
A recap on orders
-

strictpartial
non-stictpartia-odeirref.iexivity : a doc reflexivity : xex
transitivity : occurs ⇒ o ta:

"

jinni;?!; ⇒

''

II;(it follows that 710kg n ye x ) )
-strict ant non - strict orders are interdefinable :

xsy ⇒ asy n a # y

KEY ⇐ sky v a =y
.

.

-
A totaled (also linearorden ) is a partial order t

trichotomy : x ay v x=y vysx / totality : xsy v ye x

-

suppose E is a partial order on a class I
For a subclass A-EE we define

A-Ex ⇐ taek a Ex la is an appeared off-or) I )
< <

a strictupperbound
The Supreme (leastpaperbound ) of A- is an element. sup A- c-I sit .

If Supt and the-I (A-Ex ⇒ supA- ex )
The supremum need not exist

. If it exists it is unique .



Recap continued
- -

For XEI we define

+ x : -- {yet ) yea) strict dam - closure
-

tix : : { YEE ly Ex } stricture
For A- EE we similarly define

+ A- : -- { yet taxed yea )stiitdoun-clodhret.tt: : { yet 17*1 YER } (non-standard



Ordinals
Last weeks : 1×1=1-11 etc .
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An ordinal structure is given by a class Ord , a partial
-

Order s on Ord
,

an element of Ord
,
class functions

S : Ord → Ord
, sup :PCord ) → Ord satisfying :

• o is the least element of Eid
txt Ord Of a

• S is a successor operation
-

*s Sla) and tiptoe as p ⇒ Sk) EP
• Sup is a supremumopera.fi# on Ord

,
i-e . .

Fsu buts AE 01 A E Sup A
and tis tord Aep ⇒ supA EP

(F. I .)• The principle oftranstiniteiionfhdds.ie .

.

If I E Ord is such that

• O E I (Base case )

• atI ⇒ SH ) EX
-

(step case )
• For every subset AEI

,
we have sup A t k (Limit case)

Then I = od
i

-

N0tht To ease readability we write we write sy¥4
'

meine
'

i'a
'

ii:: ".¥÷¥!¥iH
byAlso given a set I and a family fail ; (givenHy : I -101 )



Proposition E is a linear order on Orde
-

Ploof Let peed be arbitrary .

We prove xsp or Pex for all at Ord , by T.IE on a

Bauchi - Trivially offs .

Step suppose a Ep or pea (induction hypothesis )
R - t - p . htt EP or PE att

-

In the cause that AEI :

either 9=13 or att s p because Htt is a Sklenar .

so BE att or att Ep as required -

In the case that Pfe : we have peas aft .
So BE att .

Limit case
- Suppose A is a set of ordinals satisfying

the A ( afp or Psa ) ④

Rtp . supAsp or p s sup A
By ④ either Ittxtaxsp )

or ( Iaea pg , ) (
Thi ' "e' "

'

g )
/

In the first late Asp hence sup .AE P .

In the second case peas sup A
.

So indeed rep or pea tap as required D



Proposition For every ordinal x , the class da is a set
.

Root transfinite induction on a .

Base case a-o# to = 0 which is a set
.

Stepan suppose ta is a set .

Then Hati ) = (ta) uh } ,
which is a set .

Limit Suppose Ae Ord is a subsets. t.la is ant for all at A .

Then d ( sup A) = U { to txtA )
,
which is a set

.

D

theorem Orde is a proper class .

Proof If Ord were a set
,
we Could define

x : - sup 01 C- Ord
,
hence htt t Ard

att f sup Ord = a s htt

T T
a contradiction ! D



The ordinals separate into two kinds

* tord is called a sml if there

exists dead with a = x 't '
.

xtord is called a limit ordinal
-

if there exists

a subset Aeta with x -- sup A

(equivalently it x -- sup da )

Proposition Every ordinal is either a shallow
-

ordinal or a limit ordinal (but not both )
Proof Again transfinite induction . Exercise

. D



Two reformulations of transfinite induction
.

Transfinite induction ( successor I limit version )
-

If I E od satisfied

(base ) • OEI
Http) . at I ⇒ att t I

Clinitl . THEE ⇒ tee where I > o is a limit ordinal

( if att for all ash then Atx )
Then I -- Ord .

-

Transfinite (uniform version )
If I E Ord satisfies

• tx EI ⇒ at I for all ordinals d

( if PTI for a " p ca then at E)
Then I = Ord
-

.



\

The class Ord has Ot Ord and S : Ord-101
So by the recursion theorem for IN there is ii. IN → Ord

ilo ) -- o icnti ) = ill + I lie stil.nl)
Tian Kin Ord

w :-. Sup ik)
ht IN

÷

Transfinite recursion theorem
-

Let A- be a class with att and class functions F →I
and L : PA → I . There is a unique class function

T : Ord → I

satisfying
Tco) = a

T Cain ) = F ( T K ) )
T H) = tfltx) last)) also a limit ordinal

-

Corollary Any two ordinal structures are isomorphic .

-
Exercise formulate and prove - adapt lecture 2 .



Outline proof of TRT
-
-

An approximation is a function t : tr →A for some toad

that satisfies

0<8 ⇒ t Io) = a

att ar ⇒ tktl ) = F (th) )
is r ⇒ TH ) -- L 4th, tasty) no a limit ordinal

By TI . (successor I limit version on x we prove )

For every dead there exists a unique approximation
ta: ta → I .

For every X define :

i

Tld = t.at , (x )

This satisfies the required conditions
.

For uniqueness , suppose T ' : Ord → A satisfies the conditions
then we prove T

'

HH TK) for all x , by T.I (shallin version)
D



Parameteris ed transfinite recursion theorem
-

Suppose A- and I are classes with class functions

13 : I -71 ,
F : ItA- → A and L : I × PA → A-

There is a unique class function T : Exod → I satisfying :

Ttt, o ) = B H )

T Hiatt = F (z
, TH , a ) )

T Hill = L (z , { Tiz ,d la , if ) also a limit ordinal

-



Using the parameter'sed transfinite recursion theorem we

define T : od x od → Ord using

B (x ) = a

F la , B) = Atl

L (x , A) = sup A

Then T : ordxord → Ord is the unique class that
-

on S -t .

T (x, o ) = X

T (x , Bti ) = F la
, IK, p ) ) = TH

, p ) ti

T (a. 1) = LK
, LTK.pl/pstH=ShplTk,BllPHI

we have defined ordination xtp as the

unique class function c.) th : ordxord → 01 satisfying
Xt O = A

+ (pti)
= Ktp) 't l fat Sfp) = Sfatp ))T T T 'Ts on Ord+ being so. od t being

defined defined

a- tf = Sup atp
pet

-ftjust defined
It follow that att = flat
-

Exercise : It w = w * wt , Cf . Cardinal arithmetic

ordinal ( It to = No = Hot I

Addition is not commutative



Similarly define ordinal multiplication f-t.tl:0#xord-soe
X . O = O

x. (Pti ) = x.p t x

x . I = sup x. p Iso a limit ordinal
pet

Exercise : 2. w = W ¥ Wthr = w . 2

ordinaltiplication is not commutative

Ordinal exponentiation c. Y
' )

: ordeal → Ed
go =

1×43+11
= QB

.
X

x
"

= sup x B Iso is a limit ordinal
pet

Exercise w
'
= w . W t w Cf . Xo

'

= Xo - Ho = No

w = 2W =/ Ww Cf . Xo 't z
"
= x'To



Construction of an ordinal structure
-

Recall the von Neumann numbers

0 = 0
= or

I = Its = lol

'

:

n.tl = n u { n ) -

- lo, I , -i , n )

:

W -- Lo , I . . . - in ,
- . . . I (= VN )

WH = to, I , . - r , n , -- , w }

A von Neumann ordinal is the set of all strictly smaller
von Neumann ordinals -

0=0

Ytl = X u { a) = : ht

sup A = UA

^"t"""*"""""if for every YEX satisfying :

Cig ①ex ⇒ * y ; hit yzey ( zte , ⇒ ztey ) and \Liii ) tw EY ( Uw ex ⇒ Uwe Y )
'

it holds that Y -- X .

-

theorem The class word (of all UN ordinals ) together
with or , C- It :vNId→ UNI

, U : Punch tried
is an ordinal structure . D


