
Lecture 6 : well- orders

Functions between partially ordered sets (recap)
--

Suppose X , Y are partially ordered sets
and f : x→ Y is a function

• we say f is monotone (increasing , order preserving )
if Oka ' ⇒ fla ) E flat )

• we say f is strictly monotone (strictlyincreasing , etc -t
it xcx ' ⇒ flats flit

.

' If f- is strictly monotone then it is monotone .

' If f is Monotone and injective then it is strictly monotone .

• Is. X is a linear order then f is strictly monotone

iff it is an order embedding :

m f is an Corder ) embedding is. ok x
' ⇐Half f- lol ' )

( n. Every embedding is jetties .
'
'

corded
'

tht
is monotone and

*

f- is an hikerphism if there exists a (necessarily unique)
Monotone f

- l
: Y -1 X such that f-

'

of -- id, and f-of
"

= id y
.

[ Every isomorphism is an embedding . )
Corder )

. And automorphism is an isomorphism from a partially
ordered set to itself



Prologue : The least ordinal property
- -

Principle of transfinite induction (uniform version ) :

If E E Ord salsifies :

Vx cord it @pea pet ) then ate

Then I -- Ord .

Proposition (The least ordinal property )
If I E Ord and E is nonempty then

I has a smallest element ( that is there exists

* c- I sit . tptt the B ) .

Proof Suppose I E Ord and I does not

have a least element
. Then we thou that 1=0 .

Deline 1=01 - E
we use TI to show that I = Ord hence 1=0 .

Suppose x C- Id is Shih that Vika DEI .

If 1341 then P bould be the smallest element of I .But I has no least element
.

So 13 C- I .

By TI . 1=01 .
Hence 1=0 . D



Proposition consider the following 3 statements regarding
a relation RE xxx (where , for convenience, X is a set )

1
.

For every subset 2- EX if why, HER
• for all seek it for all yet, yRx implies yet ) then at Z ⑦

then Z -- X
.

2 . For every nonempty subset ZEX, there exists an R-minin.at
element 2- TZ ( i.e. , z

'

e 't we do not have 2-
'

Rz ) .

3 . There is no R-dig infinite sequence in X

(An R-dig sequence is an
'

- IN→ X satisfying

for all n ,
'

dat , R an . )

Then ①⇐ ② ⇒③

( furthermore ③ ⇒ ② if we assume the axiom of

dependent choice ! ) e- Leave IT a future lecture

Boot ①② similar to the proof above about ordinals
.

②0 Suppose ②
Also suppose Z EX satisfies ① - we need to prove E- X .

Supposing . Then Y X-Z is nonempty .

So Y has an R-minimal element x ( by 2) .

So for all yet we have y Roc ⇒ yet y ie
. yet .

By ④ at Z ; i - e -

, act Y .

A contradiction
.

Therefore indeed Z -- X .



suppose 2 .

Suppose that 04 .) : IN→ X is an R - decreasing queue .

Then { x. In c- IN } EX has no R - minimal element .

D

-

Definition A relation Re xxx is said to

be well-founded if property 1 (equivalently 2)
of the proposition above hold

.

-

corollary of the proposition above
-

If R is a well - founded relation then it is acyclic
,'

lie .

, there is no finite sequence of elements ai , ---ihr et
s - t .

A
, Rai Xi Raz . . . Xu Ra , - In particular R is

• Irretlexive Vx 7 xRx
-

•

strictbantisy-mm.ie toy a Ry ⇒ 7YRx

-



'Definition A well - ordered set (well - order
- -
-

) is

given by a set X with a totaled such that

the strict order relation a
-

on X is well - founded .

-

Examples of well orders
-

For every ordinal or the set ta (remember

to := Listed Ipsa) ) is well - ordeal by s .

(Proof Suppose XE da is non-empty .

By the least ordinal property X has a least element .

This is then a c -minimal element .

So s on tea satisfies del. 2 of a well - ordering . )
-

Temporary questions .

.
=

. Can we find other

examples of well-orders ; i.e .

.
ones not isomorphic

to any ta ?

• Canta and 113 be isomorphic if a ¥ 13 ?



Two technical lemmas
-
-

LEILA : If f- is an embedding from a well -ordered

set A to itself then f is inflationary ; i- e,
for all KEA

,
a E f lol ) .

Proof Suppose f- is not inflationary .

Then the subset B : -- { atA 1 flock x) is non -empty .

So B has a least element xo . So f bio ) exo
By strict monotonicity ffflxul ) a f- Ho) .

That is f-Holt B
. This contradicts xo being the least

element of B .

D

An initial segment a totally ordered set- X is just-
Of

a down closed subset I EX ; i.e . if atI and ysx then y c- I .

It is a Propes initial segment if I is a proper
subset of X .

¥13: G) If I is a proper initial segment of a well-ordered
set A then I -- ta for a unique a c-A -

(2) similarly it a set I is an initial segment of the
ordinals then I -- ta for a unique ordinal x

.

Proof a) The set I ' :-. A -I is nonempty -

-

Let a be the least element of I
'

.
Then I - ta .EU#I

f) similar . D



We answer our temporary questions in the negative .

thedassificationtheorenforwell-ordeyyti.es:
"

::
": :c:niiiiiiii:"

"

-

we postpone the ( lengthy ) proof .



using the classification theorem
, for any well-ordered set

A we write ord (Al for the unique ordinal a

sit . A- Eta is isomorphic to

(NTI a strictly we should write ord LA , sa ))
we call ord IA ) the ordertype of the well-order .

theorem The following are equivalent for well -ordered
gets A , B -

4 ! A E B

(2) Ord CA ) - Ord (B )

theorem T- f. a. e . for well-ordered vets A
, B

G) A embeds in B

(2) A is isomorphic to an initial segment of B

(3) Ord (A) E Ord (B )

corollary For well- ordered sets A , B :

-

(1) It A- and B embed in each other then AEB

(2) Either A- embeds in B or B embeds in A
.



Outlineprootodthemab.ae
(2) ⇒ H .

The embedding from A to B is
-

A I i3
.

(D⇒ suppose i : At B is an embedding

Then we have an embedding

Korda) EIA is B toed1B )
In other lords we have an embedding
ta dB when a -- Ord IAI D= Ord I:B )

we need to show de 13 .

Suppose instead Ps a
,
then jlp ) Gdp so jls ) sp .

This contradicts lemma A .

(3) ⇒ H
-

A E) Lord IA ) Lord (B) ET B

Ket I be the image of this composite .

I is an initial segment of B .

And the above map is an isomorphism from A- to I .

D



Constructions on well - ordered Htt
-

Suppose (X , I ) and CY
, Cy ) are well - ordered sets

Derise :

(xxx ) t (Y, a, ) : = (XM , say ) where :

Z Sky W ⇐ Fam ' E- 10, x ) n w-- lo, ') n Xcx
'

or Tony Z --Cope) n w-- ( I , y)

or Ty y ' Z -- fi , y) n w
-

- 17,y
') ^ yay

'

(Idea )

-

(x, sa) x (Y, Sy ) : = (Xx Y, say ) where :

La
, y ) ¥, Lolly 't ⇐ yay

'
or

y
-

- y
' and Xcx

'
.

(reverse lexicographic order )
(Idea : Y - many copies of X

X ' II Y =

-XM = )



(X, G )
(y , a, ) : = (finite G. y ] , Gx ) when :

finite IX. y] : =L ft -y ' I the set lxexl flat is not
the least element of Y)

is finite }

f- g. g ⇐ f- Fg and

5- Hot sglxo ) where do is the

maximum element in the set

{ a EX / floc ) #glx ) )

( Idea : ? I



theorem If til ar. well -orders then :

( i) Xty i 's well- ordered by sxty and

Ord (Xt Y ) = adult orally )

(2) NY is well-ordered by any
and

ord (X -Y ) = Ordu ) . orally )

(3) Yt lie . Finite Lxii) is hell-ordered by Cyr and

Ord (y
") = a.dugout )[

the hell- order exponential defined above .



Proposition (Rigidity)
-

G) No well-ordered set is isomorphic to a proper
initial segment of itself .

( it is rigid )
(2) Every well-ordered set has exactly one automorphism : the identity .

-
-

(3) If A and B are isomorphic well-ordered sets then the

isomorphism between them is unique .

Proof h ) suppose A is isomorphic to a prop - initial Seg .

By lemma B we have an iso f : A → ta .

Then f : ATA is an embedding . Hence by
Lemma A flat > a , which contradicts floc ) tha .

(2) Suppose f : A → A is an automorphism .

Both f- and f
' '
are embeddings so ocsflx ) and as f-

'
x

for all a , by lemma A .
Since f is monotone

f-ME f- (f
- '

la ) ) = x .

So indeed f-HIM forall x .

(3) Suppose f, g : A → B are isomorphisms .

Then g
- t is an isomorphism from B →A .

So g-
'

of : A -7A is an isomorphism .

Hence by 12) g-
'

of = Ida .

-

It follow that g
-
- f . D

we are set up to prove the classification theorem .



Proof of the classification theorem :

-

Every well - ordered set is isomorphic to La for a

unique ordinal X

-

Foot Let A be a well - ordered set .

Suppose ta = A E da ' .

It x 's x then da is isomorphic to a proper initial segment
of itself contradicting G) of the - rigidity proposition .Similarly asa ' gives a similar contradiction .

So 4=2 ' .

So it the x in the statement of the theorem exists then it
is unique .

Define the relation f Ax Ord as follows
-

← in principleI is a subclass .
We will soon see it is a jet - So

we henceforth write f .

(x
,
a) e f ⇐ tx E ta

we establish
Ci ) lol . x )

, ix. a
' ) e f ⇒ a- a

' (this inn lies fjhaat,e,. . )
⑤ a similar argument to at the start of the proof .

til Lax ) , la ' , a) tf ⇒ x -- x
'

Again by a similar argument .



By 4) and ii ) f is a bijection from dom CE) EA

to image IF) E Ord

It lol , a) tf and a
'

ax then x'c- don Cf)
and floc ') s x .

Suppose x = f- lol ) and a
'
e x

By def - of f we have an isomorphism g : tix → tx

Then gtfo, . : Hai → da naps to ' it an initial

segment of LE , which has the form da ' for domed 'sa

by Lemma B
.

gf↳ . : dat ta ' is an isomorphism

So by definition of f
,
flat) -- a ' s a .

(N ) If (x , a) tf and d
'
ca then a

'
c- image (f) .

By a similar argument t Ciii )
.

Given lit - tu )
,
the function f is a bijection from

an initial segment of A to an initial segment of Ord .

And f- is strictly monotone ; i- e . an embedding by point Ciii) .
Hence f- is an isomorphism from an initial segment of A
to an initial segment of od .

'

.



We now show that dam ft ) = A .

Suppose not . Then donut is a proper initial

segment of A . So dcnff ) -- da for some IFA
,
by Lema B.

Also range ft ) = tp for some Pt Ord .

Then f : tx → tis is an isomorphism
.

Henk la
, B) e f by def - of t .

So at domlf ) contradicting that dam = tix
.

So indeed dealt)=A .

image It) = tea for a unique a by Lemnos B .

Indeed we have that

f : A = dontf) → image It) =D is an isomorphism .

D


