
Cardinal Arithmetic-
Hk Hl Kk Hl Kk Hl Hla l 'll
• If X is infinite HNIE HI
• KIK IPXI (Last week )
-
The powerclass operation
I 1-1 PI

induces a corresponding operation on class functions . Given

F : I → I
we define

PF : PE → PI

by
(PF ) ( z ) : = Flt ) (ZEE )

Proposition the operation F H PF is functor ; I - e . ,
• For any E

,
we have ride ) = Idc peg

• For F : I -7 and G : I → I , we have

PCG of ) = G)of E ) : pI → pz



Preposition The operation X APX preserves cardinalsties ; i.e .

.

1×1=141 ⇒ 18×1=1841 ①

It is also monotone

txt e Hl ⇒ Axle IPYI ⑤

Proof
① follows from functoriality because :

If 1×1=141 the, we have f :X→ Y and f
- '
:y→x

s - t . f-
'

of = idx and f- of
' '
= idy . Then

Pff
' ) off ) = Pff- 'of ) =P Cia) = idpx

And

(B) op't f - 1) = . . .
= idp ,

so indeed 18×1=1841 .



② we use functoriality to establish :

l E HIE l 'll ⇒ Ipx I ftp.d ②
i

-

Lemme suppose X is nonempty . Then f :X → Y is an injection
"

÷!!!
- " "" iii.

"

goes. :p:: s f
⇒ suppose x is nonempty and fix → y is injective .

Define g : Y→X by :

""

ti:
"

:÷÷÷÷÷÷::#
" ⇒ /where do is an arbitrary element of X .www.eaia#w,.g.g...;a,y



To prove ②
'

.

Suppose Is HIS HI
so there is some injection f :X → y

By the lemma there exists g : ytx with got = Ide - Then

g) off ) = Pigott = Pick ) = idpx
So Pf : Px → PY has a left inverse . Clearly Px is nonempty .

By the lemma Pf is an injection . So texts IPYI
.

This proves ②
'

.

additional

For ② we just need to consider thefate x -- 0 .
Then

PX = PO = 101 spy
The inclusion function Px spy is trivially injective .

So indeed txt e l 'll . I - e . ② holds -

D



In lecture 1 we defined

E -- I product

× exponential

we now define

It I sum

by :

It I No .nl/xeIJuLlhyllyeI)
where 0=0 and 1=101 Le -g.)

Proposition If x.y are sets then so are XH
,
XH

, I



Given f :X → X
'

and g : Y→ Y
'

, define

ft g : Xt 't → x 't y
'

Z 1-7 { (
O , floc ) ) if 2- = (o, x )

( I , gly) ) if E- ( i , y )

fxg : Xxy → X'x Y
'

Gl
, yl t ( flat , glyl )

gt : yw)
→ Cy 'T

ht (x H g#tall ) )
( h t go hot )

Note that gt reverses the direction of f .



-

Proposition The operations above are functor
'

al i

ie . they preserve identity and composition .

( N - B
.
the operation gf is contravariant in f .

All other cases are covariant . )

Proposition If 1×1=1×11 and ly t - ly 't then :
• Ht 'll = H 't Y

' l

. I I = IX
'
x Y
' I

" H
' I = Kyi)

H 'll

If He Ix 't and l 'll e ly 't then :

'

l Xt 'll E Ix 't Y' I

' IM 'll E Ix ' x Y ' I

' ly
' l s fly,

H 'll except in the case that

X - y
'
= Ix

'



Cardinal.hr#eticlPart2 )

Notation

Htt 'll means Ht 'll

IX. HI means lxxyl

HIM means I -1×1

O means 101

1 means I # I

2 Means 110110511

No means INI



Arithmetical laws for cardinality
-

es
-

• Htt 0 = 1×1 11×1+101
1×+01 = 1×1 )

• HI tl 'll = Htt Kl

• Htt ( Nlt 171 ) = ( HI + HI ) t 12-1

\

• HI . I = txt
• try .ly/=lYl.lX/
• HI . (l 'll - Hlf (I I - H1 ) - 171

? 1×1 . O = O

"

HI . ( Htt IH ) = Htt 'll t Hl -H
-



• 1×1
°

= I

• 1×11411-12-1 = (1×1141) . (1×112-1)
-

• y
' H

= I

i. IH )
"
= Hi

" ' ) . (Al "
'

)

• 1×11 = 1×1

. 1×1
" " " t

= (1×1141)
' " ④

Example proof of
⑧

we need to give a bijection from x
""

to (x'"f
such a bijection is A : x

""
→ Cig

2- defined by :

A !!¥¥
: = (

Iz
'→ (

¥
,

ugly , z ) ) )

Eleni define A
'

:(x'if → x'
"t

and show it is an inverse to A.

Therefore I x'" t 1=1*51
,
i.e . Hi"

""
= (u , "")

"

!

(Cf .
"

currying
"

in computer science . )



The above algebraic laws say that cardinalities

form an ntaeiny

Preposition 18×1=21×1
i. e - i Ipxl = Itami l

Proof Exercise
. D

ordinary
The above laws are familiar front aritmetic

A major way in which cardinal arithmetic differs

from ordinary arithmetic is that cancellation laws fail

e.g , in ordinary arithmetic we have :
-

att = yet ⇒ x
-

- y
x. z

-

- y - z ⇒ sky provided that 2- to



For example

Ot INI = 11N I = 11Mt 1114 but OF LINI

l n INI = 11N ) = 11N . 11N ) but IF HNI

This relies on two important equalities

11N I = 11Mt INI Ho = Xo t Xo

11N I = HNI . I INI Xo = Xo " Xo

we say that txt is its ownsqnare-i.ir
1×1=1×1 . HI

Lennie It IN 22 and Hl is its own square then

• X is infinite
,

and

• 1×1=1×1+1×1 .



Prost Easily txt Ekltkl

For the converse

lxltlxl = 2. txt f Hl . HI = HI

By Schroder - Bernstein 1×1=1×11-1×1

Let f : xtx → X be some bijection

the f [40,041 x ex) ) is a proper subset of X

that is in bijection with X - Hence x is infinite . D

Proposition If 2e 1×1 and Kl is its own

square then 21×1 is also its own square .

Proof 21×1.21×1 = 2
" ""

= 21×1 .
D



theorem Is. txt is its own square and YEX

is such that Hla txt then K-YI - Kl .

Root consider the composite function

y E) x txxx
"

×

where f :X → xxx is a bijection .

Because Nlcs IN the above function is not a surjection .
So there exists do ex not in the image
'

'

l - l
-

I for every yty , we have fly) - la , ,k ) where I, f Xo
we therefore have a function

x xxx - f

which is obviously injective .

f is a bijection
←

Henie
1×1 E f xxx - f I = K- YI

Trivially K - YI e txt .

So indeed 1×1=1×-41 Sys-B . D


