[—00, 00]. This limit is called the upper limit or limes superior. We denote
it by
lim sup a,, := inf sup a;, = lim sup ay.
n o k>n n k>n

Similarly we can define the lower limit or limes inferior as

lim inf a,, := sup inf a; = lim inf a;.
n n k>n n k>n

A sequence of functions f,,: X — [—00, 0] converges pointwise to a function
fif lim f,(z) = f(z) for each € X. More generally, for a sequence f,,: X —
n—oo

[—00, 0] we can define functions
(sup fu)(x) = sup fu(x)
(inf f)(x) := inf £, ()
(lim sup f,)(x) := inf sup f,(z)

n n k>n

(liminf f,)(z) := sup ’11>1f fn(x).
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The supremum of an uncountable family of measurable functions can be
nonmeasurable.

3.3.1 EXAMPLE Let X be any uncountable set and let A be the o-algebra of
all sets which are countable or their complement is countable. Let E be any
set which is neither countable nor its complement is countable. Then g is
non-measurable. Note that

XE =Sup{X} : © € E}
is a supremum of a family of measurable functions.

3.3.2 LEMMA For any sequence of measurable functions f,: X — R the func-

tions sup f,, and inf f,, are also measurable.
n n

Proof. Denote g = sup,, f,. Since for each a € [—00, co] we have

g 1([-00,@]) = ﬂ fn 1[—OO,CL]),
n=1
the function ¢ is measurable by Theorem [3.1.8] Since inf,, f,, = —sup,,(—f»),
the first part of the proof yields that inf, f,, is measurable. n

3.3.3 COROLLARY Let f,: X — R be a sequence of measurable functions.

(i) Then limsup f,, and liminf f,, are measurable.

(ii) If f. — f pointwise, then f is measurable.

Proof. (i) By Lemma the function g, = supys,, fn is measurable. Again
by Lemma [3.3.2] the function inf, g, is measurable. Hence, limsup, f, is mea-
surable. Similar proof works for liminf,, f,,.
(ii) If f, — f pointwise, then f = limsup, f, = liminf, f, is measurable
by (i). O
3.4 Approximation by Step Functions

A function f: X — C with a finite range is called a step function. Let
{ai,...,a,} be the range of the step function f: X — C. For each j let

Aj={r e X: f(z) =aq;}.

Then f can be written as a linear combination of characteristic functions of

sets A;:
f= Z AjXA;-
j=1
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Chapter 3. Measurable Functions

The space of all complex bounded measurable functions on a measurable
space X is denoted by B(X). Similarly, the space of all complex step functions
on a measurable space X is denoted by S(X). Obviously S(X) C B(X). The
space B(X) has the natural norm, i.e., the supremum norm. If (f,) is a
Cauchy sequence in B(X), then f, converges pointwise to some function f.
Since functions (f,,) are measurable, we conclude f is measurable and hence
B(X) is a Banach space.

3.4.1 THEOREM Let f: X — [0,00] be a measurable function. Then there
exists an increasing sequence (s,) of measurable step functions such that s, —
f pointwise. The convergence is uniform on each set where f is bounded.

Proof. Forn € Nand k=1,2,...,n-2" define measurable sets

E, k= {:v € X: % < f(z) < 2%} = f ([%7%»
and

Fo={reX:n<f(z)}=f"(n o).
For a fixed n we have that the sets F,,, E,1,..., E, o are pairwise disjoint
with union X.. Now define
kE—1
2n

Sp —

XE, , t NXF,-
k=1
It can be seen that s, < s,,1 and 0 < f — s, < 27" for each n on the set
F7H[0,n]). If f(z) < oo, then s,(z) — f(z). If f(x) = oo, then s,(z) =n
and so s,(x) = f(z).
If f is bounded on some set A, then there exists ng € N such that F,,,NA = ()
for m > ng. This means that 0 < f — s, < 27™ on A for all m > ng, so that

Sp — f uniformly on A. [
Y )

2 2
1 1

T
1 (R 1
2 2

x x
Approximation with s; Approximation with sg

3.4.2 COROLLARY Let f: X — C be a measurable function. Then there exists
a sequence (s,) of measurable step functions such that 0 < |s1]| < [so] < --- <

|f| and s, — f pointwise. The convergence is uniform on each set where f is

bounded.
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Proof. Write f = u+iv and u = vt —u~ and v = v+ —v~. By Theorem
there exist increasing sequences of measurable step functions (p}), (p,,), (¢)
and (g, ) that converge pointwise to u™, u~, v™ and v~, respectively. Then
sp = pt —p, +i(gr — g ) is measurable step function and the sequence (s,,)
has the desired proeprties. O]

3.5 Modes of Convergences

A sequence of measurable functions (f,) on a space with measure (X, A, p)
converges to a function f almost uniformly if for each € > 0 there exists a
set A € A with u(A°) < e and f,|4 — f|a uniformly.

We say that some property P holds almost everywhere if the set

{z € X : z does not have the property P}

has zero measure. Therefore, a sequence of functions (f,,) is said to converge
almost everywhere to f if

{reX: fulz) A f(2)}

has measure zero.

3.5.1 PROPOSITION If a sequence (f,) of measurable functions is almost uni-
form convergent to f, then it converges to f almost everywhere.

Proof. Pick m € N and find 4,, € A such that p(AS) < L and f, — f
uniformly on A,,. Then f,, — f also pointwise on A,,. Hence, f,, — f pointwise
on A :=J,, Am. To finish the proof note that u(A¢) = 0. O

If the measure is finite, then almost everywhere convergence implies almost
uniform convergence.

3.5.2 JEGOROV’S THEOREM Suppose (X, A, 1) is a space with finite mea-
sure. If a sequence of measurable functions f,: X — C converges to f almost
everywhere, then it converges to f also almost uniformly.

Proof. Write X = X’ U N where pu(N) = 0 and f, — f on X’'. Since f, is
measurable on X it is measurable also on X’. We will prove that f, — f
almost uniformly on X’ and since pu(N) = 0, it will follow that f,, — f almost
uniformly on X. Hence, WLOG assume N = () and so f, — f pointwise.
Also, by replacing f,, by f, — f we can assume that f = 0.

Define the sets

Apm ={x e X : |fu(z)| < = for all n > k}.

1
m
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Chapter 3. Measurable Functions

Since for each x € X we have f,(z) — 0, for a fixed m we have

i x
k=1

Since for a fixed m the sequence (Ayg,,) is increasing we have klim pw(Agm) =
—00
pu(X). Fix e > 0 and find k,, such that

€

#(Am) > p(X) = o

Define A :=(~_, Ak,..m and note that

(1) = (U A ) < Sl ) < X o =
m=1 m=1 m=1

We claim that f, — f converges uniformly on A. Indeed, if x € A, then
x € Ay, m for some m, so that |f,(z)| < £ for all n > k,,. So for a given € > 0
pick m large enough so that = < e and hence |f,(z)| < € for all n > ky, and
x € A. O

A sequence of measurable functions f,,: X — C on a space with measure
(X, A, u) converges in measure to a function f if for each € > 0 we have

lim pu({r € X ¢ [fula) = f@)] = h) =0,

3.5.3 PROPOSITION If a sequence (f,) of measurable functions converges to
f almost uniformly, then it also converges in measure.

Proof. Again we assume f = 0. Pick ¢, > 0 and denote
F,={zxe X: |fulx)| > €}.

Since f, — 0 almost uniformly there is A € A with u(A°) < 6 and f,|a — 0
uniformly. There exists ng such that for all n > ng and x € A we have
| fn(z)] < e. This yields F,, € A° and so u(F,) < d for all n > ny. By definition
of the limit we have p(F,) — 0. O

3.5.4 COROLLARY Let (X, A, p) be a space with finite measure. If f, — f
almost everywhere, then f, — f in measure.

Proof. By Jegorov’s Theorem fn — [ almost uniformly so that by
Proposition fn — f in measure. ]

In Example [3.5.5(1) we see that Jegorov’s theorem fails when u(X) = oo.

3.5.5 EXAMPLE
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3.5. Modes of Convergences

(i)

(i)

The sequence X(nn4+1) on the real line R equipped with the Lebesgue
measure converges to 0 everywhere yet not almost uniformly nor in mea-
sure.

Let us equip the interval [0, 1] with the Lebesgue measure. Define the
sequence of step functions f,,: [0,1] — R as follows: f1 =1, fo = X[0,1]:
f3= X(L 1) fi= X[0,1]> fs = X[ 1) In general, each function is of the
form X[k, kg for some m € N and £k =0,1,...,2" — 1. Then f, — 0
in measure yet in each point x € [0, 1] infinitely many functions f,, have

attain the value zero and one. Hence (f,,(z)) does not converge for any
x € [0,1].
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4 Integral

4.1 Integration of Step Functions

Let (X, A, u) be a space with a positive measure p. For a measurable step
function s = Y 77| ¢;xp, we say that it is written canonically if ¢; € [0, 00)
are pairwise different and E; € A are pairwise disjoint with union X. We
define the #ntegral of the function s on X as

/X sdp = Z cip(Ej). (4.1)

Here we adopt the convention 0-oo = 0. If the space X is clear from the context,
we write [ sdu instead of [ sdu. In the case A € A we have [, xadp = p(A).
It is easy to see that holds even for step functions which are not repre-
sented canonically, i.e., some of ¢; are the same. If s is a nonnegative measur-
able step function and A € A, then the function sy 4 is also nonnegative, step
and measurable, so we can define

/sdu ::/ sxadp.
A X

4.1.1 LEMMA [Ifs: X — [0,00) is a nonnegative measurable step function on
a space with measure (X, A, i), then

V(A) = /A sdpu

defines a positive measure on A.
Proof. Since xp = 0, we have v(0)) = [;sdu = [, 0du = 0. Choose now a
sequence (A,) of pairwise disjoint sets in A and denote their union by A. Let

s = Z;;l cjXg,; be the canonical representation of the step function s. Then
SXA = 2?21 CiXANE; for any subset A C X. Hence

v(A) = / sdu:/ SXAdu:ch,u(AﬂEj).
A X =
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Chapter 4. Integral

Since p is o-additive, we have (AN E;) = > 1o u(Ap N E;) from where it
follows

v(A) = Zc]u ANE;) ZZC]M Ax N E;) ZZCjN(AkﬂEj)
j=1 j=1 k=1 k=1 j=1

—Z/A sdp =Y v(Ayg).

]

4.1.2 LEMMA Let s,t: X — [0,00) be measurable step functions and ¢ €
[0,00). Then

6) s+ 0)du= [ sd+ [ 1
(ii) [esdu=c [ sdu.
Proof. (i) Let s = > 1" | cixp; and t = > 77, d;Xr; be canonical representations

for s and ¢t. Then o
s+t = Z Z(Cl -+ dj)XEiﬁFj

i=1 j=1

is a representation for s + ¢ which in general is not canonical. However, we

still have
/s—i—td,u ZZcﬁ—d (E; N EFy).

i=1 j=1

Since J;_, (E; N F) = E; and U2, (E; N Fj) = Fj, we have

/ (s+0du =33 cn(BNE)+ 3 d(E: 0 F)

i=1 j=1 i=1 j=1
:Zciu —|—Zdj,u /sd,u+/tdu
i=1

(ii) It is obvious and left for the reader. O
Integral is monotone:

4.1.3 LEMMA Let 0 < s <t < oo be measurable step functions. Then

/sdu < /tdu.

Proof. Write t = (t—s)+s and note that ¢t —s is also a nonnegative measurable
step function. Since the integral is additive on step functions, we have

[tan= [ sn+ [ sinz [ sa
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4.2. Integral of a Nonnegative Measurable Function

4.2 Integral of a Nonnegative Measurable Function

As usual, let (X, A, 1) be a space with positive measure. For any measurable
function f: X — [0, 00] we denote by Sy the set of all measurable step func-
tions s: X — [0,00) with 0 < s < f. For a nonnegative measurable function

f: X — [0, 00| we define
/ fdu = sup/ sdj.
X €Sy Jx

Obviously for every s € Sy we have fX sdp < [y fdu. Also, since the integral
is monotone on nonnegative step functions, the above definition agrees with
the definition of the integral of a step function in this special case.

4.2.1 EXAMPLE

(i) Let X be a nonempty set together with the power o-algebra. Pick x € X
and consider the Dirac measure d,. If f is any nonnegative function, then

Indeed, if 0 < s < f is any step function, then we have [ sdd, = s(z) <
f(z). Hence [ fdé, < f(z). On the other hand, consider s = f(2)x{}-
Then [, fdé, > [y sdé, = f(x).

(ii) Consider the power o-algebra on N. Let p be the counting measure on
(N,P(N)). Let f: N — [0, 00] be any function. It is not hard to see that
Ju fdpw =307 f(n). The details are left for the reader.

Integral is monotone.

4.2.2 LEMMA Let f,g: X — [0, 00| be measurable functions with f < g. Then

/fdu < /gdu-

Proof. This follows from the definition of the integral and the fact that Sy C
Sy O

4.2.3 LEBESGUE’S MONOTONE CONVERGENCE THEOREM Let f,: X —
[0, 00] be an increasing sequence of measurable functions. Then

/ lim f,du = lim / fndp.
XTL*)OO n— o0 X

Proof. The sequence of integrals [ f,du is increasing; hence it converges to
some a € [0, 00]. Due to the monotonocity of the integral we have

a < /fdu.
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For the proof of the converse inequality it suffices to prove that for each
c€(0,1) and s € S¢ we have

/csd,u:c/sdpga

since we can let ¢ — 1 and take the supremum of over all s € Sy to finally get
[ fdu < a. For n € N define

A, ={r e X: cs(x) < fu(x)}.

Then A, is measurable and A,, C A, for n € N. The sequence (A,,) satisfies
Uty An = X,
Define a measure v by

v(B) :/B(cs)du.

Since the integral is monotone, we have

/(cs)du =v(X) = lim v(4,) = lim (es)dp < lim [ fodp <a.

n—oo n—oo A
n

]

4.2.4 THEOREM For any sequence f;: X — [0,00] of measurable functions

we have
/XijdMZZ/ijdu-

j=1 j=1
Proof. We first show

[+ dn= [ s [ gy

for measurable functions fi, fo: X — [0,00]. By Theorem there exist
increasing sequences (s, ) and (t,,) of measurable step functions such that s, 1 f
and t, T ¢g. Since s, +t, is a also a measurable function and s, +t, — f + g,
by the Lebesgue Monotone Convergence Theorem we have

/(f+9)dﬂ = lim /(Sn + t,)dp = lim /snd,u—k lim [ t,du
n—00 n—o00 n—00

:/fdu—l—/gd;z.

For each n € N define g, = f1 + -+ + fu. Then (g,) is an increasing
sequence of nonnegative measurable functions with g, — Z;’il fj- Again, by
the Lebesgue Monotone Convergence Theorem we have

Z/fjdu: lim Z/fjdﬂz lim /gnduz /Jgngogndu = /ijdu.
= n ooj:1 n—00 e
O
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4.2.5 PROPOSITION Suppose f: X — [0,00] is a measurable function and

define
/ i = [ fadn

(i) Then v is a positive measure on (X, A).
(i) If u(A) =0, then v(A) = 0.
(iii) If g: X — [0,00] is measurable, then

/ gdv = / gfdu. (4.2)

Proof. (i) It is obvious that v(()) = 0. For a sequence (4,,) of pairwise disjoint
sets in A we denote by A the union of all A,,. Then

z/Afduz /foduz/ifonduz i/fXAndﬂziy(An>‘

(ii) Take 0 < s < fxa and write s = A\;xa, + -+ Apxa,. Since s =0 on
A€, we have s = sxa, so that [ sdu=>"7_ Mu(ANA;) = 0.

(iii) If ¢ = xa with A measurable, then [gdv = [xadv = v(A) =
| fxadp. Additivity of the integral yields that [ gdv = [ gfdu for any non-
negative measurable step function. The general case follows from the Lebesgue
Monotone Convergence Theorem [4.2.3] O

The formula (4.2) is usually written dv = fdu for short. We proceed with
yet again corollary of the Lebsegue Monotone Convergence Theorem [4.2.3]

4.2.6 COROLLARY Let f: X — [0,00] be a measurable function and ¢ > 0.

Then
/cfdu:c/fdu.

Proof. Let (s,) be an increasing sequence of nonnegative measurable step func-
tions with s, — f. Then

/cfd,u: lim /csnd,u:c/ lim sndu:c/fdu. O
n—oo n—oo

4.2.7 FATOU LEMMA For a sequence f,: X — [0,00] of measurable functions
we have

/lim inf f,dp < lim inf/fnd,u.
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Proof. Define g, = ’11>1f fr- Then g, : X — [0, 00| is measurable and g,, < g,41.
By Lebsegue Monotone Convergence Theorem we have

/ lim g,dp = lim /gnd,u.

n—o0 n—oo

Since liminf f, = lim g, and [ g,dp < [ frdp for all k > n, the desired
n n—oo

inequality follows. [

4.2.8 PROPOSITION Let f: X — [0,00] be a measurable function.

(1) If [ fdu < oo then p({z € X : f(z) = oo}) = 0.
(i) [ fdu =0 iff f =0 almost everywhere.

Proof. (i) Denote A := {x € X : f(z) = oo}. Then A is measurable and
0 < - x4 < f. From the assumption it follows oo - p(A) < oo. This only
happens if ©(A) = 0.

(ii) Suppose first f =0 on A and pu(A¢) = 0. Then

[ san= [ gans [ = [ gau=o.
X A Ae Ae
To prove the converse, for each n € N define

A, ={r e X: f(:c)zi}

Then
[ fan= [ fdnz tuca)
X

n

implies u(A,) = 0. Since

freX: fo)#0} =] A
n=1
we conclude f = 0 almost everywhere. [

4.3 Integral of a Complex Measurable Function

Throughout this section (X, A, u) is a space with measure. A measurable
function f: X — C is integrable whenever

1l = / fldu < oo.

The set of all integrable functions on (X, A, ) is denoted by L'(X, A, u).
Usually we will write L'(u) or even L' when A and u are clear from the
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4.3. Integral of a Complex Measurable Function

context. In the case of the Lebesgue measure m on R the functions in L!(m)
are called Lebesgue integrable.

Let f: X — C be any function. We can write f = Re f+2Im f. We already
know f is measurable iff Re f and Im f are measurable. Since | Re f], |Im f] <
|f] <|Re f|+|Im f| we conclude f € L'(u) iff Re f,Im f € L*(p). If f: X — R
is a real function, then

Fr=3Ufl+ ) ad =500 )

are called the negative and the positive part of f. It is obvious that f is
measurable iff f* and f~ are measurable. It is easy to see that f € L'(u) iff
o f e L),

If f: X — [—00,00] is a real function such that at least one of the integrals
Jx frdpor [, f~du is finite, then we can define

/X fdu = /X Frdy - /X I dn

If f € L'(p) is complex, then we define

/deu::/XRefdu—l—i/XImfdu

if both integral exist.

4.3.1 LEMMA [f we equip L'(p) with pointwise operations, then L' (i) becomes
a vector space and || - ||1 is a seminorm on L*(p).

Proof. Pick o, € C and f,g € L'(u). Since |af + Bg| < |o| |f| + 18] |9l
monotonicity and additivity of the integral of a nonnegative function yields

/X|af+ﬁg|dus |Oé|/X|f|du+|ﬁ|/X|g|du<oo.

The reader can prove it by himself that || - ||; is a seminorm on L'(p). O

If ||f]l1 = 0, then f = 0 almost everwhere, so that in general || - ||; is not
a norm on L'(u). On L'(u) we introduce the relation ~ by f ~ g iff f =g
almost everywhere. For [f] € L'(u)/~ we define ||[f]||1 := || f|l1. If f ~ g, then
1/lli = llgllx and [ fdu = [ gdu. This means that || - [|; is well-defined on

L)/~

4.3.2 COROLLARY The space (L'(u1)/~,| - ||1) is a normed space.

From now on the quotient space L'(u)/~ is denoted by L'(u) and we will
write || f]|1 instead of ||[f]||;. Whenever we will work with elements in L' ()
we will work with representatives of the respectful equivalence classes.

We proceed with the properties of the integral of L!-functions.
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Chapter 4. Integral

4.3.3 PROPOSITION The following assertions hold for L'-functions.

(i) Integral is a linear functional on L*(u):

Jtar+pau=a [ sau+5 [ gin

fora,B€C and f,g € L'(u).
(ii) For real L'-functions f,g: X — R with f < g we have

[ fan< [ gi
‘/fdu’ S/Ifldu'

Proof. (i) We first prove that for real functions f,g we have [(f + g)du =
J fdu+ [ gdu. To prove this, we first write h = f + ¢g. Then ht + f~ 4+ g~ =
h™ 4+ f* + ¢g* and since the integral is additive on nonnegative measurable
functions we conclude

/h*du%—/fd,u—l—/gdu:/hdu—l—/f*du—l—/g*du.

By the definition of the integral of a real function after re-arranging the terms

we get
/hdp:/fdu—l—/gdu.

Now pick @ € R and a real function f € L'(u). If @ > 0, we have
(af)t =aft and (af)” = af~, so that by Corollary we have

[asin= [y au= [@p di=a [ ran=a [t au=a [ fan

Other cases are left for the reader.
(ii) follows immediately from

[oau=[tg=pan+ [ gan= [ sau

(iii) If [ fdpu = 0O there is nothing to prove. Suppose « := [ fdu # 0. Let
w we a complex number with wa = |a|. Then

/ fdu' —lol=wa=w [ fdu= [Chiu= [ Refwran

< [lerldn = [ 171dn

(iii) For f € L'(u) we have
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4.3. Integral of a Complex Measurable Function

4.3.4 LEBESGUE’S DOMINATED CONVERGENCE THEOREM Let (f,) be a
sequence of measurable complex functions on a measure space which converges
to a measurable function f almost everywhere. If there exists a function g €
LY () with | fo(z)] < g(x) for almost every x € X then f € L'(n) and

lim /|fn—f]d,u:0 and lim /fnd,u:/fd,u.
n—oo n—oo

Proof. Since the integral over sets of measure zero is always zero and since
changing the function on a set of measure zero is not affecting the integral, by
a similar argument as in the proof of Jegorov’s Theorem we may assuime
fn — f pointwise and |f,| < g for all n € N and z € X.

Since |f,| < g and |f| < g we gave |f,, — f| < 2g. Functions 2g— | f,, — f| are
nonnegative and measurable and pointwise converge to 2g. By Fatou lemma

[4.2.7] we have
/2gdu = /liminf(2g — [ fu = fldp < 1iminf/(2g — | fn = fldp
n—00 n—00
= /di,u—limsup/|fn—f|d,u.
n—oo

This implies

0§liminf/|fn—f|du§limsup/\fn—f|d,u§0,
n—oo

n—oo

from where it folows lim [|f, — f|du = 0. By Proposition {4.3.3(iii) we finally
n— oo

'/fnd/ﬁ—/fdu‘§/|fn—f!d,u—>0. O

We will conclude this section by proving that L'(x) is a Banach space. To
prove this result we need the following corollary of the Lebesgue’s Dominated
Convergence Theorem which is also of independent interest.

have

4.3.5 PROPOSITION Let (f,) be a sequence in L'(u) such that
Dl < oo
n=1

o0

Then the series > f, converges almost everywhere to a function f € L'(u)
n=1

and

[ fin= i:j [ fuin
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Chapter 4. Integral

Proof. Define g(z) := Y |fa(z)]. Then [ gdp < oo, so that g(xz) < oo for
n=1

almost every » € X. Then the series S>> fa(z) is absolutely convergent
almost everywhere. If g, := f1 + -+ -+ f,, then |g,| < g, so that by Lebesgue’s
Dominated Convergence Theorem we have

Zl / Judpr = lim Zl / fidp = lim / Gndpt = / lim g dp = / Zlfndu-
n= J= n—=

]

In literature, any theorem that resembles to the following one is called the
“Riesz-Fischer Theorem”.

4.3.6 RIESZ-FISCHER THEOREM The space L'(p) is a Banach space. Fur-
thermore, if f, — f in L'(u), then some subsequence f,, converges to f almost
everywhere.

Proof. Since we already know that L'(u) is a normed space, it suffices to prove
that L'(u) is complete.

Let (f,) be a Cauchy sequence in L'(x). We first prove that some subse-
quence of (f,,) converges in L'(u). Since (f,) is Cauchy, by an easy induction
one can prove that there is a strictly increasing sequence (ny) of positive inte-
gers such that

[ fo = frulls < 27F
for all n, m > ny. By Proposition the sum

=Tt (fayo — fo,)
j=1
converges almost everywhere and f € L!(u). Partial sums

k
fnl + Z(fnj-H - fnj) = fnk+1
j=1

converge to f almost everywhere and since

k 00
’fnk+1’ S ’fnll _'_Z ’fnj+1 - fn]l S ’fnl‘ +Z|f”j+1 - fn]‘ =g € Ll(:u)a

j=1 j=1

by the Lebesgue’s Dominated Convergence Theorem we conclude

lim /[fnk“ — fldu = 0.

k—o0
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4.4. Riemann vs. Lebesgue

Therefore, for each e there exists k1 € N such that ||f — f, || < § for
all k > ki. Due to the Cauchy property we can also find ky € N such that
| fn = fmlli < § for all n,m > ng,. Hence, if kg = max{ki, kz}, then for all
n > ng, we have

||f - fn”l < Hf - fnk1||1 + ||fn;€0 - anl <€
This yields f,, — f in L'(u). ]

4.4 Riemann vs. Lebesgue
Let f: [a,b] — R be a function. For any partion P

P: a=xg<r1<...<x,=0
of [a, b] define

m; = inf  f(x) and M;= sup f(z).

zj_1<z<x; rj_1<z<x;

The lower and the upper Darboux sum of f with respect to the partition P
are defined as

Sp = ijAja: and Zp = Z M;Ajx
j=1

Jj=1

where A = z; — x;_;. If supp Sp = infp Zp, then we say that f is Riemann
integrable on [a,b] and we call this value supp Sp = infp Zp the Riemann
integral of f on [a,b]. By a result of Analysis 1 we already know that every
Riemann integrable function on [a, b] is bounded.

4.4.1 THEOREM A Riemann integrable function f: [a,b] — R is Lebesgue
integrable and

b
/ f(z)dx = fdm.
a [a,b]

Proof. For a partition P define step functions

Sp = ijX[mg‘—ij) + f(b)X{b} and  zp = Z MjX[Ii‘l’xj) + f(b)X{b}-

j=1 j=1

/ spdm = Sp and / zpdm = Zp
[a,b] [a,b]

and sp(z) < f(x) < zp(z) for each = € [a,b]. Denote by Ap := nax Az
<j<n

the width of the partition P. If f is Riemann integrable then there exists a

Then
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Chapter 4. Integral

sequence (Py) of finer partitions (each partition is included in the next one)
with lim A, — 0 and

k—o0
lim sp.dm = lim Sp, = / f(z)dx = hm Zp, = lim zp,dm.
k—o00 [a b] k—o0 k—o00 [a b]

Since (sp,) is increasing it increases to a Borel function s pointwise. Similarly,
since (zp, ) is decreasing it decreases to a Borel function pointwise. Since sp, <
f < zp, we conclude s < f < z. By the Lebesgue Dominated Convergence
Theorem [4.3.4] we conclude

b
/ sdm:/ f(x)dx:/ zdx.
[a,b] a [a,b]

Since [ (z — s)dm = 0 and since z > s we conclude z = s = f almost every-
[a,b]

where with respect to the Lebesgue measure. Hence, f is Lebesgue measurable.

Since f = s almost everywhere, we have

b
/ fdm = sdm :/ f(z)dx
[a’b] [a,b] a

4.4.2 PROPOSITION A bounded function f: [a,b] — R is Riemann integrable
ioff it s continuous almost everywhere.

O

4.5 Product Measure

Suppose we have two spaces with measure (X, A, ) and (Y, B, \). The prod-
uct o-algebra A ® B is the smallest o-algebra on X X Y which contains all
measurable rectangles. The goal of this section is to produce a measure on
the measurable space (X x Y, A ® B) such that the measure of a rectangle is
a product of lengths of its sides. Let us denote by S the set

{AxB: Aec A Be B}
of all measurable rectangles in X x Y. We also define

O(A x B) := u(A) x A\(B)
forany Ax B€S.

4.5.1 PROPOSITION The mapping ©: S — [0,00] is a semi-measure on a
semi-algebra S.

20



4.5. Product Measure

Proof. Obviously we have ) = ) x ) € S and
(AxB)N(CxD)=(ANC)x (BND)eS.

Since
(Ax B)°= (A°x B)U (X x B9

the complement of A x B is a finite union of disjoint members of S. Hence, S
is a semi-algebra.

To prove that © is a semi-measure on S, note first that we have 9(0)) = 0.
We will prove that for any sequence (A,, x B,,) of disjoint measurable rectangles
whose union is a measurable rectangle A x B we have

O(A x B) Z@A X B,)

Since the family (A,, x B,), consists of pairwise disjoint rectangles with union
A x B, for each (z,y) € X x Y we have

xa(@) - x5(Y) = Xaxs(z,y) ZXA <8, (T,Y) ZXA )X, (Y

Integration over y yields
@B = [ xal@hamir = [ 3 @e o) i
=3 @) [ xm A = X xa (0N,

Integration over x yields

=> A
n=1
O

4.5.2 COROLLARY The semi-measure ©: S — [0,00] can be extended to the
measure on the o-algebra A® B. If i and A are o-finite, then the extension
1S UNIQUE.

Proof. First we uniquely extend © to the measure on the algebra generated
by §. By Carathédory’s theorem the measure on the algebra can be extended
to the o-algebra which contains all measurable rectangles and so A ® B.
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Chapter 4. Integral

Suppose p and A are o-finite and pick pairwise disjoint sequences (X,,) C A
and (Y,) C B of sets with finite measure such that X = J, X, and ¥ =
U, Y- Then

X xV =X, xY,)

n,m

and since O(X,, X Y;,) = u(X,) x A(Y,,) < oo, the extension is unique by
Theorem 2.5.21 ]

The measure obtained in the corollary is denoted by p x A and it is called
the product measure of measures p and \.

For any subset £ C X x Y and for all z € X and y € Y we define the
xr-section E, and y-section EY of the set E as

E.,={yeY: (z,y) € E} and E'={zex: (x,y) € E}.
Similarly, if f: X x Y — Z is a function, we define its sections as

foly) = flz,y)  and  fU(z) == f(z,y).
The sections f, and fY are functions on Y and X, respectively.

4.5.3 EXAMPLE Let E be any subset of X xY. Then forallx € X andy € Y
we have (xg). = x&, and (xg)" = Xgv-

4.5.4 PROPOSITION
(i) fE€ A® B, then E, € B and EY € A forallz € X andy €Y.

(ii) If f is a A ® B-measurable function on X x Y, then f, and fY are are
measurable with respect to B and A, respectively, for all x € X and
yey.

Proof. (i) Let C be the family of all subsets of X x Y such that E, € B for
each r € X and EY € A for each y € Y. Since it is easy to see that 0, = 0,
(Eg) = (£,)° and (U, En), = U, (Ey)e, and that similar identites hold for
y-sections, C is a o-algebra. Also, in the case A x B and = € X we have
(Ax B), = Bifz € A and (A x B), = ) otherwise. This proves C also
contains all measurable rectangles and so A® B C C.

(ii) Pick a measurable subset D from the target space Z and pick =z € X.
Since f is A®@B-measurable, the set f~1(D) is contained in AR B, so that by (i)
we have (f~(D)), € B. To finish the proof observe f; (D) = (f~'(D)),. O

A monotone class on a set X is a family M of subsets of X which
satisfies

(i) the union of any increasing sequence A; C Ay C --- of sets in M is
again M;
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4.5. Product Measure

(i) the intersection of any decreasing sequence A; O Ay D -+ of sets in M
is again M.

It is easy to see that for a given subset S C P(X) there exists the smallest
monotone class which contains S. In fact, it equals to the intersection of all
monotone classes that contain S.

Obviously any o-algebra is a monotone class. However, if A is an algebra
that is also a monotone class, then it is a o-algebra. Indeed, if (4,) is a
sequence in A, then B, = [J, A; is an increasing sequence in A and since A
is a monotone class, |, 4, = U,, B, € A.

4.5.5 MONOTONE CLASS LEMMA If A is an algebra on X, then the monotone
class M generated by A is o-algebra.

It is obvious that M is actually the o-algebra generated by A.

Proof. By the remark preceding the theorem it suffices to prove that M is an
algebra.
For each A € M define

M(A)={BeM: AN\BEM,B\Ac Mand ANB € M}.

By routine set-theoretic manipulation one can show that M(A) is a mono-
tone class. By the symmetric definition for sets A, B € M we have A € M(B)
iff B € M(A). If A € A, then for each B € A we have B € M(A). This
implies A C M(A) for each A € A. Since M(A) is a monotone class, we have
M C M(A). This implies that each B € M is contained in M(A) and so
A € M(B). This yields A € M(B) and so M C M(B). This proves M is
closed under intersections and differences, i.e., if A, B € M, then AN B and
A\ B are in M. Since X € A C M we see that M is closed under taking
complements. O

The following theorem can be considered as the “baby” version of Fubini’s
theorem.

4.5.6 THEOREM Let (X, A, 1) and (Y,B,\) be o-finite measure spaces. For
all B € A® B the functions

= AN E;) and  yw— u(EY)

are measurable and

(x N(E) = [

X

NE:Jdu(o) = [ W(EiNG).

Y

Proof. Define the family £ as the family of all subsets of F € A® B for which
the theorem holds. Suppose first 1 and A are finite measures.
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Chapter 4. Integral

To prove £ contains all measurable rectangles, pick E = Ax B with A € A
and Be€ B. Ifye Y, then FY = Aify € Band EY = 0 if y ¢ B. This
implies p(EY) = p(A)xp(y). Similarly we see A(E,) = AN(B)xa(z). Hence, if
E = A x B is a measurable rectangle, the functions x — A(E,) and y +— pu(EY)
are A and B measurable, respectively. By integration we see

J AEduta) = ) 7B) = [ u(Eaxw)
sothat £ € £. If C'and D are disoint, then fCUD = fc + fD implies that £ also
contains all finite unions of disjoint measurable rectangles. Hence, by Propo-
sition the algebra & generated by the semi-algebra of all measurable
rectangles is contained in &.

We claim £ is a monotone class. If we prove this, then the monotone class
&’ generated by & equals A ® B by the Monotone Class Lemma [4.5.5 Then
the proof will be finished since AQ B=& CE C AR B.

Pick an increasing sequence (E,) of sets in £. Denote by E the union
U,, En. For each y € Y the sequence (£Y) is increasing and EY = |, EY.
Since the functions f,(y) := u(EY) are measurable and f,, converges pointwise
to the function f(y) := p(EY), the function f is also measurable, so that by
the Lebesgue’s Monotone Convergence Theorem we have

[ wEarw) = lim [ u(EDaNG) = i (e N(E) = (0 x (B,

n—oo Y n—oo

Similarly we can prove g(x) := A\(E®) is measurable and that

/X NE)du(x) = (1 x \)(E)

which proves F € £. To prove that £ is closed under taking intersections
of decreasing sequences, we use Lebesgue’s Dominated Convergence Theorem
[4.3.4] This is legal since measures p and A are finite.

Suppose X and Y are o-finite measures. Then X = [J, X, and ¥V =
U, Y, for some increasing sequences of sets with finite measure (X,,) and (Y;,),
respectively. Pick £ € A® B. Then the set EN (X, x Y;) is contained in the
o-algebra A|x; ® Bly, so that the functions x — A(E,NY}) and y — pu(EYNY;)
are measurable on X; and Y}, respectively, and we have

(e x NEN (X x V) = [

X

ME, NY;)du(z) = / n(EY 0 X;)dA(y).

Yj
Extend these functions by zero on Y and X%, respectively so that we obtain
measurable functions ¢; and ;. Since ¢; and v, converge to z — A(E;)
and = — p(EY), respectively the limit functions are A and B-measurable, re-
spectively. An application of the Lebesgue’s Monotone Convergence Theorem

[4.2.3] completes the proof. O
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4.5. Product Measure

4.5.7 TONELLI-FUBINI’S THEOREM Let (X, A, ) and (Y,B,\) be o-finite
measure space.

(i) For any measurable function f: X XY — [0,00] the functions g(x) :=
[y fo(y)dX(y) and h(y) == [, fY(x)dp(x) are measurable with respect to
A and B, respectively, and we have

[ tamdix @ = [ [ ena )i

- 7(7ﬂawwuﬁxw

(ii) For any L'(u x \) we have f, € L*(\) for almost every x € X and
f¥ € LY () for almost every y € Y. The functions g and h from (i) are
in LY(p) and LY(N), respectively and the conclusion from (i) holds. The
same conclusion holds also if we replace f € L'(jux \) by the assumption
that f is measurable and at least one of the repeated integrals

/(/\f(x,y)!dA(w)du(x) and /</]f(x,y)\du(x))d)\(y)

X Y Yy X
is finite.

Assertions in (i) and (ii) are called Tonelli’s and Fubini’s theorem, respec-
tively. Tonelli’s and Fubini’s theorem state that under appropriate conditions
double integral equals to any of the repeated ones.

Proof. (i) If f = xg for some F € A® B, then f, = xg, and f¥ = xpv. Also
g(x) = [y fo(y)d\(y) = A(E,). Similarly h(y) = p(EY). In this case Tonelli’s
theorem reduces to Theorem . By linearity (i) also holds for nonnegative
measurable step functions.

If f: X xY — [0,00] is a measurable function, find an increasing se-
quence (s,) of measurable step functions which converges pointwise to f.
Then g,(z) == [;(sn)2(y)dA(y) increases to g and so g is measurable. By
the Lebesgue’s Monotone Convergence Theorem we have

‘/f@wﬂkamnwzhm a2, )1 % N)(2,9)

n—o0

) = lim Xgn(:c)du(x) = [ g(x)du(x)
:/</ﬂ%wM@OWW)

95



Chapter 4. Integral

The reader can similarly prove the remaining part of (i).

(ii) In the general case, by writing f = Re f +iIm f it suffices to consider
only the case when f is real. If f is real we can write f = f* — f~ so that we
only need to consider the case when f is nonnegative.

If f e L'(u x \) is nonnegative, then (i) implies [ g(x)du(x) < oo, so
that g(z) < oo for almost every z € X. This means f, € L'(\) for almost
every x € X. Similarly f¥ € L'(u) for almost every y € Y. O

o6



5 Complex Measures

5.1 Variation of a Complex Measure

A complex measure on a measurable space (X, .A) is a countably additive
map A: A — C. Countable additivity means

A\ [j A) - iMAn)

for an sequence of pairwise disjoint sets in A.
Observe, that if we take A, = ) for each n € N, on the account that A
maps into C we have A(()) = 0. Also, since for any permutation 7 of N we have

g AMAn) = A(Qf“n) = A(QAM)) - gA(Awm)),

the series > A(A,) is absolutely convergent.
n=1

5.1.1 EXAMPLE Let (X, .4) be a measurable space with with a positive mea-
sure p. For any function f € L;(u) we define

(f - 1)(4) rz/Afdu (Ac A)

Then f - p defines a complex measure on A. Usually we will denote this
measure by fu instead of f - . Sometimes we will also write fdpu.

The following proof is very similar to the proof in the case of positive
measures. The proof is omitted.

5.1.2 PROPOSITION A finitely additive function \: A — C is a complexr mea-
sure iff X satisfies one of the following:

(i) For any increasing sequence (A,) of sets in A we have )\( U An> =
n=1
lim A(A,).

n—oo

(ii) For any decreasing sequence (A,) of sets in A we have A( N An) =
n=1
lim A(A,).

n—oo
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Chapter 5. Complex Measures

If (A,) is a sequence of pairwise disjoint sets in A and A = J, A,, then
(A,) is called a countable partition of A. If ) is a complex measure on A,
we define its total variation |\| as

A[(4) = Supz [A(A

where the supremum runs over all countable partitions of the set A. Since
{A,0,0,...} is a countable partition for A we have |A\(A)| < |\|(A).
Given a complex measure A on a o-algebra A, one can define

(ReA)(A) :==Re A (A4) and (ImA)(A) :=Im A(A).

Then Re A and Im A are complex measures with values in R. Complex measures
with values in R are called real measures . Real measures Re A and Im A are
called the real part and the imaginary part of \. A complex measure \
always satisfies |A| < |ReA| + |Im A|. To see this, pick B € A. Then

IAN(B)| = |Re(B) +iIm A\(B)| < |Re(B)|+ |Im(B)|.
If (A,,) is countable partition for A, then

D AL <) ReA(A HZ’IW o) < ReA(A) + | Tm A|(A).

n=1
This immediately yields |A[(A)] < |ReA[(A) + |Im A|(A).

5.1.3 THEOREM For any complex measure X the total variation |\| is a finite
positive measure.

Proof. We first prove that || is a positive measure. It is obvious that |A|(0) =
0. Let A be the disjoint union of a sequence (4,) in A. Pick € > 0. For each

n € N pick a nonnegative real number a,, < |A|[(4,) and a countable partition
(A,;) for A, such that

Then the family (A, ), ; is a countable partition for A, from where it follows

) 2 3530 M) 2 P =
n=1 j=1 n=1

Letting a,, — |\|(A,) for each n € N and then ¢ — 0 we obtain

AI(A) = ZI/\I

o8



5.1. Variation of a Complex Measure

To prove the converse inequality, pick a countable partition (B;) for A.
Then (B; N A,) is a countable partition for A,,. Since

S NB)I =3 <3S AN B < 3 AIA).

n=1 j=1
By the definition of the total variation we conclude

e}

> AB;NA)

n=1

A< D IA(A).

To prove that |\ is finite, from the decompositon A = Re A + iIm A\ we
conclude that we only need to consider the case when A is a real measure.
Assume |\|(X) = oo. Then there exists countable partitions (X,) of X with
arbitrary large sums of the series Y~ | |A(X,)|. Let (X,,) be any such count-
able partition of X. Define

S={neN: A(X,) >0} and T:={neN: \X,)<O0.

Since

DX =D A = A,

nes neT

at least one of Y A(X,,) and Y  A(X,) is large by absolute value. This means
nes ne’l
that the measure of at least one of the sets |J X,, and |J X, is large. This
nes neT
means that in A there exists a set Y; such that |A\(Y})| is arbitrarily large in

absolute value.
Define A; = X and find Y; € A such that

A= [A(AD] + 1.

Since |A[(A; \ Y1) + |A|(Y1) = |A|(A1) = oo, the measure |A| of at least one
of the sets Y7 and A; \ Y] is oo. Denote this set by As. Then |\|[(As) = oo.
If Ay = Y7, then obviously |A(Ag)| > 1. If Ay = Ay \ Y3, then [A\(As \ Y1)| >
[IA(Y1)| — |A(A1)|| > 1. Hence, in any case we have |A(Ag)| > 1.
Since |A[(A2) = oo, there exists a measurable set Y3 € A with Y, C A,
such that
A(Y2)[ = [A(A2)[ + 2.

Similarly as above we can see that one of the sets Y, and Ay \ Y3 which we
denote by As satisfies

[Al(As)] =00 and  [A(A3)] > 2.
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Chapter 5. Complex Measures

Proceeding by induction we can construct a decreasing sequence (A,) in A
with A(A,) > n — 1 for each n € N. Since A is a real measure, the set

A:= [ A, satisfies
n=1

A=A N 4.) ‘ ~ lim \(4,)] = .
This contradicts the fact that A(A) € R. O

The set of all complex measures on (X, .A) is denoted by M (X). On M(X)
we can define operations

(+ N)(A) == u(A) + A(A) and (@) (A) == aA(A).

It is easy to see that M(X) is a vector space. For A € M(X) we define
A= A CX).

5.1.4 THEOREM The space of all complex measures M(X) equipped with || - ||
is a Banach space.

Proof. 1t suffices to prove that every absolutely convergent series in M (X)
converges in M(X). Let (\,) be a absolutely convergent series in M (X).
Then

[e.9]

D Aal(X) < o

n=1

Hence, the series
ME) = M(E)
n=1

converges in C for each £ € A. The reader should check that A is a complex
measure and that A is the limit of the sequence of partial sums of the series

S A in M(X). 0
n=1

5.2 Absolute Continuity and Mutual Singularity

Let 1 be a positive measure and suppose A is either a complex measure or a
positive measure on a o-algebra A. The measure A is absolutely continuous
with respect to p if pu(A) = 0 implies A(A) = 0. If X is absolutely continuous
with respect to p, we denote it by A < pu.

5.2.1 LEMMA )\ < p iff [\ < p.
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Proof. (=) Suppose p1(A) = 0. Pick any countable partition (A,,) for A. Since
p(A,) =0, we have A(A,,) = 0 and so > |A\(A,)| = 0. Taking the supremum
n=1

over all countable partitions we conclude |A[(A) = 0.
(<) Since |A(A)| < |A|(A) for each A € A, we conclude that |[A|(4) = 0
implies A(A) = 0. O

The following theorem justifies the term “absolute continuiuty”.

5.2.2 THEOREM Let A and p be a complexr and a positive measure, respec-
tively, on a o-algebra A. Then N < u iff for each € > 0 there exists 6 > 0
such that for each A € A we have |A\(A)| < € whenever u(A) < 0.

The condition in the theorem is called the absolute continuity condi-
tion.

Proof. (=) Suppose pu(A) = 0. Pick € > 0. Then we find 6 > 0 such that
p(A) =0 < § implies |A(A)| < e. Since € > 0 is arbitrary, we have \(A) = 0.
(<) Suppose (AC) is not satisfied. Then there exists ¢ > 0 such that for
all & > 0 there exist a set A € A such that pu(A) < 0 but |A(A)| > e.
For each n € N find A4, € A such that u(A,) < 5= and [A\(A,)| > e For
each n € N define the set B, = (U, Ax and note that u(B,) < 5. Define
A =2, By. Since the sequence (B,) is decreasing, we have u(A) = 0. On

the other hand,
A(A4) = Tim [A/(B,) = M(A2) 2 A(AL)] > ¢

implies |\| € p. By Lemma we conclude \ € p. O

A positive or a complex measure A on a o-algebra A is said to be con-
centrated on the set A € A whenever \(B) = A(BN A) for each B € A.
Measures A and p are mutually singular whenever they are concentrated
on disjoint sets. Mutual singularity of ;1 and A is denoted by p L A.

5.2.3 PROPOSITION Let \ and i be two complexr measures.
(1) If A is positive, then X is concentrated on A iff \(A°) = 0.
(ii) A is concentrated on A iff |A| is concentrated on A.

(i) A L p iff there exists A € A with |\|(A) =0 and |u|(A°) = 0.

5.3 Positive and Negative part of a Real Measure

Let A be a real measure on (X, A). A set P € A is said to be \-positive
whenever A(B) > 0 for each measurable subset B C P. Similarly we can define
A-negative sets. A set N € Ais A\-null if \(B) = 0 for every measurable set
B C N. 1t is obvious that a set is A-null iff it is A-positive and A-negative.
Also, a set N is A-null iff |A\|(N) = 0.
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5.3.1 LEMMA If X is a real measure on (X, A), every measurable set A con-
tains a A-positive set P with A(P) > \(A).

Proof. We first prove that for each € > 0 there exists a measurable subset
P. C Awith A(P.) > A(A) and A\(B) > —e for each measurable subset B C P..
If this is not true, then there exists € > 0 such that for each measurable subset
C C A with A\(C') > A(A) we would have A\(B) < —e for some measurable
subset B C C.

First find B; C A such that A\(By) < —e. Since A\ By satisfies A\(A\ By) =
AA) — A(B1) > A(A), there exists By C A\ Bj such that A\(B;) < —e. By
induction we find a sequence (B,,) of pairwise disjoint measurable subsets such
that B, C A\ (ByU---UB,_;) and A\(B,,) < —e. Then the set B := |, B,
does not have a real measure since \(B,,) # 0.

For each k € N we can find a sequence (P) of measurable sets such that

ADP 2R 2
and A\(FPy) > )\(A) and A\(B) > —+ whenever B is a measurable subset of Pj.

Define P := ﬂ P;. Then A(P) > M(A) and if B C P, then A(B) > —4 for
each k nnphes )\(B) > 0. Hence, P is A-positive set. ]

5.3.2 THE HAHN DECOMPOSITION THEOREM For each real measure A on
(X, A) there exist a \- -positive set P and a A-negative set N such that PUN =
X and PN N = 0. If P and N is another pair, then PAP and NAN are
A-null sets.

Any pair (P, N) which satisfies the Hahn Decomposition theorem is called
the Hahn decomposition of a real measure \.

Proof. Let us define
s:=sup{A(A): Ais a \-positive set}.

Let (Pg) be an increasing sequence of A-positive sets with A(Py) 1 s. Define
P =, P,. If AC P is measurable, then

A(A) = imA(P, N 4) > 0,

so that P is A-positive. It is obvious that A(P) = limy A(Py) = s.

We claim that the set N := X \ P is a A-negative set. If not, there exists
a measurable set A C N with A\(4) > 0. By Lemma there exists a
A-positive set B C A with A(B) > 0. Then P U B is a A-positive set with
A(P U B) > s. This contradiction yields that N is A-negative.
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Suppose Pand N _are another pair of sets that satisfy the conclusion of the
theorem. Then PN N and P N N are A-null sets from where it immediately
follows

AP\ P)+ AP\ P)=APNN)+APNN)=0.
Similarly we can prove A(NAN) = 0. O

5.3.3 THE JORDAN DECOMPOSITION THEOREM For a real measure N\ on

(X, A) there exist unique positive measure A\ and A\~ on A such that \ =
AT — A" and A\t L\

Measures A™ and A~ are called the positive part and the negative part
of a real measure \, respectively.

Proof. Let (P, N) be a Hahn decomposition of A\. Defne AT(A) := A(AN P)
and A7(A4) := =A(AN N). Then At and A~ are mutually singular positive
measures which satisfy A = AT — A\~

Suppose p; and g are positive measures on A with A\ = puy — po and
p1 L ps. Suppose py and po are concentrated on E and F', respectively. By
replacing F with F U (F U F)° we may assume E U F = X. Since (E, F) is
another Hahn’s decomposition of A, we conclude that the set EAP is a A-null
set. Since for each A € A we have

p(A) = m(ANE) = (AN E) — ip(AN E) = (AN E)
=AMANENP)+AMANENP)=XANENP)
=MANE)=XANENP)+ NANE°NP)=AXANP)
= A" (4),

we conclude gy = AT and so py = A ™. O]

5.4 Lebesgue-Radon-Nikodym Theorem

If f € L'(u), then the complex measure fyu is absolutely continuous with
respect to u. In this section we prove the converse statement (see [5.4.3)).
Before we proceed to we need the following result.

5.4.1 LEMMA Suppose p and X\ are finite measures. Then either L X\ or
there ezists € > 0 and E € A such that u(E) > 0 and A > eu of E.

The condition in the preceding lemma yields that E is a positive set for
the real measure A\ — epu.

Proof. Let X = P, U N, be a Hahn decomposition for A\ — %,u and define
P :=J, P, and N := ), N,. Then N is a negtive set for A — L for all n,
so that 0 < A(N) < Lu(N) — 0. Hence, A(N) = 0 and X is concentrated
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on N¢ = P. If u(P) = 0, then p is concentrated on P° = N and so p L A.
Otherwise, if u(P) > 0, then p(F,) > 0 for some n € N and so P, is a positive
set for A — %p. [

5.4.2 PROPOSITION For f € L'(n) we have [ fdu = 0 for each A € A iff
A

f =0 almost everywhere.

5.4.3 LEBESGUE-RADON-NIKODYM THEOREM Let X\ be a complex measure
and let u be a o-finite positive measure on a measurable space (X, A). Then
there exist unique compler measures A\, and \g such that

Ae Lty As L and A= Xy + Ag

and a unique f € L'(u) such that

M(A) = / fdu (A A).

The identity A = A, + A is called the Lebesgue decomposition of \ with
respect to p. The function f is called the Radon-Nikodym derivative of
A with respect to p. The Radon-Nikodym derivative of A\, with respect to u
ish denoted by %. If A < p, then Theorem is called Radon-Nikodym
theorem.

Proof. The uniqueness part: Suppose there exist another pair of complex
measures A, and A, such that A\ = X, + A, A\, < p and X, L p. Since
Ao +As = A =X, 4+ X\, we conclude A\, — X, = X, — A from where it follows
Ao — N, < pand A\, — N, = N, — Ay L p. Hence X, — A\, L X, — A, so that
A = A,. This yields also X, = A,.

Suppose there exists another function fe L' (i) such that A\, = fu = fu.
This means that for any A € A we have

/A fp = /A F.

Then g := f— fsatisﬁes J 4 9dp = 0 so that g = 0 almost everywhere on X by

Proposition . This means f = f almost everywhere on X so that f = f
as elements of L'(u).

The existence part: Given any complex measure v, it is easy to see that
v < piff Rev,Imv < p and that v L X\ iff Rev,Imv L A. Hence, by
decomposing A into its real and imaginary part we may assume A is real.
Given any real measure v, it is easy to see that v < p iff v, v~ < u and that
v L piff v*, v~ L p. Hence, by decomposing A into its positive and negative
part it suffices to consider only the case when X is a positive measure.
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Suppose first that p is a finite measure. Let us define the set
D:={g: X — [0,00] : g is measurable and / gdp < M(A) for each A € A}.
A

We will show that sup D is the required function.
If g1, 92 € D, then g := max{g, g} € D. To see this, define £ = {z € X :
g1(x) > ga(x)}. Then for A € A we have

/ gdp = / grdu + / Godit < ANANE)+AMANE) =)\A).
A ANE AnEe

s::sup{/gd,u: geD}
X

and note s < A(X). Then there exists an increasing sequence (g,) in D such
that [, g.du — s. By Lebesgue’s Monotone Convergence Theorem we
have f € D and [, fdu = s. Define A, := fu. Then A\, < p. Since f € D,
the measure \; := X\ — fu is positive. We claim Ay L p.

Assume )\, [ p. By Lemma there exists € > 0 and E € A with
p(E) > 0 such that the Ay > eppon E. Since exgu < A\s = A— fu, we conclude
(f + exe)n < X Hence, h:= f + exg € D, so that

Define

sz/hdu:/fdu+eu(E)2s.
X X

This is impossible since pu(E) > 0.

For the general case, assume pu is o-finite. There exists a sequence of
pairwise disjoint sets of finite measure (A,) with X = J,, 4,,. Define p,,(A) :=
w(A, N A) and A\, (A) :== AM(A, N A). Then p, and A, are positive measures
with p, finite for each n € N. There exist measures A, , and A, s such that
Mg K fhny Ans L pin and Ay, o + Ay s = Ay, The required measures are

Ag 1= f; Ana and Ag = f; Ans-
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6 LP-spaces

6.1 Convex Functions and Inequalities

A function ¢: (a,b) — R is convex whenever for all z,y € (a,b) € (a,b) and
any A € [0, 1] we have
P((L= Az +Ay) < (1= Ap(z) + Ap(y).

Here —co <a <b<oo.Ifa < s <t<u<b,then by writingt = (1—-X\)s+Au
for appropriate A € (0, 1) and rewriting convexity condition one gets

Pt) = ¢ls) _ plw) = olt)
t—s - u—t

6.1.1 JENSEN’S INEQUALITY Let p be a probability measure on (X, A). If
¢: (a,b) = R is a convex function and if the range of f € L'(u) is contained

in (a,b), then
@ (/fdu) < /(SOOf)du.

Proof. Write t = [ fdpu. Since the function g defined as g(z) = f(z)—a strictly
positive, its integral is strictly positive so that ¢ > a. Similarly ¢ < b. Define

b oy £ 6l0)
s€(ayt) t—s

Since for each s € (a,t) and each u € (¢,b) we have

olt) —pls) _ 5 _ o) = o0
t—s - u—t

9

we get
p(s) = o(t) + (s — 1)
for all s € (a,b). If x € X, then f(z) € (a,b), so that

p(f(x) = (t) + B(f(x) — D).
Integrating the last inequality and using the fact that pu(X) =1 gives

[0 nauz o456 ( [ sau-t) = pto
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Let X = {p1,...,ps} be a finite set equipped by the power o-algebra and
the probability measure. Denote o; = p({p;}) and z; = f(p;) forj =1,...,n.
In this case Jensen’s Inequality yields

@ (Z Oéjfcj> <Y ().
j=1 j=1

Now chose our convex function to be the exponential function, i.e., p(z) = e”.
Denote y; = €%, so that

Yyt <oy o+ Qo (6.1)

holds for any positive numbers y1,...,y,. Take a; = --- = «,, = % to get the
classical Arithmetic-Geometric Mean Inequality

n/—yl.._‘.yngw.

Finally, in (6.1]) take n = 2, y1 = P, yp =y, oy = 119 and ay = %. Then we
get the Young Inequality
p q
xy < 4L
p q

The following lemma can be proved by standard methods of calculus.

6.1.2 LEMMA In Young’s inequality the equality occurs iff xP = y1.

6.2 [P-spaces

Let (X, A, ) be a space with a positive measure. For each p € [1,00) let LP(u)
be the set of all measurable functions f: X — C such that |f|P € L'(u). For

f € LP(u) we define
1= ([ 16Pdn) "

If feLP(n), then A\f € LP(u) for any A € F and [|Af][, = |A| || fll,- Suppose
that f and ¢ are in LP(u). Since the function ¢ +— ¥ is convex on [0, 00) for
p € (1,00), for z1,29 > 0 we have

(x—;x)<x_+$_

This yields that
I +gllr = / 4 g dp < 2 / (7 + lgP) du < oo,
X X
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so that f 4+ ¢g € LP(u) as well. This proves that LP(u) is a vector space. The
quotient vector space LP(u) := LP(u)/~ where ~ is the equivalence relation
which identifies almost everywhere equal functions from LP(u) is again a vector
space. Our goal is to prove that || - ||, is a complete norm on LP(u), i.e.,
(LP(w), |- |lp) is a Banach space. Once we prove that || - ||, is a norm on LP (1),
completeness will follow from similar arguments as in the proof of completeness
of L'-spaces. The only difficult thing that remains to be proved is the triangle
inequality for || - ||,

If a pair of numbers p,q € (1,00) satisfies zl) + % = 1, then p and ¢ are
called conjugated exponents.

6.2.1 HOLDER’S INEQUALITY Let p,q € (1,00) be conjugated exponents.

Then A A
\ [ goaed < ( [1sran)" ( [1oran)

for all f € LP(u) and g € Li().

Holder’s inequality yields that whenever f € LP(u) and g € L9(u), then
fg € L'(p) and [fgli < Ifllllglle- When p = ¢ = 2 we get the Cauchy-
Schwarz inequality for the Hilbert space L?(j).

Proof. Assume first f and g are nonnegative. Denote

A:(/ﬂ@y and B:(/fmf.

If A=0or B=0, then f =0 or g = 0 almost everywhere and the inequality
holds. Assume A, B > 0. If A = oo or B = oo then again the inequality holds.
Assume now A, B € (0,00). Define functions F' = % and G = %. By Young’s
inequality we have

FP q
0§FG§—+£.
p q

Since [ FPdp = [ GYdp = 1, by integration we obtain

1 1
/(FG)du§—+—:1.
p q
This yields [ fgdu < AB.
In general, |f| € LP(u) and |g| € L9(u) yields |fg| € L'(n). Now apply
Proposition [4.3.3] O

Suppose f, g # 0 almost everywhere. An examination of the proof of Hélder
inequality yields that we have || fg|l1 = || flyllg]l4 iff the equality
Fr G

+ R

FG=—
p q
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holds almost everywhere iff F? = G holds almost everywhere. Finally, || fg|/1 =

| flipllgllq iff f7 = ag? holds almost everywhere where a = ||||£‘H? If f=0or

Q|

= (0 almost everywhere, then the equality obviously holds.

6.2.2 LEMMA Let p,q € (1,00) be conjugate exponents. For each f € LP(u)
we have

£l = p{] / fgdu' g€ L), llgll, = 1}.

Proof. If f = 0 almost everywhere, then the equality in the lemma is obvious.
Denote by s the supremum from the lemma. By Holder’s inequality we imme-
diately conclude s < ||f||,- To prove the converse inequality we will actually
find g € L9(p) with ||g||; = 1 such that [ fgdu = || f||,- Define a function g on

X as o
G L I
g(z) =4 T @l fl@) #0
0 : flx)=0
It is easy to see that ||g||, = 1 and ffgd,u —If Il .

6.2.3 MINKOWSKI’S INEQUALITY Ifp>1 and f,g € LP(u), then

1+ glle < [1f 1l + llgllp-

Proof. If p = 1, then this is the triangle inequality for L!-functions. Assume
p > 1. Take h € L9(u) with ||hl|, < 1. By Lemma we have | [ fhdu| <
11, and | [ ghdp| < ||g|l, from where it follows

[+ ] < 151, + ol

Apply Lemma once more. [

Now we introduce the class of essentially bounded functions. A function f
is essentially bounded whenever there exists M > 0 such that |f| < M for
almost every x € X. We define

| flloo :=1nf{M >0: |f(z)] < M for almost every = € X}.

It is easy to see that |f| < ||f|le almost everywhere. The number ||f| is
called the essential supremum of |f| and is sometimes written as

[1flloo := ess sup,ex [ f(2)]-
The space of all essentially bounded functions is denoted by L (u).

6.2.4 LEMMA If f € L>®(u), then |f(x)] < ||flleo for almost every x € X.
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Proof. The set

Ani={z e X+ |[f(@) > Iflls + 3}
has zero measure. Define A := (), AS. Then pu(A°) = 0 and if z € A we have
|f(@)] < || flloo + % for each n € N. This yields | f(z)| < || || for almost every
reX. [

Holder’s inequality can be extended to functions f € L'(u) and g € L>(u):
1fglly < gl f1]5-

6.2.5 PROPOSITION Let (f,) be a sequence in L™®(pu).

(i) If (fn) is Cauchy in L>=(u), then there exists A € A with u(A¢) =0 and
(fn) is uniformly Cauchy on A.

(i) If fn — f in L*°(u), then there exists A € A with u(A°) =0 and f, — f

uniformly on A.

Proof. (i) For m,n € N define

Apm ={r € X+ [fa(@) = fm(@)| > [ fn = fmlloc -

Then p(A, ) = 0 for all m,n € N. Define B := {J,;,,_; Amn- Then p(B) =0
and |f,, — fil < [ fo — finllo on A= B°.
The proof of (ii) is similar to the proof of (i) and is left for the reader. [

Again we introduce the relation ~ on L*(u) such that f ~ g iff f = g al-
most everywhere. This is an equivalence relation. The quotient space L>(u)/~
is again denoted by L*®(p). On L*(u) we define || f||« = ess sup,cx | f(2)]-
The reader should check that ||f||o is well defined, i.e., if f ~ g, then

/1l = 1lglloc-

6.2.6 THEOREM For any p € [1,00] the space LP(u) is a Banach space.

Proof. The case 1 < p < oo is very similar to p = 1 and so we omit it.

Assume p = oo. It is obvious that || f||.c > 0 and since |f(z)] < [|f]le
for almost every x € X we conclude f = 0 almost everywhere, i.e., f = 0 in
L (). Since |f(z) + g(z)| < |Iflloe + |lg]loo for almost every x € X, we have
1F + glloe < [/ loe + gl

Pick any A € C. If A = 0, then [|Af]lec = [A|lfllc = 0. If A # 0, then
IAf(z)] < IA||If]lo for almost every x € X implies ||[Af|lcoc < |A|l|f|loo- The
converse inequality follows from || f|loo < |71|H)‘ flloo-

Now we prove completeness of L>(u). Let (f,) be a Cauchy sequence in
L (). Then there exists A € A with (X \ A) = 0 such that (f,,) is uniformly
Cauchy on A. Since by redifining functions f, on X \ A by zero we do not
affect the corresponding equivalence classes we may assume from the start that
(fn) is uniformly Cauchy on X. This (f,,) converges uniformly to a measurable
function f. Uniform limit of bounded functions is bounded. m
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By Corollary [3.4.2) we already know that step functions are dense in L (y).
However, the same is true in LP-spaces.

Let s be a step function. Then s is of the form s = a;x4, + - + anxa,-
Since [ |s|Pdu = |aq|Pu(Ar) + - - + |an[Pp(Ay), we conclude s € LP(u) iff the
set {x € X : s(z) # 0} has finite measure.

6.2.7 COROLLARY For 1 < p < oo the set of all step functions in LP(u) is
dense in LP(11).

Proof. Suppose p < oco. If f € LP(u) is nonnegative, then there is an increasing
sequence (s,) of step functions such that s, — f pointwise. Since 0 < (f —
sp)? < fP, we can apply Lebesgue’s Dominated Convergence Theorem to
see that s,, — f in LP. The general case follows easily from the approximation
of complex functions with step functions. O

Let g be the counting measure on measurable space (N,P(N)). If 1 <p <
oo, then f € LP(p) iff

DI < oo

If f e LP(pu), then ||f]l, = 0002, \f(n)|p)% < o0o. In this special case we get
the sequence space (7.

When p = oo, we have f € L>(u) iff sup,o\ | f(n)| < oo. If f € L>®(u), we
get || fllo = sup,ep |f(n)]. In this special case we get the sequence space (.

6.2.8 COROLLARY For1l < p < oo the space P is a Banach space.

6.3 Duals of LP-spaces

A linear functional f: V' — [ on a normed space V is is said to be bounded
if

sup{[f(z)| : [lz]l <1} < oo,
The set of all bounded linear functionals on V' is denoted by V* and it is

called the dual space of V. Given a bounded linear functional f: V — [,
the number

If1] == sup{[f(2)] = [l=] <1}
is called the operator morm of the functional f. It is easy to see that it
satisfies
|/ ()|

11l = sup{[f(z)] - [lz]l = 1} = sup ===
20 ||

6.3.1 PROPOSITION Let V' be a normed space and let f: V — F be a linear
functional.

(i) V* equipped with the operator norm is a Banach space.
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(i) f is bounded iff f is (uniformly) continuous.

Suppose now that p € [1,00] and let ¢ be the conjugated exponent of p.
For f € LP(u) we define the linear functional p; on L9(p) by

= /fgdu-

By Lemma we have that ||pf|| = || f||, whenever p € (1, 00).

6.3.2 PROPOSITION Let p,q are conjugate exponents. Then for each f €
LP(p) the following statements hold.

(i) If p € [1,00), then |lpsll = [ f[|,-
(i) If p = oo, then [psll < [[flloe-
(iii) If p = oo and p is o-finite, then ||ps|| = || f]]co-

Proof. (i) For 1 < p < oo the conclusion follows from Lemma 2. Suppose
that p =1 and take any function g € L'(u). Since

gdﬁf;/medusngmg/|ﬂduzummwfm,
X X X

we have that ||pf|| < || f]l1. We also need to prove the converse inequality.
If f =0, then p; = 0, so that we have the equality ||ps|| = || f|1. Assume
now that f # 0 in L'(u) and take

I@) .
o) =4 T ¢ f@)F0
: f(x)=0
It should be obvious that ||g||c = 1 and that [ fgdu = || f|l;. This implies
that ||pf]| > || f]l1, so that ||ps]| = || f]]1. (ii) Check the proof of (i).
(iii) Assume now p = oo (¢ = 1) and p is o-finite. To prove that ||p;| =
|| flloo, Pick € > 0 and define

F={zeX: [f(x)] = [flle — e}

Then u(F) > 0. Since p is o-finite, there exists A C F with 0 < u(A) < oo.
Define

o= ) AT a@)FS o @) £0
g()_{ i) o lo
Then ||g||; = 1 and so

losll = los(9) ‘/UWDML /wmm—@mznmw—e

Since € > 0 was arbitrary, we obtain that ||pf|| > || f||cc. An application of (ii)
yields (iii). O
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This proves that the mapping f — py is an isometry from L9(y) into LP(p)*
We will prove that this mapping is surjective whenever p € [1,00). Suppose
f € LP(u) and g € L(p) where p,q € (1,00) are conjugated exponents, i.e.,
iy % = 1. Holder’s inequality can be read as

p

1 glls < WA Npllgllg-
Also, if f,g € LP(u), then Minkowski’s inequality can be read as || f + g||, <
/1l =+ llgllg-

6.3.3 THEOREM Let ;1 be a o-finite measure and p € [1,00). Then for each
functional p € LP(u)* there exists a unique function g € Li(u) such that

p(f) = /ngdu

and [[pll = llgllq-
Proof. Assume first p is a finite measure. Then for each A € A we have
Xa € LP(u). Define

A(A) = p(xa)-
We claim that A is a complex measure. To see this, take a sequence (A,,) of
pairwise disjoint measurable sets and denote their union by A. Then x4 =

X4, the series Z;; X4, converges in LP(u) to xa since
7j=1

> /Xxijduz > u(A;) = 0.

Ixa =Y xallb =
j=1

Since p is continuous, we have
AA) = p(xa) =D plxa,) =D AA).
j=1 j=1

If p(A) =0, then x4 = 0in LP(u), so that A(A) = p(xa) = 0. Hence A < p.
By the Radon-Nikodym Theorem there exists a function g € L' (1) such
that

p(xa) = A(A4) = / gdp = / gxadp
A X
for each measurable subset A of X. We claim g € L?(u). For each n € N define
X, ={z € X : |g(z)] <n}. Since y is finite, the function g, := gxx, € L (u)
for every n. The function g, defines a bounded functional p, on LP(u). If
A C X, is a measurable subset, then

p(xa) = p(xaxx,) = /A gdp = pn(xa).
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This implies that bounded functionals p and p,, agree on the set of all step func-
tions in LP(u|x, ) and since step functions are dense in LP-spaces, we conclude
that p and p,, agree on LP(u|x,) = LP(u)xx, . This yields

lon] 2o (uie) | = Nlgnlxalla = lolequix, lla < lloll-

This means
/ 1917, dit = lgnll? < o]l
X

so that by Lebesgue’s Monotone Convergence Theorem [4.2.3] we conclude
lglly < llpll- This proves that g € L?(p) and that the f defines a bounded
linear functional p, which satisfies p,(xa) = p(xa) for all measurable subsets
A of X. Then p, and p agree on all step functions and since they are dense in
LP(p), we have p = p,.

Assume now that p is o-finite. Then there exists an increasing sequence
(X,,) of measurable subsets of finite measure whose union is X. Since L?(u|x,,)
and LP(X)xyx, are isometrically isomorphic as Banach spaces, we will consider
LP(u|x, ) as a subspace of LP(u). By the case above for each n € N there exists
gn € L (u|x,) such that

p(f)= [ fondu

Xn

for each function f € LP(ulx,) and [y [g.|%dp = ||gall2 < [[pll. Since the
functions g, are uniquely defined almost everywhere, we have g,i1]x, = 9n
almost everywhere. There exists a function g: X — C such that g|x, = g»
almost everywhere. By using Lebesgue Monotone Convergence Theorem once

again we get
[ lolau= tim [ lgnlran < ol
X n—oo X

Take any f € LP(p). Then for each n € N we have p(fxx,) = [y [fgndp.
Since fxx, — f in LP(u) and p is continuous, the left-hand side converges
to p(f). Since the sequence xx, fgn — fg is dominated by |fg| and since it
converges almost everywhere to fg, by the Lebesgue Dominated Convergence
Theorem the right-hand side converges to [ « fadu. O]
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7/ Measures on Locally Compact
Spaces

Throughout this chapter X is assumed to be a locally compact Hausdorff
space.

7.1 Continuous Functions with Compact Support

Let X be a topological space. A set A which contains a point x € X is
called a netghborhood of x whenever there exists an open set U such that
x €U C A. Let X and Y be topological spaces. A mapping f: X — Y is
said to be continuous at a point © € X whenever for each neighborhood U
of a point f(x) € Y there is a neighborhood V' of a point € X such that
f(V) CU. If fis continuous at each point x € X, then we say f is continuous
on X. Continuity is equivalent to the following:

e f~1(U) is an open set in X for every open set U in Y.

If f is continuous at every point x € X, then f is continuous on X.

A topological space X is called Hausdorff if for each pair of distinct
points z,y in X there exist disjoint neighborhoods U and V for z and y, re-
spectively. We say that X is compact whenever every open cover of X contains
a finite subcover. A topological space X is locally compact whenever every
point x € X has a compact neighborhood. If X is Hausdorff, then any point
has a fundamental system consisting of compact neighborhoods.

7.1.1 LEMMA Suppose U is open and K C U is compact. Then there exists
an open set V' with the compact closure V' such that K CV CV CU.

Given a function f on X its support supp f is denoted as the closure of
the set {x € X : f(z) # 0}. The set of all continuous functions with compact
support is denoted by C.(X). Pick any continuous function f: X — [0, 1].
Given a compact set K we denote K < f whenever f = 1 on K. Given an
open set U we denote f < U whenever supp f C U. The notation K < f < U
means K < fand f < U.

7.1.2 THEOREM Let K be a compact subset of a locally compact Hausdorff
space and U O K an open set. Then any continuous function f: K — [0, 1]
can be extended to a function F' € C.(X) such that supp F* C U.
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Proof. First find a relatively compact open set V' such that K CV C V CU.
Let X be the one-point compactification of X. Since K is compact in X, it
is also compact in Xt and hence closed. Since V' is open in X it is also open
in X, so that X\ V is closed in X*. The function g: KU (X+t\V) — [0, 1]
defined as g|x = f and f|x+\v is continuous. Since X is normal (follows from
the fact that Xt is compact and Hausdorff) by Tietze’s extension theorem
there exists a continuous function G: X* — [0, 1] such that G|x = f and
G|x+\v = 0. Denote by F the restriction of G to X. Then F: X — [0,1] is
continuous, F' = f on K and {z € X : F(x) # 0} C V. Since supp F C V C
U, we conclude F' € C.(X) O

7.1.3 URYSOHN’S LEMMA Let X be a locally compact Hausdorff space and

K C U a compact and an open subset, respectively. Then there exists f €
Co(X) such that K < f < U.

Proof. Take f =1 on K and apply Theorem to obtain a function £': X —
[0, 1] with compact support such that F|x =1 and supp F' C U. ]

7.2 Positive Linear Functionals on C.(X)

A linear functional ¢ on a vector space C.(X) is said to be posttive whenever
©(f) > 0 for every nonnegative function f € C.(X). It is easy to see that ¢ is
nonnegative iff o(f) > ¢(g) whenever f > g. Recall that a measure p on X is
Borel if it is defined on Borel subsets of X.

7.2.1 EXAMPLE Let i be a Borel measure on X which is finite on all compact
subsets. Then for any f € C.(X), the function f is zero outside supp f, and
since supp f is compact, f is bounded. This yields that

[ ittdn= [l < o
X supp f

Hence, f € L'(x) and so the mapping

fH/deu

is a well-defined positive linear functional on C.(X).

The Riesz representation theorem will say that every positive functional
on C.(X) is actually defined as the integral over some sufficiently nice mea-
sure. That the measure is sufficiently nice means that it needs to satisfy some
additional restrictions.

A positive Borel measure p is outer regular on a Borel set A whenever

pu(A) = inf{u(U) : U is open and A C U}.
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Similarly we say that a positive Borel measure p is inner regular on a Borel
set A whenever

p(A) = sup{u(K): K is compact and K C A}.

Radon measure is a Borel measure on X which is finite on all compact sets,
inner regular on all open sets and outer regular on all Borel sets.

7.2.2 LEMMA Radon measure is determined by its values on compact sets.

Proof. Take a Borel set A in X. Since p is outer regular, u is uniquely deter-
mined by its values on open sets. Since y is inner regular on all open sets,
is uniquely determined by its values on compact sets. [

7.2.3 LEMMA Let i1 be a Radon measure on X and let ¢ be the positive func-
tional on C.(X) induced by . Then

p(U) = sup{eo(f) - f < U} (7.1)
Furthermore, p is uniquely determined by .

Proof. Denote by s the supremum from lemma. Suppose f < U. Then f <
Xu, so that

SO(f):/de/AS/Xdeu:u(U).

This proves s < p(U). For the converse, pick any compact set K C U and find
a function f € C.(X) with K < f < U. Then yx < f < xpu as above shows
u(K) < o(f) < u(U). Since p is Radon, we have s = u(U). Outer regularity
of p implies that values of ¢ uniquely determine measures of Borel sets. [

7.2.4 LEMMA Suppose ¢ is a positive functional on C.(X) and suppose p is
an outer reqular Borel measure which satisfies (7.1)) for all open sets. Then

p(K) =inf{e(f) : K < f} (7.2)
holds for any compact set K. In particular u(K) < oo for any compact set K.

Proof. Pick € > 0 and f € C.(X) such that K < f. Define U := {x € X :
f(z) > 1—¢€}. Then U is open and if g < U then we have g < li_e This yields

v(g) < %. By the assumption we conclude p(U) < %. If we let € — 0 we
obtain pu(U) < ¢(f). Since K C U we have u(K) < ¢(f) and p(K) < oo.

To prove pu(K) = inf{eo(f) : K = f}, pick ¢ > 0 and find an open set
U which contains K such that pu(K) > u(U) — e. Now find f € C.(X) with

K <X f <U. Then
u(K) > p(U) —e=o(f) —e€

gives the desired conclusion. O
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7.2.5 RIESZ REPRESENTATION THEOREM For each positive functional ¢ on
Ce(X) there exists a unique Radon measure i on X such that

e(f) = /deu

for each f € C(X). The measure p satisfies (7.1)) and (7.2)).

Proof. Suppose there exist two Radon measures 1 and po for which the as-
sertions of the Riesz representation theorem hold. Then assures that p,
and ps agree on all open subsets of X. Since both p; and uy are outer regular,
w1 and pso agree on each Borel subset. This proves the uniqueness part.

The proof of the existence is hard and long. We will present only the main
idea. We define the measure p first on open sets. If U is open in X we define

u(U) =sup{e(f): f U}
If Y is an arbitrary Borel set in X, we define
p*(Y) =inf{u(U): Y C U is open}.

Obviously u* agrees with p on open sets.
Step 1: p* is an outer measure. If one defines

v(Y) = inf{z w1(U;) = (U;) is a countable open cover for Y},
j=1

then v is an outer measure on X by Proposition [2.4.1f The next thing that
one needs to prove is that whenever (U;) is any countable open cover for an
open set U, then

u(U) < ZM(UJ

This would then imply ©* = v and so p* is an outer measure.

Step 2: Fvery open set is p*-measurable. If we prove this, then the o-
algebra A~ of all p*-measurable sets contains the Borel o-algebra B(X) and
1 |B(x) is a Borel measure which agrees on open sets with p. This measure
is outer regular on Borel sets and finite on compact sets by Lemma [7.2.4] By
(7.1) it follows that u*| A, 1s inner regular on open sets. To see this, pick an
open set U which contains supp f. Then f < U implies ¢(f) < p(U), so that
by definition of p* it follows ¢ (f) < p*(supp f).

Step 3: o(f) = [ fdu for every f € C.(X). O
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7.3 Regularity of Radon Measures

A Borel measure p is called regular whenever it is simultaneously inner and
outer regular.

7.3.1 PROPOSITION A Radon measure is inner reqular on every set on which
it is o-finite.

Proof. We first prove that a Radon measure p is inner regular on each subset
Y C X with finite measure. Pick € > 0. Since p is outer regular, there exists
an open set U O Y such that u(U) < u(Y) + €. Since p is inner regular on
open sets there exists a compact set K C U such that u(U) —e < pu(K). Since
p(U\Y) = pu(U) — pu(Y) < e there exists an open se V'O U \ 'Y such that
pu(V) < e The set H := K \ 'V is a compact subset of Y which satisfies

p(H) = p(K) = p(KNV) > pU) — e = p(V) > p(Y) — 2.

If Y is o-finite and p(Y) = oo, then there exists an increasing sequence of
sets Y; of finite measure whose union in Y. By the first case, for each j € N
there exists a compact subset K; C Y such that pu(K;) > u(Y;) — 1. Since
p(Y;) — oo as j — oo, we have p(K;) — oo as j — o0. O

A topological space X is called o-compact if it can be written as a union
of countably many compact sets.
7.3.2 COROLLARY Let i1 be a Radon measure on X.
(i) If p is o-finite, then p is reqular.
(i) If X is o-compact, then u is o-finite and regular.

Proof. Since every Radon measure is finite on compact sets, every o-compact
topological space is o-finite. O

In particular, every Radon measure on a compact topological space is reg-
ular.

7.4 Approximation with Continuous Functions

In the Introductory course to Functional analysis, the completion of the normed
space L2 [a,b] was denoted by L?[a,b]. In this section we prove that the L2-
space from the Introductory course to Functional analysis is actually our space

L?*(m) where m denotes the restriction of the Lebesgue measure m to [a, b].

7.4.1 PROPOSITION For any Radon measure pv on X the set C.(X) is dense
in LP(u) for each p € [1,00).
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Proof. By Corollary [6.2.7] step functions of the space LP(y) are dense in LP(y).
Therefore, the proof is finished once we show that every step function in L?(pu)
can be approximated by functions in C,(X). Since step functions are linear
combinations of characteristic functions, it suffices to consider only the case of
a function x 4 where p(A) < oo. Pick € > 0. Since p is regular on A, there exist
an open and a compact set U and K, respectively, such that K C A C U and
p(A\ K) <eand u(U \ A) < e. By Urysohn’s lemma there exists f € C.(X)
such that K < f < U. Then

a1z = [ D P < U K) < 20 .
U\K

7.4.2 COROLLARY The completion of L?, [a,b] is the space L*(m).

cont

We finish this section with Luzin’s approximation theorem and its conse-
quence.

7.4.3 LUZIN’S THEOREM Let i be a Radon measure on X and let f: X — C
be a measurable function which is nonzero on a set of finite measure. Then
for each € > 0 there exists g € C.(X) such that

p{z e X2 g(x) # f(x)}) <e

and
sup [g(z)| < sup [f(x)].
zeX reX

Proof. Assume first f € L'(u). By Proposition there exists a sequence
(fn) in C.(X) which converges to f in L'(u). Applying we may assume
that f, — f almost everwhere. Since the set A := {z € X : f(z) # 0}
has a finite measure, by Jegorov’s theorem there exists B C A such that
u(A\ B) < £ and that f,|p — f|p uniformly. Find a compact set K C B

and an opengset U 2 A such that u(B\ K) < £ and u(U \ A) < £. Since
falz — f|p uniformly, the function f|p and so f|x is continuous. By the
variant of the Tietze Extension Theorem [7.1.2]for locally compact spaces there
exists h € C.(X) such that supph C U and h|x = f|k. Since {f # h} CU\K,

we have

p{f # 0} < U\ K) <p(UNA)+ p(A\ B) + u(B\ K) <e

We will adapt the function h such that sup,cy |h(z)] < sup,cx |f(z)]. If
sup,cx |f(z)| then there is nothing to prove. Assume ¢ := sup,cy |f(z)| < o0
and define the function ¢: C — C by

z |zl <e
gb(z)::{ci Doz >
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We claim that g := ¢oh is the required function. The function ¢ is continuous,
so that g € C(X) Since g(x) # 0 iff h(xz) # 0, we have supp g = supp h, so
that g € C.(X). If g(x) = f(x), then |g(x)| < ¢, so that g(x) = ¢(h(z)) =
h(z) = f(x). Therefore, g and f agree do not agree on some subset of U \ K
whose measure is less than e.

Consider now the case f ¢ L'(u) and define the set D, = {r € X :
|f(x)| > n} for each n € N. Since (D,,) is a decreasing sequence, (), D, = 0,
D,, € A and p(A) < oo, we have u(D,) — 0. Consider the function ¢, :=
fxpe. Then f and g, agree everywhere except on D,. Find ng such that
w(Dy) < §, Since g, is in L'(p) there exists g € Co(X) such that pu({g #
gn}) < 5 and sup,cx |9(7)] < sup,ex |gn(z)]. Then p({f # g}) < € and
Dy 19(2)] < D [90(@)] < uprey | ()] -
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